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Preface 



The physics of mesoscopic devices came to existence in the mid-eighties 
when it became apparent that due to the onset of global phase coherence in 
systems of smaller dimensions, conventional approaches fail to describe sub- 
micron and nanoscale systems. Such systems with sizes intermediate between 
macro- and micro (i.e. single-atomic sizes) are now referred to as mesoscopic. 
Mesoscopic physics remains the focus of intense experimental and theoretical 
activity for more than 15 years. This diverse field is continually fuelled by 
rapid advances in materials and nanostructure technology, and in low tempera- 
ture techniques. A wide variety of new devices extremely promising for major 
novel directions in technology, including carbon nanotubes, ballistic quantum 
dots, hybrid mesoscopic junctions made of different type of materials etc, came 
to existence during the last few years. This, in turn, demands a deep understand- 
ing of fundamental physical phenomena on mesoscopic scales. As a result, the 
forefront of fundamental research in condensed matter has been moved to the 
areas, where that the interplay of electron -electron correlations and quantum 
interference of phase-coherent electrons scattered by impurities and/or bound- 
aries is the key to such an understanding. 

In spite of a substantial recent progress and significant achievements in the 
understanding of, e.g., physics of quantum dots, quantum wires and nanotubes, 
a set of extremely important fundamental issues still remains unresolved. One of 
the most intriguing problems at the heart of mesoscopics is that of dephasing and 
decoherence at low temperatures. Numerous recent experiments on dephasing 
in quantum dots and wires have added a new dramatic twist to this problem 
which had beforehand seemed to be well understood. On the face of it, these 
experimental results contradict to the most fundamental principles of quantum 
theory. Our belief is that the situation is not that dramatic and that these new 
results will be understood within the mainstream theory of disordered electronic 
systems, as the problem of decoherence in mesoscopics is clearly a part of a 
wider problem of the electron-electron interaction. 

A very interesting related direction in mesoscopic physics is investigating 
the possibility of using normal and superconducting nanodevices for the im- 
plementation of quantum entanglement and quantum manipulations in scalable 
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systems. Most of the eurrently proposed implementations of quantum eom- 
puting devices use quantum optical systems, characterised by long decoher- 
ence times and controllable dynamics. However, their large-scale integration 
is highly problematic. Mesoscopic normal and superconducting systems, and 
even more so hybrid and magnetic systems look as very promising possible 
alternatives. In particular, the employment of spin-related physics appears to 
be promising, the possibility to control the electron spin degree of freedom, 
and the relatively long coherence time of this degree of freedom led to the 
emergence of a new field - spintronics. 

In general, disorder and/or chaos which are inherent for mesoscopic devices 
make experimental manifestation of the interactions much richer than in pure 
bulk systems. The understanding of decoherence as well as other effects of the 
interactions is crucial for developing future electronic, photonic and spintronic 
devices, including the element base for quantum computation. 

In this rapidly changing area, regular meetings of leading researchers in the 
field play a very important role. The present volume contains review articles 
written by the key speakers of a joint NATO advanced research workshop - 
EURESCO conference held in September 2003 in Granada, Spain. The talks 
have been concentrated on the topics described above, so that the volume is 
divided into three parts covering these topics. 

Acknowledgements. We are thankful to the NATO Scientific Affairs Divi- 
sion and EURESCO (European Research Conference Organisafion of fhe Euro- 
pean Science Eoundafion) for providing an excellenf opporfunify for bringing 
fogefher leading researchers working in mesoscopic physics. We gralefully 
acknowledge an addifional supporf by fhe US Army Research Eaborafory - Eu- 
ropean Research Office. We fhank all fhe officers of EURESCO who helped in 
fhe organisafion of fhis meefing, especially Irene Mangion for her pafienf help 
af all fhe sfages of preparing fhe meeting, and Anne Guehl for smoofh, helpful 
and efficienl running of all fhe organisafional errands af fhe meefing venue in 
Granada. 
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Chapter 1 



ELECTRON DEPHASING IN MESOSCOPIC 
METAL WIRES 



Norman O. Birge and F. Pierre* 

Department of Physics and Astronomy, Michigan State University, East Lansing, Ml 48824-2320 



Abstract The low-temperature behavior of the electron phase coherence time, , in meso- 
scopic metal wires has been a subject of controversy recently. Whereas theory 
predicts that in narrow wires should increase as as the temperature 

T is lowered, many samples exhibit a saturation of below about 1 K. We 
review here the experiments we have performed recently to address this issue. 
In particular we emphasize that in sufficiently pure Ag and Au samples we ob- 
serve no saturation of down to our base temperature of 40 mK. In addition, 
the measured magnitude of is in excellent quantitative agreement with the 
prediction of the perturbative theory of Altshuler, Aronov and Khmelnitskii. We 
discuss possible explanations why saturation of is observed in many other 
samples measured in our laboratory and elsewhere, and answer the criticisms 
raised recently by Mohanty and Webb regarding our work. 



Keywords: electron dephasing, electron decoherence, mesoscopic physics 



1. Introduction 

The Fermi liquid theory is at the root of the description of electronic prop- 
erties of metals. It states that, despite the long range Coulomb interaction, the 
low-energy excitations (quasiparticles) of a real metal have properties similar 
to those of a degenerate noninteracting electron gas. A key of the Fermi liquid 
theory is that as the temperature is reduced scattering of quasiparticles becomes 
very rare due to phase space constraints by the Pauli exclusion principle. As a 
result the broadening of quasiparticle states due to interactions becomes smaller. 
However the proof of Fermi liquid theory relies on momentum conservation and 
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hence is valid only in perfectly crystalline metals with translational symmetry. 
In disordered metals, such as metallic thin films deposited in e-gun or ther- 
mal evaporators, interactions between quasiparticles are stronger and energy 
dependent due to the reduced mobility of electrons. Hence there is great inter- 
est in knowing whether Fermi liquid theory is still valid in disordered metals 
at arbitrary low temperatures. In that vein, measuring the average lifetime of 
quasiparticle states r^, also called the phase coherence time, provides a very 
powerful tool. Indeed, the description of low energy excitations by quasiparti- 
cles holds only as long as the energy broadening /i/r^(T) of the quasiparticles 
states remains small compared to their average energy /c^T. Moreover, for 
practical reasons, understanding the inelastic mechanisms which dominate the 
phase coherence time is crucial in the field of "mesoscopic physics" since many 
of the phenomena specific to this field rely on quantum coherent transport [1]. 
Processes that destroy electron phase coherence, such as electron-electron and 
electron-phonon scattering, limit the observability of most quantum-coherent 
mesoscopic phenomena. Hence understanding the sources of decoherence is 
essential to designing experiments or devices that rely on quantum-coherent 
transport. 

In the early 70’s, Schmid showed that the electron-phonon and electron- 
electron scattering rates could be much larger in disordered metals than in 
perfectly crystalline metals [2]. Altshuler, Aronov and coworkers then calcu- 
lated the effect of electron-electron interactions on the quasiparticle lifetime and 
phase coherence in disordered metals [3]. At temperatures below about 1 K, 
electron-phonon scattering occurs rarely, hence the dominant process limiting 
electron phase coherence (in the absence of magnetic impurities) is electron- 
electron scattering. The temperature dependence of the phase coherence time 
depends on the sample dimensionality; in quasi-lD wires it is predicted to di- 
verge with decreasing temperature as oc [4]. That prediction was 

verified by experiments on A1 wires (at temperatures down to 2 K) in 1986 [5] 
and on Au wires (down to 100 mK) in 1993 [6]. 

It came as a surprise in 1997 when Mohanty, Jariwala, and Webb (MJW) [7] 
reported measurements of t^{T) in six Au wires showing that, in contrast to 
theoretical expectations, saturated at low temperature. MJW speculated that 
saturation of at low temperature was an intrinsic, universal property of disor- 
dered metal wires. The same year, Pothier et al. showed that information about 
electron-electron interactions could also be deduced from measurements of the 
quasiparticle energy distribution function in a wire driven far from equilibrium 
by an applied voltage [8]. In their first experiments on Cu wires, Pothier et al. 
observed that the rate of energy exchange between quasiparticles was consid- 
erably larger than predicted by the theory of Altshuler and Aronov. Together, 
the experiments by MJW and by Pothier et al. suggested either that the stan- 
dard theoretical picture of electron-electron interactions was incomplete, or that 
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there was an extrinsic yet ubiquitous external factor playing an important role 
in both experiments. 

Since 1997, we and our collaborators at Saclay have performed measure- 
ments of T 0 (T) and of energy exchange on many samples of Au, Ag, and Cu 
[9-16]. A complete description of the t^(T) measurements was recently pub- 
lished [16]. In this article we summarize our main conclusions, present some 
additional data on Aharonov-Bohm conductance oscillations that did not appear 
in our earlier publications [15, 16] and answer the criticisms raised recently by 
Mohanty and Webb regarding our work [17]. 

2. T 0 in pure Au and Ag samples 

We determine the phase coherence time in our wires by measuring the 
magnetoresistance in a magnetic field applied transverse to the wire, and fit- 
ting the data to the expression from weak localization theory, with the phase 
coherence length as a fit parameter. (L^ is related to through the re- 
lation = -y/Dr^, where D is the electron diffusion constant.) The most 
reliable results are obtained if the wire is much longer than to limit the 
influence of measurement leads and to ensure that the random but reproducible 
"Universal Conductance Fluctuations" (UCF) are much smaller than the weak 
localization contribution to the magnetoconductance. Experimental details and 
the theoretical fitting function are provided in our earlier publications [9, 16]. 

Our most important results are depicted in Fig. 1.1. Here we show T 0 (T) 
for five samples fabricated from Ag or Au source material of 99.9999% purity. 
In these samples, does not saturate, but rather continues to increase down to 
40 mK - the base temperature of our dilution refrigerator. The solid lines in 
the figure are fits to the function: 

+ BT^, ( 1 . 1 ) 

where the first term describes dephasing by electron-electron scattering and the 
second term by electron-phonon scattering. Without further analysis, these data 
show that saturation of is not a universal property of disordered metals, at 
least not at temperatures above 40 mK. Not only do the data obey the 
temperature dependence at low temperature, but in addition the magnitude of the 
prefactor A in Eq. (1. 1) is in excellent agreement with the theoretical prediction 
[4, 18]. (See [16] for a detailed quantitative comparison.) 

A close inspection of Eig. 1 . 1 shows that there are slight deviations from 
the behavior of t^{T) at the lowest temperatures measured. Hence one 

might argue that does indeed saturate in these samples, but at temperatures 
below 40 mK. Obviously, we can not prove that such a statement is incorrect. 
We can, however, compare these data with measurements made by MJW on 
similar samples. Eor example, our samples Ag( 6 N)a and Au( 6 N) (see [16] 
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T(K) 



Figure 1.1. Phase coherence time vs temperature in 4 Ag samples (full symbols) and 1 Au 
sample (*), all fabricated from source materials of 99.9999% purity. Continuous lines are fits 
of the data to Eq. (1.1). For clarity, the graph has been split in two part, shifted vertically one 
with respect to the other. The quantitative prediction for electron-electron interactions in sample 
Ag(6N)c (•) is shown as a dashed line. Taken from [16]. 



for sample parameters) have similar geometrical dimensions and diffusion con- 
stants as MJW’s sample Au-3, and yet the maximum values of in the former 
two samples are 9 ns and 1 1 ns, respectively, but only 2 ns in MJW’s Au-3. Our 
sample Ag(6N)c has a similar diffusion constant as MJW’s Au-6, whereas its 
maximum value of is 22 ns compared with 3 ns for Au-6. From these com- 
parisons it is impossible to escape the conclusion that the saturation observed 
by MJW, at least on the above mentioned samples, is not a universal property 
of disordered metals, but is rather due to some extrinsic factors. 

Similar arguments have led us to reject a theoretical proposal by Golubev 
and Zaikin that there is always an intrinsic saturation of caused by zero-point 
fluctuations of the electromagnetic field in the sample [19]. That theory was 
originally proposed to explain the data by MJW, which we now believe to be 
extrinsic. Furthermore, we have shown in ref. [16] that the theory of Golubev 
and Zaikin is not consistent with the large body of data on metals now 
available in the literature and in particular not even with only the measurements 
made by MJW. A similar conclusion was reached by Gershenson, who compared 
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the Golubev -Zaikin predictions with data in 2D metals and semiconductors 

[ 20 ], 

Note that the arguments presented above do not prove that there is no intrinsic 
saturation of at lower temperatures. The only way to address this question 
experimentally is to measure in very pure samples at lower temperature. 
Unfortunately there have been few measurements of in pure samples at 
temperatures below 40 mK. The nice measurements by Mueller et al. of 
down to 20 mK in 2D Au films are unfortunately believed to be dominated by 
a small (sub-ppm) concentration of magnetic impurities [21]. Recently there 
have been measurements of down to 20 mK in a two-dimensional electron 
gas using an innovative technique, namely a measurement of Aharonov-Bohm 
conductance oscillations in a large array of connected rings [22]. What was 
particularly valuable about this experiment is that several field harmonics were 
measured, and was determined by ratios of amplitudes of adjacent harmonics. 

The determination of then is very accurate because it does not depend on the 
measurement leads connected to the rings. In this experiment, was found to 
obey the theoretically-predicted temperature dependence extremely accurately 
down to 20 mK. 

Returning to the issue of the deviations from theory exhibited by the data 
shown in Fig. 1 . 1 at very low temperature, we have shown previously that they 
could be accounted for by residual magnetic impurities at concentrations of the 
order of 0.01 ppm, i.e. one impurity atom for every 10® host atoms [16]. 

3. Possible explanations for saturation of 

In spite of our strong belief that there is no experimental evidence for an 
intrinsic saturation of it is nonetheless a fact that an apparent saturation is 
observed in many experiments, not only by MJW, but also by many other groups 
including ourselves. Of the many samples we have measured, we observed sat- 
uration of in all (two) Ag samples made from source material of 99.999% 
(5N) purity rather than 99.9999% (6N) purity, and also in all (six) Cu samples 
made from sources of both 5N and 6N purity [16]. Two of the three Au samples 
we measured contained large concentrations of Fe impurities, which dominated 
their low temperature dephasing [11]. A number of possible explanations have 
been proposed to explain this saturation. One of the first explanations to appear 
was that external electromagnetic interference could cause electron dephasing 
even without noticeably heating the electrons [23]. We can rule out this expla- 
nation for our own samples, because all of our samples were measured in the 
same cryostat at Michigan State University, and yet we have observed satura- 
tion of T0 in some samples but not in others of similar geometry and electrical 
resistance. Nevertheless, we can not rule out the role of external interference in 
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experiments performed by other groups; adequate filtering of the leads going 
into the cryostat is a constant concern for low temperature experimenters. 

A second proposal is that saturation of occurs due to interactions between 

the conduction electrons and two-level tunneling systems (TLS) in the metal (or 
perhaps even in the oxide on the substrate) [24, 25]. We emphasize that such 
a result does not follow from the standard model of TLS [26], which would 
lead to a dephasing rate proportional to the temperature [27]. Imry, Fukuyama, 
and Schwab found saturation of only if they assumed that the distribution 
of tunneling matrix elements had an upper bound that was smaller than the 
temperature. (At lower temperatures they found t^{T) oc T, in agreement 
with the standard result.) It was pointed out later [28] that the TLS distribution 
proposed by Imry et al. would lead to a large anomaly in the specific heat 
of the metal at very low temperature. Such a specific heat anomaly has never 
been observed in disordered metals, although data are only available down 
to 100 mK [29]. One could argue that the distribution of tunneling matrix 
elements proposed in [24] might be more applicable to polycrystalline metals 
than to amorphous metals [30]. But measurements of 1/f resistance noise in 
poly crystalline metals are consistent with the standard TLS distribution [31]. A 
second proposal linking TLS to dephasing was based on the two-channel Kondo 
model [25]. The proposal is that a subset of the TLS with nearly symmetric 
double-well potentials and strong coupling to the conduction electrons could 
cause to saturate in the temperature range A < T < Tk, where A is the 
tunneling matrix element and Tk is the Kondo temperature. There is strong 
theoretical evidence that the strong coupling limit A < Tk of the two-channel 
Kondo model is inaccessible for real TLS in solids [32], although this topic is 
still under investigation [33]. 

The third proposal is that saturation of is caused by magnetic impuri- 
ties. This is an old idea, dating back to the pioneering work of Hikami et al. 
[34]. Indeed, in the I980’s, many experimenters who observed saturation of 

attributed the behavior to small quantities of residual magnetic impurities 
[35, 36]. The main reason why this topic is still under discussion is that MJW 
specifically rejected this explanation for their data on Au wires. They based 
this rejection on the fact that the most common magnetic impurity in Au is Fe, 
which causes a non-monotonic temperature dependence of t^{T) in the probed 
temperature range. In the presence of Fe impurities, may exhibit a saturation 
at temperatures above 0.3 K (the Kondo temperature of Fe in Au), but it then 
"desaturates" (i.e. increases) at lower temperatures [7, 11, 37]. 

Although we agree with MJW that Fe impurities in Au do not lead to a 
saturation of below 0.3K, we nonetheless disagree with ruling out magnetic 
impurities altogether. Other magnetic ions in Au, such as Cr or Mn, have 
much lower Kondo temperatures [38]. To test whether magnetic impurities 
with low Tk can lead to saturation of r^, we have measured in Ag samples 
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Figure 1.2. Phase coherence time as function of temperature in several silver wires. Sample 
Ag(6N)c (•) is made of the purest silver source. Samples Ag(5N)b (o), Ag(5N)cMn0.3 (^) and 
Ag(5N)dMni (o) were evaporated simultaneously using our 5N silver source. Afterward, 0.3 ppm 
and 1 ppm of manganese was added by ion implantation respectively in samples Ag(5N)cMn0.3 
and Ag(5N)dMni- The presence of very dilute manganese atoms, a magnetic impurity of Kondo 
temperature Tk ~ 40 mK, reduces t,/, leading to an apparent “saturation” at low temperature. 
Continuous lines are fits of t^{T) taking into account the contributions of electron-electron and 
electron-phonon interactions (dashed line) and spin flip collisions using the concentration Cmag of 
magnetic impurity as a fit parameter (dotted line is Tsf for Cmag = 1 ppm). Best fits are obtained 
using Cmag = 0.13, 0.39 and 0.96 ppm respectively for samples Ag(5N)b, Ag(5N)cMn0.3 and 
Ag(5N)dMni, in close agreement with the concentrations implanted and consistent with the 
source material purity used. Taken from [16]. 



intentionally doped with very small concentrations of Mn impurities. Fig. 1.2 
shows our results [16]. The top curve shows in one of the very pure (6N) Ag 

wires shown earlier, for comparision. The second curve shows in a Ag wire 
of slightly less purity (5N instead of 6N), and the two lower curves show 
for Ag wires implanted with 0.3 ppm and 1.0 ppm Mn impurities, respectively. 
The implanted wires were fabricated from 5N purity Ag (the 6N source was 
not available at the time of this experiment), and the bare Ag wire Ag5Nb 
already shows a saturation of t ^. The crucial point we demonstrate here is 
that by implanting Mn impurities we further reduce and that it is still nearly 
independent of temperature below IK. To understand these results, we have fit 
(T) to a sum of dephasing rates due to electron-phonon, electron-electron, and 
spin-flip scattering processes. The latter process, shown by the dotted line for a 
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Mn concentration of 1 ppm, is represented by the Nagaoka-Suhl approximation, 
which is expected to be valid for temperatures T > Tk- The concentrations of 
Mn impurities deduced from the fits are in close agreement with the nominal 
concentrations determined during the ion implantation process [16]. The fits 
show that the opposite temperature dependences of the electron-electron and 
spin-flip scattering rates can lead to a nearly temperature-independent over 
a substantial temperature range. Once the concentration of Mn exceeds about 
1 ppm, a noticeable dip in (i.e. a peak in the spin-flip scattering rate) 
is apparent. Note that for such low concentration of magnetic impurities the 
Kondo contribution to the temperature dependence of the resistivity is invisible, 
hidden by the larger contribution of electron-electron interactions [16]. 

4. Aharonov-Bohm experiments in large Cu rings 

The results of the previous section demonstrate that the presence of magnetic 
impurities with low Kondo temperature can lead to an observed saturation of 
T0, if their concentration is in the range 0.1-1 ppm. But that does not mean that 
whenever one observes saturation of it must be due to magnetic impurities. 
What one needs is a method to measure directly the presence of magnetic 
impurities at very low concentrations [39]. Since is itself extremely sensitive 
to magnetic impurities, a good way to detect minute quantities of impurities is 
to measure as a function of the applied magnetic field B. Once B is large 
enough such that gpBB » ksT, the magnetic impurity spins are frozen 
into their ground states, and there is no longer dephasing by spin-flip scattering 
[40] . T0 should then increase to the value determined solely by electron-electron 
scattering (in absence of other extrinsic dephasing mechanisms). 

There are two methods from mesoscopic physics that allow one to measure 
T0 in high field. One is to measure the amplitude and characteristic field scale of 
the universal conductance fluctuations (UCF) in a narrow wire, and the other is 
to measure the amplitude of Aharonov-Bohm (AB) conductance oscillations in 
a small ring. Our experiments are in the temperature regime Lt < L^, where 
Lt = y/hD/ksT is the thermal length. In that regime the UCF amplitude is 
proportional to (or r^'^^), and the UCF characteristic magnetic field scale 
is proportional to l/L^. The amplitude of Aharonov-Bohm oscillations, on 
the other hand, varies exponentially with the ratio of the ring circumference 
to Lff,, hence in principle it can be much more sensitive than UCF to small 
changes in L^. Moreover, because the AB oscillations are much narrower in 
B than UCF fluctuations, it is possible to measure the full dependence of the 
phase coherence time t^{B) with the applied magnetic field, rather than only 
its high field value. We note that Benoit et al. demonstrated many years ago, in 
a pioneering experiment, that AB oscillations are strongly reduced at low field 
in presence of a relatively large concentration (40 and 120 ppm) of magnetic 
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impurities but increase dramatically when the magnetic field is large enough to 
freeze the spins [41]. In contrast, we demonstrated that this known effect can 
be used to detect extremely dilute magnetic impurities [15]. 




Figure 1.3. Measured conductance changes of the ring in sample Cu4, in units of e^/h, as a 
function of magnetic field at a temperature T — 40 mK. The narrow Aharonov-Bohm oscillations 
(AB ~ 2.5 mT) are superimposed on the larger and much broader universal conductance 
fluctuations. Left inset: blowup of the data near zero field. The AB oscillations are hardly 
visible. Right inset: blowup of the data at large magnetic field. The AB oscillations are much 
larger. 

We chose to perform the AB experiment in Cu rings, because we always 
observed saturation of in Cu, even in samples made from 99.9999% purity 
source material. To optimize the sensitivity of the AB amplitude to changes 
in T^, one should make the ring circumference as large as possible without 
decreasing the AB signal below the noise floor of the experiment (a rule of 
thumb is to make the circumference comparable to L^). Fig. 1.3 shows the 
conductance vs. magnetic field of a Cu ring of diameter 1.5 jum at T = 40 mK. 
(Raw data from the same sample at T = 100 mK were published in [15].) The 
main part of the figure shows predominantly UCF, as the AB oscillations occur 
on a field scale too narrow to discern on this scale. The insets show blow-ups of 
the field regions from -0.05 to 0 T, and from 0.65 to 0.7 T. In the first region, the 
AB oscillations are essentially invisible, and one sees only UCF. In the second 
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region, large AB oscillations are clearly present. Their periodicity is ss 2.4 mT, 
consistent with the nominal ring diameter of 1.5 ;um. Returning to the main 
part of the figure, it is now apparent that the AB oscillations (and maybe also the 
UCF) are small near zero field, and grow considerably once B exceeds about 0.2 

- 0.3 T in absolute value. Similar data at 100 mK show that this characteristic 
field scale is proportional to the temperature (see Fig. 4 in [15]). In addition, 
the data of AB oscillation amplitude as a function of magnetic field can be fit 
quantitatively with models describing the freezing out of the spin-flip scattering 
process by the magnetic field [15, 16, 42]. At high field, the data are consistent 
with the values of predicted by the theory of electron-electron scattering [4]. 
Together, these observations confirm the hypothesis that the small value of 
extracted from the low-field magnetoresistance in Cu samples is due to spin-flip 
scattering by magnetic impurities, most likely in the Cu oxide at the surface of 
our wires [43] . 

In a recent paper, Mohanty and Webb (MW) [17] criticized our work on the 
AB effect, stating that "it is not clear as to why the peak-to-peak amplitude of 
the oscillations even at the highest field is more than an order of magnitude 
smaller than the usual value of e^/ h (see, for instance. Fig. 10b of Ref. [44])." 
Actually, the reason for this apparent discrepancy is explained very clearly in 
the review article by Washburn and Webb [44] ; it is due to the relative size of 
the ring and the thermal length Lt = ^/hD/ksT. We list these parameters in 
Table 1.1 for our large Cu ring and for the larger of the two Au rings studied 
by Webb and coworkers in the mid-80’s [45, 46, 44]. Our experiments on the 
Cu ring were performed in the limit Lt < vrr (or equivalently ksT > Ec, 
where Ec = hD/{'Kr)‘^ is the correlation energy), hence the AB oscillation 
amplitude is reduced by a factor Lt / vrr relative to the zero-temperature result. 
At T = 100 mK, the peak-to-peak amplitude of the oscillations shown in 
Fig. 3 of our paper [15] is about 0.2e^//i. Fig. 1.3 above shows that the AB 
amplitude is approximately twice as large at 40 mK. (That could also be deduced 
from Fig. 4 in [15].) From Table 1, we expect the AB amplitude to reach the 
zero-temperature limit jh only at very low temperature - about 7 mK, when 
Lt ~ vrr. In contrast, the Au ring from the earlier work was in the limit 
Lt > vrr for temperatures below about 30 mK. The crossover from Lt > vrr 
to Lt < vrr is shown in Fig. 12 of [44] as a function of temperature for a small 
Au ring and as a function of voltage for the large ring. (In the latter case, Lt is 
replaced by Ly = y^/iZl/eK.) 

Similar considerations relating to the relative sizes of the three length scales 

- L^, Lt, and vrr - explain the other observations regarding AB oscillations 
made by MW [17]. Their comment that AB oscillations in the early samples 
displayed no field dependence is consistent with the fact that L^ > vrr in 
those samples already at B=0 [48]. MW also comment that the temperature 
dependence of the AB amplitude in the earlier work is governed primarily by 
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Table 1.1. Comparison of Aharonov-Bohm experiments: sample size, thermal length, dephas- 
ing length. The values of Lt and given in the table are evaluated at the temperatures shown 
(different for each experiment), and at high magnetic field for the Cu sample. 



material 


ref. 


D 

(cm^/s) 


T 

(mK) 


Lt 

(^m) 


7rr 

(^m) 


7/</> 

(/rm) 


regime 


Cu 


[15] 


52 


40 


1.0 


2.4 


7.0 


Lt < nr < 


Au 


[45] 


68 


10 


2.3 


1.3 


1.7 


nr < Lt ^ L^ 


Ag 


[47] 


100 


1.7 


0.25 


1.6 


0.9 


Lt < L^ < nr 



Lt rather than by L^. Again, that is true in the regime Lp < nr < L^, 
but is no longer the case when < vrr. The latter situation was explored 
by Chandrasekhar et ai, who measured AB oscillations in A1 and Ag rings 
at much higher temperature. Those workers observed that the AB oscillation 
amplitude decreased with temperature faster than T~^, presumably due to both 
the Lp oc prefactor and the T-dependence of L^p. 

5. Conclusions 

The most important conclusion from this work is that there is as yet no exper- 
imental evidence that the saturation of t^{T) often observed at low temperature 
is an intrinsic property of disordered metals. Rather, just the opposite is true. 
In very pure Ag and Au samples, the low-temperature behavior of r^(T) is 
quantitatively consistent with the theoretical predictions of Altshuler, Aronov, 
and Khmelnitskii [4]. 

We caution that our work does not answer definitively the question as to why 
a saturation of is often observed in mesoscopic metal samples. In our own 
samples that exhibit such a saturation, we have always been able to attribute 
it to the presence of dilute magnetic impurities. That is also true in the case 
of experiments on energy exchange performed at Saclay [14] in parallel with 
our work. But our results do not imply that the magnetic impurity explanation 
is universal. In their recent paper [17], Mohanty and Webb present data on 
Universal Conductance Fluctuations (UCF) up to high magnetic field, which 
they interpret as showing that the saturation of in those two samples is not 
due to magnetic impurities. As discussed earlier, we believe that measurements 
of UCF are not the best way to determine because UCF are not very sensitive 
to Lp). (Indeed, even putting aside questions about prefactors, the relative size 
of Lp, in the two samples measured in [17] is opposite when is extracted 
from the UCF amplitude or from the UCF magnetic field scale. See Figs. 3 and 
4 in [17].) But even if the interpretation in [17] is correct, those experiments 
do not justify the conclusion of that paper that saturation of is intrinsic. 
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Experimental measurements of have also been carried out in highly- 
resistive metallic alloys [49]. It is our belief that control of sample purity 
in those systems is considerably more difficult than in the noble metals, and we 
have already seen that even minute concentrations of magnetic impurities in the 
latter can lead to a drastic reduction of relative to its intrinsic value. On the 
other hand, highly-disordered systems (with kple ~ 1 rather than kph >> 1, 
where kp is the Fermi wavevector and le is the mean free path) represent a 
potentially fruitful area for further study. At the present time, however, we are 
hesitant to draw conclusions about "intrinsic" saturation of from that work 
[50]. 

This work was supported by NSF grants DMR-9801841 and 0104178, and 
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M.G. Vavilov and A.D. Zaikin. 

References 

[1] For a review, see Mesoscopic Phenomena in Solids, edited by B.F. Alt- 
shuler, P.A. Fee, and R.A. Webb, North-Holland, Amsterdam, (1991). 

[2] A. Schmid, Z. Physik 259 , 421 (1973) and 271 , 251 (1974). 

[3] For a review, see B.F. Altshuler and A.G. Aronov in Electron-Electron 
Interactions in Disordered Systems, edited by A.F. Efros and M. Poliak, 
North-Holland, Amsterdam, p. 1 (1985). 

[4] B.F. Altshuler, A.G. Aronov, and D.E. Khmelnitsky, J. Phys. C 15 , 7367 
(1982). 

[5] S. Wind, M.J. Rooks, V. Chandrasekhar, D.E. Prober, Phys. Rev. Fett. 57 , 
633 (1986). 

[6] PM. Echternach, M.E. Gershenson, H.M. Bozler, A.F. Bogdanov, and B. 
Nilsson, Phys. Rev. B 48 , 11516 (1993). 

[7] P. Mohanty, E.M.Q. Jariwala, and R.A. Webb, Phys. Rev. Fett. 78, 3366 
(1997). 

[8] H. Pothier, S. Gueron, N.O. Birge, D. Esteve, and M.H. Devoret, Phys. 
Rev. Fett. 79 , 3490 (1997). 

[9] A.B. Gougam, F. Pierre, H. Pothier, D. Esteve, and N.O. Birge, J. Fow 
Temp. Phys. 118 , 447 (2000). 

[10] F. Pierre, H. Pothier, D. Esteve, and M.H. Devoret, J. Fow Temp. Phys. 
118 , 437 (2000). 

[11] F. Pierre, H. Pothier, D. Esteve, M.H. Devoret, A. Gougam, and N.O. Birge, 
in Kondo Effect and Dephasing in Low -Dimensional Metallic Systems, 




Electron Dephasing in Mesoscopic Metal Wires 



15 



edited by V. Chandrasekhar, C. Van Haesendonck, and A. Zawadowski, 
Kluwer, Dordrecht, p. 119 (2001). 

[12] F. Pierre, Ann. Phys. (Paris) 26 , N4 (2001). 

[13] A. Anthore, F. Pierre, H. Pothier, D. Esteve, and M.H. Devoret, in Elec- 
tronic Correlations: From Meso- to Nano-Physics, edited by T. Martin, 
G. Montambaux and J. Tran Thanh Van, EDP Sciences (2001) (cond- 
mat/0109297). 

[14] A. Anthore, F. Pierre, H. Pothier and D. Esteve, Phys. Rev. Lett. 90 , 076806 

( 2002 ). 

[15] E. Pierre and N.O. Birge, Phys. Rev. Lett. 89, 206804 (2002). 

[16] E. Pierre, A. Gougam, A. Anthore, H. Pothier, D. Esteve, and N.O. Birge, 
Phys. Rev. B 68 085413 (2003). 

[17] P. Mohanty and R.A. Webb, Phys. Rev. Lett. 91 , 066604 (2003). 

[18] l.L. Aleiner, B.L. Altshuler, and M.E. Gershenson, Waves Random Media 
9 , 201 (1999). 

[19] D.S. Golubev and A.D. Zaikin, Phys. Rev. Lett. 81 , 1074 (1998). 

[20] M.E. Gershenson, Ann. Phys. (Leipzig) 8, 559 (1999). 

[21] R.M. Mueller, R. Stasch and G. Bergmann, Solid St. Comm. 91 , 255 
(1994). 

[22] M. Eerrier, L. Angers, S. Gueron, D. Madly, H. Bouchiat, C. Texier, and 
G. Montambaux, preprint. 

[23] B.L. Altshuler, M.E. Gershenson, and l.L. Aleiner, PhysicaE3, 58 (1998). 

[24] Y. Imry, H. Eukuyama, and P. Schwab, Europhys. Lett. 47, 608 (1999). 

[25] A. Zawadowski, J. von Delft, and D.C. Ralph, Phys. Rev. Lett. 83, 2632 
(1999). 

[26] PW. Anderson, B.l. Halperin and C.M. Varma, Philos. Mag. 25, 1 (1972); 
W.A. Phillips, J. Low Temp. Phys. 7, 351 (1972). 

[27] J.L. Black, B.L. Gyorffy and J. Jackie, Philos. Mag. B 40 , 331 (1979). 

[28] l.L. Aleiner, B.L. Altshuler, and Y.M. Galperin, Phys. Rev. B 63, 201401 

(2001). 

[29] J.L. Graebner, B. Golding, R.J. Schutz, L.S.L. Hsu, and H.S. Chen, Phys. 
Rev. Lett. 39 , 1480 (1977). 

[30] The unusual TLS distribution proposed by Imry et al. in [24] might apply 
to special situations, such as Au impurities in indium oxide. See Y. Imry, 
Z. Ovadyahu and A. Schiller, these proceedings (cond-mat/0312135). 

[31] N.O. Birge, B. Golding and W.H. Haemmerle, Phys. Rev. B 42 , 2735 
(1990). 

[32] l.L. Aleiner and D. Controzzi, Phys. Rev. B 66, 045107 (2002). 




16 



FUNDAMENTAL PROBLEMS OF MESOSCOPIC PHYSICS 



[33] L. Borda, A. Zawadowski, and G. Zarand, Phys. Rev. B 68, 045 1 14 (2003). 

[34] S. Hikami, A.l. Larkin, and Y. Nagaoka, Prog. Theor. Phys. 63 , 707 (1980). 

[35] B. Pannetier, J. Chaussy, R. Rammal, and P. Gandit, Phys. Rev. B 31, 3209 
(1985). 

[36] J.J. Lin and N. Giordano, Phys. Rev. B 33 , 1519 (1986). 

[37] F. Sehdpfer, C. Bauerle, W. Rabaud, and L. Saminadayar, Advances in 
Solid State Physics, Vol 43, edited by B. Kramer, Springer Verlag, Berlin 
(2003) (cond-mat/0306276). 

[38] D.K. WohllebenandB.R. Coles, MagnetAm, edited by H. Suhl, Academic, 
New York (1973), Vol. 5. 

[39] At concentrations larger than a few ppm, the presence of magnetic impu- 
rities in mesoscopic wires can be detected from their logarithmic contri- 
bution to the temperature-dependence of the resistivity. 

[40] Although frozen spins do not suppress UCF and the hje Aharonov-Bohm 
effect, they do suppress the weak localization contribution to the conduc- 
tivity. This subtlety is discussed in [42] . 

[41] A.D. Benoit, S. Washburn, R.A. Webb, D. Mailly, and L. Dumoulin, 
Anderson Localization, edited by T. Ando and H. Fukuyama, Springer, 
(1988). 

[42] M.G. Vavilov and L.l. Glazman, Phys. Rev. B. 67, 115310 (2003). 

[43] J. Vranken, C. Van Haesendonck, and Y. Bruynseraede, Phys. Rev. B 37 , 
8502 (1988). 

[44] S. Washburn and R.A. Webb, Rep. Prog. Phys. 55, 1311 (1992). 

[45] R.A. Webb, S. Washburn, C.P Umbach, and R.B. Laibowitz, Phys. Rev. 
Lett. 54 , 2696 (1985). 

[46] S. Washburn, C.P. Umbach, R.B. Laibowitz, and R.A. Webb, Phys. Rev. 
B 32, 4789 (1985). 

[47] V. Chandrasekhar, M.J. Rooks, S. Wind, and D. Prober, Phys. Rev. Lett. 
55 , 1610(1985). 

[48] Had Webb et al. [45] measured AB oscillations in Au rings twice as large, 
they might well have observed a strong dependence of the oscillation 
amplitude on B, if the rather short value of at B=0 was indeed due to 
the presence of Fe impurities in the Au. 

[49] J.J. Lin, YL. Zhong, and T.J. Li, Europhys. Lett. 57, 872 (2002). 

[50] For a review of saturation in metallic alloys and semiconductors see 
J.J. Lin and J.P Bird, J. Phys.: Condens. Matter, 14 , R501, (2002). 




Chapter 2 

DECOHERENCE EFFECTS IN THE JOSEPHSON 
CURRENT OF A COOPER PAIR SHUTTLE 
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Abstract The effect of decoherence on the Josephson current between two superconductors 

when Cooper pair transport is achieved through the shuttle mechanism can be of 
great relevance. In this paper we analyze the DC Josephson current in several 
experimentally relevant situations. We show that decoherence effect, due to gate 
voltage fluctuations, can either suppress or enhance the critical current and also 
change its sign. The current noise spectrum displays a peak at Josephson energy 
and it is phase sensitive. We finally propose a device that has the shuttle properties 
but requires no mechanically moving part. 



Keywords: Cooper pair shuttle, decoherence, Josephson effect 



1. Introduction 

The Josephson effect [1] consists in a dissipation-less current between two 
superconducting electrodes connected through a weak link [2, 3]. The origin 
of the effect stems from the macroscopic coherence of the superconducting 
condensate. Since its discovery in 1962, the research on devices based on 
the Josephson effect has been achieving a number of important breakthroughs 
both in pure [2] and applied physics [3]. One of the most recent exciting 
developments is probably the implementation of superconducting nano-circuits 
for quantum information processing [4], which requires the ability to coherently 
manipulate these devices. By now, this has been shown in several experiments 
in systems of small Josephson junctions [5-10]. 

Very recently, Gorelik et al. [11, 12] proposed a very appealing setup, the 
Cooper pair shuttle, able to create and maintain phase coherence between two 
distant superconductors. Shuttle systems have been subject of wide investiga- 
tion in last years [13-15] (forareview see [16]). The Cooper pair shuttle [11, 12] 
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consists in a superconducting SET transistor where the metallic grain is driven 
in a periodic motion between the two electrodes. The shuttling effect manifests 
in the fact that there is charge transport even though the grain, during is mo- 
tion, is always in contact with only one of the electrodes. Following Gorelik et 
al. we also assume that both the grain and the electrodes are superconducting 
and that the charge transfer between the electrodes is coherent, namely due to 
Josephson effect. Despite the fact that the grain is in contact with only one lead 
at a time, the shuttle does not only carry charge, as in the normal metal case, 
but it also establishes phase coherence between the superconductors. This is 
witnessed by the presence of a steady state Josephson current. 

In this paper we analyze how the presence of the environment affects the 
coherent transport in the Cooper pair shuttle. As to the environment we con- 
sider the case in which it is determined by gate voltage fluctuations. Several 
interesting effects emerge. An increasing in the coupling to the environment 
may result in an enhancement of the supercurrent as well as in a change of 
its sign (vr-j unction). We propose an effective implementation of the shuttle 
mechanism. 

The paper, an extension of the results given in Ref. [17], is organized as 
follows. In section 2 we describe the system and the way we model it. In 
section 3 we describe in detail the way all calculations have been carried on. 
Subsections 3.1 and 3.2 are addressed to the presentation and discussion of 
results relative to DC Josephson current and current noise. In subsection 3.3 
we discuss the current in the case of a particular choice of the applied gate 
voltage, which can be experimentally easier to realize. Finally, in section 4 we 
discuss a possible experimental realization of the shuttle mechanism by means 
of SQUID loops. The idea is that the same Hamiltonian of the Cooper pair 
shuttle can describe a system where the switching of the Josephson couplings is 
controlled by an external magnetic field. Such an implementation of the Cooper 
pair shuttle does not require any mechanical moving part. 

2. The model 

The shuttle consists of a small superconducting island coupled to two macro- 
scopic leads and forced to change its position periodically in time, with period 
T, from the Right {R) to the Feft (L) electrode and back (see Fig.2.1). The 
grain is small enough so that charging effects are important, while the two leads 
are macroscopic and have definite phases shuttle motion 

can be treated classically, the moving island is described by the Hamiltonian 

Ho = Ec{t)[h - ng{t)]^ - ^ Ef\t) cos{(j) - (t)b) (2.1) 

b=L,R 

where n is the number of excess Cooper pairs in the grain and (p is its conjugate 
phase, [h,ip] = —i. Ec{t) = (2e)^/2C's(f) is the charging energy, C's(f) 
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being the total eapaeitanee of the Cooper pair box. Ej ’ ^ (t) are the Josephson 
eoupling to the left or right lead respectively, and ng{t) is the dimensionless 
gate charge. In fact the Hamiltonian (2.1) describes a more general system: a 
superconducting single electron transistor (SSET) in which Josephson energies 
and gate voltage vary in time, independent on the fact that this is a consequence 
of mechanical motion of the grain or not. As an interesting example we men- 
tion the recent proposal for a Cooper pair sluice where the Josephson couplings 
are varied adiabatically [18]. The Hamiltonian (2.1) corresponds to that of the 
shuttle if the time dependence of various parameters is given as described, for 
example, in Fig. 2.2. When the grain is close to one of the leads, the correspond- 
ing Josephson coupling is non-zero (with value Ep, Ep) (positions L and R in 
Fig.2.1). In the intermediate region (position (7), £'j^^(f) = E^f'\t) = 0. As in 
Ref. [12] we employ a sudden approximation (which requires a switching time 

/ r 

Af <C 1 / F'l(r)) and suppose Ej ’ (f) to be step functions in each region (see 

Fig. 2.2). For late convenience we define the functions Opit) = 0{t)9{tp — t) 
a.ndQp{t) = 6{t—{tp+t^))9{tp+t^+tR—t),sothatweca.nwnteEf\t) = 
Eh 06 (f — nT). The system operates in the Coulomb blockade regime, 

Ej <C maxo<t<T so that only two charge states {|n = 0) , |n = l)}are 

important. The superconducting gap is assumed to be the largest energy scale 
of the problem, then quasiparticle tunneling can be neglected. The total capac- 
itance Cy, {t) is weakly dependent on time in the contact region. We assume it 
to be constant during the intervals F and R (therefore the same hold for Ec{t)). 
As to ng{t), we consider two different possibilities; ng{t) = 1/2 as long as the 
system is in contact with one of the lead and ng{t) = const, during the whole 
period. The former choice (the same of Ref. [11]) results in having charge 
degeneracy during the Josephson contacts, then enhancing charge transfer. The 
latter, instead, is experimentally easier to be realized. In the rest of the paper we 
will consider in details the case corresponding to have ng{t) = 1/2 at Josephson 
contacts because in this case the Josephson current is not suppressed. The case 
of constant voltage will be discussed separately in subsection 3.3. In the inter- 
mediate region (C) it is not necessary to specify the exact variation of ng{t) and 
Ec{t), only the time integral of the energy difference between the two charge 
states AEc{t) = Ec{t){l — 2ng{t)) will enter the results. In the forward 
and backward free evolution regions respectively, the accumulated dynamical 
phases read 2%^ = Jq dtAEc{t) and 2%^ = J^, dt AEc{t), where we 
have defined fhe fime infervals = [tp, tp + and = [T — t^, T], 
The shuffle is coupled via fhe charge operafor fi fo an environmenf described 
by fhe Caldeira-Feggeff model [19] 

Hint = nO + Hhath = h Aj (oj -|- a| ) -|- Hhath ■ 



(2.2) 
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In Eq.(2.2), Hi^ath is the bath Hamiltonian, with boson operators ai, aj for its 
i — th mode. The form of the coupling in Eq.(2.2) can describe either gate 
voltage fluctuations [4] or, in some limits, random switching of background 
charges in the substrate [20]. 

In order to analyze the transport process, we evaluate the time averaged 
supercurrent at steady state 

I = Jf) = ^ £ dt{i{t)) , (2.3) 

and the power spectrum of the current fluctuations 

/ + 00 

dr5(r)e-*‘^^ (2.4) 



where 



s{t) = i{t + T),i{t) - {i{t + T)){i{t)) 



In the Schrddinger picture, the current operator is (h = 1) 
i{t) = 2eELsm{ip - 4 >l) 0z,(f) 



(2.5) 

(2.6) 



corresponding to the exchange of Cooper pairs with the left lead. In general one 
can look at the full counting statistics, this will be presented in a forthcoming 
publication [21]. 



3. Results 

In order to evaluate Eqs.(2.3, 2.4), we need to compute the reduced density 
matrix of the grain p{t). After one period the evolution of p{t) can be computed 
through a linear map M.t defined by 

p(t + T) = Mt [p(f)] . (2.7) 

Since only two charge states in the grain are relevant, the reduced density 
matrix can be parameterized, in the charge basis, as p{t) = 1/2 [I + ct • r(f)], 
where ai (i = x, y, z) are the Pauli matrices and ri{t) = (cJi). By using such 
parameterization, the map in Eq. (2.7) assumes the form of of a general affine 
map for the vector r(f): r(f + T) = Mtr(f) + vt, r G -Bi(O) C M^. The matrix 
Mt fulfill the property 

\Mtv\ < |v| Vv € jSi(O) , (2.8) 

as we will see from its explicit form determined below. That is enough to show 
that, after an infinite number of periods the system reaches a periodic steady 
state 



roo(f) = (I - Mt) Vi 



(2.9) 
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Figure 2.1. Time dependence of the posi- Figure 2.2. Upper panel. Schematic rep- 

tion of the Cooper pair shuttle. The three resentation of the general system described 

intervals L, C and R, within the period by the Hamiltonian 2.1. It consists of a 

T = th + ta F correspond Cooper pair box coupled through externally 

to the situations: L) = El, switched Josephson junctions to phase bi- 

Ej^^\t) = 0 (interaction time at left ased superconductors. A time dependent 

lead); C) Ej^^\t) — 0, Ej^^\t) = gate voltage is also applied to control the 

0 (free evolution time in forward and Cooper pair box state. Lower panel. Time 

backward directions); R) Ej^^\t) = 0, dependence of the left and right Joseph- 

Ej^^\t) — Er (interaction time at right son energy within a single period T = 

lead). tL + + tu + t^. Il and Ir define 

respectively the “interaction times” at left 
and right lead. and are the “free 
evolution times” in the forward and back- 
ward directions respectively. 



if, and only if, det(I — Mt) ^ 0. In fact the stationary limit is the fixed point 
of M.t [22]. The assumption of a stepwise varying Hamiltonian consider- 
ably simplifies fhe form of fhe map M.i, obfained as a composifion of fhe time 
evolutions of p in fhe intervals L,C,R (see Fig. 2.1). In each time interval if is 
slraighlforward fo solve fhe corresponding masfer equafion for fhe reduced den- 
sify mafrix [24]. In fhe time inferval L corresponding fo a Josephson inferacfion 
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time, such master equation reads [23] 

r{t) = GL(t)r{t) + 27 i(Tfe)wL (2.10) 

with = tanh{EL/Ti)) (cos^i, sin cpL, O) and 

/-27i(Tb) 0 -ELsin(l)L\ 

Cl = I 0 -2jL{Tb) -Elcos4>l \ , (2.11) 

\El sin (f)L El cos 4 >l 0 / 

where the bath is taken in thermal equilibrium at temperature Tf,. Here, 7L(Tfe) 
is the temperature-dependent dephasing rates in the regions L. A dephasing rate 
7ij(Tfe) equivalently appears at right lead. They can be obtained in the Born- 
Markov approximation [24], which requires that the bath autocorrelation time 
is the smallest time scale in the problem. This treatment is then valid provided 
that 'yL(R) ^ Tb, El[r), and that the time interval Il^r) is much longer than 
both ^ and ■ As an example, for an ohmic bath with coupling to the en- 
vironment a < 1, one has [19] 7L(j?)(2b) = /‘E)aEL(R) coih.{EL(R)/2Tb). 
In the free evolution time, the situations is easier. In this case n is conserved 
and the evolution can be determined exactly. In the forward free evolution time 
{ti <t <tL + t^) it is 

/g-7-(i) 0 0\ 

r(f + fi)= { 0 o| • 

V 0 0 1/ 

^cos(j/"''*^ dt AEc{t)) — sin(j/^*^ dt AEc{t)) o\ 
sin{jf^^^ dt AEc{t)) cos{ ^ dt AEc{t)) 0 1 (2.12) 

V " 0 ' 0 V 

where 7^(f) is a function depending only on bath parameters. Its explicit 
expression is different at different time scales fixed by the inverse ultraviolet bath 
mode cut-off, ujc, and the inverse bath temperature, Tb [25, 26]. Independent 
on the detailed expression of 7^(f), it is enough that 7^(f) depends only on 
bath parameters to define An explicif expression of 7^ 

in ferms of bafh paramefers can be obfained wifhin fhe same Born-Markov 
approximafion discussed above in fhe case of a weakly coupling befween fhe 
bafh and fhe system. If gives 7^(Tfe) = 27raTb. The same equafion holds in 

fhe backward free evolution time by replacing t l wifh T — t^ and 7^ wifh 7, 

In fhe coupling regions L and R, since Ug = 1/2, fhe only energy scale is 
fhe Josephson energy. During fhe free evolution lime, fhe relevanl scale is fhe 
energy difference befween charge slales. All fhe physical quanlilies depend 
on fhe phases 26l(R) = EL[R)tL{R) and 2x^(^) already defined. The olher 
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important variable is the phase difference 4> = (pi ~ 4>R- The effect of damping 
is characterized by the dimensionless quantities '^L(R)tL(R)’ 

>From Eqs. (2.10-2.12) it is easy to check that Mt fulfills the property in 
Eq. 2.8 except for few isolated values of the phases. Eor the following val- 
ues of the parameter ( 7 ^, 77 ?, 7 ^, 7 ^) = ( 0 , 0 , 0 , 0 ) or {jl,1r,0l),0r = 
(0, 0, kTr(2, /i7t/2)), k, h integers indeed det(I — Mt) = 0. In these cases, 
the system keeps memory of its initial conditions and it never approaches the 
steady state. This is however an artificial sifuation, because other sources of 
dissipation are present which will let the system reach a steady state. 



3.1 Average current 

In the case considered by Gorelik et al. [11], the Josephson current does not 
depend on the dephasing rates. One expects, however, that this cannot be always 
the case. If, for example, the period T is much larger than the inverse dephasing 
rates, the shuttle mechanism is expected to be inefficient and the critical current 
should be strongly suppressed. In fact, we find a quite rich scenario, depending 
on the relative value of the various time scales and phase shifts. 

Using the steady state density matrix (Eq. 2.9) in the definition of the average 
current (Eq. 2.3), we have a formal expression for the DC Josephson current in 
the system: 



I = 



2e 



z • (I - Mo) Vo -h 



~{ 4 > ^ - 4 >: 






(2.13) 



where z is the unitary vector ( 0 , 0 , 1 )^ in the used notation for the density 
matrix. 

The expression of the current I {(j), 9 l{r) , X^(^) , lL{R)tL{R ) , 7^(^) V(^) ) 

can be obtained analytically from Eq.(2.13) by explicitly writing Mq and vo 
in terms of the various problem’s parameters. The current depends only on 
the phase difference between the two superconductors and it is an odd function 
with respect to the transformation defined by Eq. (2.13). A typical plot of I 
in the case of perfect left-right and forward-backward symmetry is shown in 
Eig.2.3 as a function of 9 and (j) [27]. Depending on the value of 9 (a similar 
behavior is observed as a function of 7 ), the critical current can be negative, 
i.e. the system can behave as a vr-junction. The phase shifts accumulated in 
the time intervals E,C and R, leading to the current-phase relation shown in 
Eig.2.3, are affected by the dephasing rates in a complicated way. By changing 
7 jf j and 7 cV> certain interference paths are suppressed, resulting in a shift of 
the interference pattern and ultimately in a change of the sign of the current, as 
shown in Eig.2.4. 
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An analysis of the critical current as a function of the dephasing rates reveals 
another interesting aspect: the Josephson current is a non-monotonous function 
of 7jf i-O- by increasing the damping, the Josephson current can increase. 
The behavior as a function of the dephasing rates is presented in Fig.2.4. The 
presence of a maximum Josephson current at a finite value of 7jf j can be under- 
stood by analyzing the asymptotic behaviors in the strong and weak damping 
limits, where simple analytic expressions are available (in the following we do 
not explicitely write the temperature dependence in 7j, 7c). 
i)If the dephasing is strong, I can be expanded in powers of and 

and, to leading order 



I. 



strong 



2e 

Y 



tanh ® sm{<j) — 7^)+ 



+ tanh ( ) e sin( 26 *ij) + xY 

b 



.(2.14) 



When the Josephson coupling at one lead is much stronger than the one at 
opposite lead, the current is dominated by the parameter at corresponding lead. 
Instead, when the interaction time at, let’s say, left lead is much longer than the 
one at right lead, the main contribution to the current depends on parameters 
at right lead. A simpler case is defined by having a perfecf leff-righf symmefry 
(see nofe [27]) and 7^f^ = = 7cfc- The currenf is 

htrong ~ ^ tanh X 

X cos(x^ + xY 810(20) sm{4> + (7^ - 7^)) . (2.15) 



If is worfh fo be noficed fhe presence of a nef DC currenf even in fhe case 
of (/) = 0 as argued from general argumenf presenfed before. The role of 
fhe superconducfors phase difference is fhen played by fhe difference of fhe 
dynamical phases accumulafed in fhe forward and backward free evolution 

lime inlervals, 7^ — 7, If we assume a perfecf forward backward symmefry, 

we recover fhe known expression for fhe DC currenf [17] 

Istrong ~ ^ tanh g-{'yjtj+ictc) cos (27) sin(20) sm<j). (2.16) 

Sfrong dephasing is rellecled in fhe simple (i.e. oc sin cp) currenf-phase rela- 
fionship and in fhe exponenfial suppression of fhe currenf ilself. 

For sake of simplicily, from now on, we presenl all fhe resulf in fhe case of 
perfecf lefl-righl and forward-backward symmelric case [27]. Such sifualion 
is nol far from fhe condition lhal can be realized experimenfally in particular 
having in mind fhe sefup described in secfion 4. 
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ii)In the opposite limit of weak damping defined by 7 jf j <C 7cfc ^ 1 



. 2e 

^weak ~ Y 




7 jf j (cos (f) + COS 2x) tan 6 sin (p 
jctc 1 + cos (p cos 2x 



(2.17) 



The eurrent tends to zero if the coupling with the bath is negligible during the 
interaction time. In this case, indeed, the time evolution in the intervals L,Ris 
almost unitary, while, in the region C, pure dephasing leads to a suppression of 
the off-diagonal terms of the reduced density matrix p{t). As a result, in the sta- 
tionary limit the system is described by a complete mixture with equal weights. 
At the point (yjf j, xctc) = (0) 0) our model is not defined as discussed af fhe 
end of secfion 3. The limif value of fhe currenf in approaching such poinf is 
nol unique. The chosen relafive sfrengfh befween Ibis fwo paramefers uniquely 
fixes fhe currenf value. 

iii)The currenf fhen fends fo zero in bofh limifing cases of large and small 
Xjtj. Therefore one should expecf an opfimal coupling fo fhe environment 
where the Josephson current is maximum. A regime where the crossover be- 
tween the strong and weak damping cases can be described in simple terms is 
the limit xc 0, for a fixed value of 9. For example, af 6* = tt/ 4 fhe currenf 
reads 

2e / Ej\ cos p + {1 + ) cos 2x] sin p 

T \Tb ) {1 + cospcos2x + 

(2.18) 

In fhe limit of vanishing 7 jfj, Eq.(2.18) corresponds to the situation discussed 
in [11]. Indeed, both expressions are independent of the dephasing rates. The 
difference in the details of the current-phase(s) relationship are due to the dif- 
ferent environment. 

In all the three cases presented here, Eqs.(2. 16,2. 17,2. 18), the change of sign 
of the current as a function of the phase shifts 0 or x is evident. 



3.2 Current noise 

Cooper pair shuttling is a result of a non equilibrium steady state process. 
Therefore, to better characterize the transport, we analyze supercurrent fluc- 
tuations as defined in Eq.(2.4). This should be confrasled wifh fhe sfandard 
Josephson effecl [2] , where fhe supercurrenf is an equilibrium properly of fhe 
syslem. The calculations of currenf noise (see Eq. 2.4) is ulfimalely reduced fo 
fhe calculation of fhe fwo lime currenf correlation funclions: 



+ t)) = Tr syst. 



IC 



t— >t+r 



^^bath 



(2.19) 



The operalor C is fhe same describing fhe lime evolution of fhe reduced densily 
malrix, buf in Ibis case if acls on fhe quantify Trbathilp)- 
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Figure 2.3. Supercurrent (in units of e /T) 
as a function of the superconductor phase 
difference (f) and of the phase accumulated 
during the contact to one of the electrodes 
6. The other parameters are fixed as; x = 
57t/6, = 3/4, e-^c'tc = 4 / 5 , 

The plot is obtained for Tb Ej 




Figure 2.4. Average current (Tb <C Ej) 
as a function of the dephasing rates, with 
(j) = — 37t/4, 6 — Ttt/IO, X = 57t/6. As 
a function of 7 jf j, the supercurrent has a 
not-monotonous behavior. Note the change 
of sign in the current obtained by varying 
decoherence rates in each time interval sep- 
arately. 



The explicit expression of the two point correlator is obtained by means of 
the quantum regression theorem [28] which requires a further Born-Markov ap- 
proximation for the correlator of I pbath (f ) ■ We first consider the zero frequency 
noise in the two regimes of strong and weak dephasing. When the dephasing is 
strong, correlations on time scales larger than T are suppressed and the noise 
spectrum reads 

+ , (2.20) 



where /(6*, (/), x) = cos^(20) — cos(/>cosxsin^(20). The leading term 

in Eq.(2.20) is due to the damped oscillations in the contact regions (L,R). The 
phase dependent contribution is exponentially suppressed since it comes from 
correlations over times larger than the period. For weak dephasing (same limits 
ofEq. (2.17)), we find 



'5(0)y,eafc ~ 



4e^ 1 tan^ 0 sin^ cj) 

T xc'fc' 2(1 + cos (Acos 2x) ’ 



( 2 . 21 ) 



which shows a much richer sfrucfure as a funclion of fhe phases 9 and X [29]. 
Finally, we briefly discuss fhe finite frequency specfrum in fhe case of sfrong 
dephasing (see Fig.2.5). Superimposed fo fhe peak af fhe Josephson energy, 
fhere are oscillafions of frequency of fhe order of T~^. The presence of fhese 
oscillafions is relafed fo fhe periodicify of fhe island mofion. The modificafion 
of fhese fringes as a funcfion of fhe phases is a signafure of fhe coherence in 
fhe Cooper pair shuffle. 
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Figure 2.5. Current noise spectrum as a function of for T = 4f j in strong dephasing limit 
i'yjtj = 1-2 and 'yj jEj = 0.008). In the inset, we plot the spectrum in a restricted range of 
frequencies to better resolve the oscillations. 

3.3 Constant gate voltage 

>From an experimental point of view, it would be easier to avoid the periodi- 
cal modification of the gate voltage Vg to obtain ng{t) = 1/2 during the Joseph- 
son contacts. It can be therefore interesting to have an expression for the DC 
Josephson current in the case of constant gate voltage. \fng{t) = const. = 1/2, 
the Josephson current can be obtained from the expressions of section 3 with 
the replacement = 0- If F,g {t) = const. 7^ 1/2, instead, the general 

expression for for the current (Eq. (2.13)) still holds, but differences arise in 
the explicit form of matrix Mq and vector vq. During the free evolution time 
intervals the dynamics is unchanged compared to the case discussed before. In 
the L and R regions instead, we have to include in the Hamiltonian the term 
proportional to the charging energy difference, Ec, between the two charge 
states. In so doing, the whole Hamiltonian (system and bath), in the basis 
diagonalizing the Cooper pair box Hamiltonian, is 

E 

H = —Gz + 0{cos{2p)az + sin{2p)ax) -h Hbath , (2.22) 

where andcos(2^) = Ec/e- The Hamiltonian in Eq. (2.22) 

has been widely studied [19]. In Born-Markov and Rotating Waves approxima- 
tions the time evolution of populations (diagonal terms) in the reduced density 
matrix and coherences (off-diagonal ones) are still independent. The respective 
decoherence rates read 

jPfP- = 27jsin^(2/r) , (2.23) 

^coher. ^ 7jsin^(2/i) -hrjcos(2^) . (2.24) 
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We notice that we have to introduce two different dephasing rates, 7 j and Fj. 
In our approximation, they are 7 j = {TT/2)aE coth(£'/Tf,), and Fj = 27raTb, 
in case of weak coupling of the system to the bath (a ^ 1). Depending on 
the relative strength of the two energy scales Eq and Ej, we have different 
effects. If Ec = 0, (corresponding to 2;U = tt/ 2) we recover the Hamiltonian 
of the early case described in section 3. If Eq «C Ej, we have corrections of 
order Eq/Ej in our previous results, and we are not interested in them as we 
get a finite result at zero order in Eq/ Ej. In the opposite limit Ej <C Eq, 
the situation is quite different. Completely neglecting Ej, one obtains a null 
current because h is now a constant of motion. The first non vanishing term 
must be of order Ej /Eq, and that is what we are interested in. We present 
the analytical expression for the current in the limit of strong dephasing (for 
= Ir = tj and = tc)- In such expression we include only 

the leading order in Ej/Eq- The strong dephasing limit refers to the condi- 
tion ^jtj,T jtj, 7cfc 1> which allows a series expansion of the Josephson 

current at first order in and 



I. 



2e 



strong 



Ec\ [Ej 



tanh( — 11 — ) sin(/)e 






sin(2x) (cos(20)e — e _|_ cos(2x)e 



. (2.25) 



In this cases the Josephson energy does not any more enter the current through 
the combination Ejtj as in the previous case, but rather it appears through the 
ratio Ej / E c- There is an overall suppression factor cx {Ej/Ec)‘^- Note that 
the dependence on the dynamical phase x, thou being obviously oscillatory, is 
not the same of that in Eq. (2.16). The approximation Ej <C Ec also induces 
a hierarchy in the dephasing rates; 



^coher. ^ ^pop. _ 2 




(2.26) 



Within such approximation, we can neglect terms of order e with respect 
to 1 (or equivalently with respect to e”'*'” *'^) in the current expression, 

leading to 



^strong 



2e 

tanh 



Ec 




sin(2x) sin (f) . 



(2.27) 

The exponential suppression due to dephasing in the Josephson contact times 
is reduced by the factor sin(2/r) {EjlEcf. 
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4. Cooper pair shuttle with SQUID loops 

We conclude by suggesting a possible experimental test of our results which 
does not require any mechanically moving part. The time dependence of the 
Josephson couplings and Ug is regulated by a time dependent magnetic field 
and gate voltage, respectively. The setup consists of a superconducting nano- 
circuit in a uniform magnetic field as skefched in Fig.2.6. By subslifufing fhe 
Josephson juncfion by SQUID loops, if is possible fo confrol fhe Ej by funing 
fhe applied magnefic field piercing fhe loop. The presence of fhree fype of loops 
wifh differenl area, A p , Ap, Ac allows fo achieve independenfly fhe fhree cases, 
where one of fhe fwo E'j’s is zero (regions L,R) or bofh of fhem are zero (region 
C), by means of a uniform magnefic field. If fhe applied field is such fhaf a 
half-flux quanfum pierces fhe areas Ap,Ap or Ac, the Josephson couplings will 
be those of regions R,L and C, respectively and the Hamiltonian of the system 
can be exactly mapped onto that of Eq.(2.1). Moreover, by choosing the ratios 
^d-^R = 0.146, and AcjAp = 0.292 the two Josephson coupling are equal. 
This implementation has several advantages. It allows to control 
the coupling with the environment by simply varying the time dependence of 
the applied magnetic field. The lime scale for fhe variafion of fhe magnetic field 
should be confrolled af fhe same level as if is done in fhe implemenfafion of 
Josephson nano-circuils for quanfum compulalion (see Ref. [4] for an extensive 
discussion). For a quanlilalive comparison wifh fhe resulls described here, fhe 
magnefic field should vary on a time scale shorfer fhan h/Ej, fypically a few 
nanoseconds wifh fhe parameters of Ref. [5]. This is possible wifh presenf 
day lechnology [30] . Al a qualifafive level fhe resulls presenled in Ihis paper 
(vr -juncfion behavior, non-monolonous behavior in fhe damping) do nol rely 
on fhe step-change approximalion of fhe Josephson couplings (which leads fo 
Eq.(2.10)). Those effecls are observable even if fhe magnetic field changes on 
lime-scales comparable or slower fhan Ej. The only slricl requiremenl is lhal 
only one Josephson coupling al fhe lime is swifched on. 
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Abstract Temperature dependence of electron dephasing time r^ifP) is calculated for a 
disordered metal with small concentration of superconductive grains. Above 
the macroscopic superconducting transition line, when electrons in the metal 
are normal, Andreev reflection from the grains leads to a nearly temperature- 
independent contribution to the dephasing rate. In a broad temperature range 
Tf^ifP) Strongly exceeds the prediction of the classical theory of dephasing in 
normal disordered conductors, whereas magnetoresistance is dominated (in two 
dimensions) by the Maki-Tompson correction and is positive. 



Keywords: dephasing, superconductive fluctuations 



1. Introduction 

During last few years, a number of experimental data on eleetron transport 
in disordered metal films and wires were shown to be in disagreement with the 
standard theory [1] of electron dephasing in normal conductors. Namely, at 
sufficiently low temperatures T <T\ the dephasing rate t^^{T) was system- 
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atically found to deviate from the power- law dependence [1]: 

1 3D case, 

t^\T) [(T/27r%) ln(7rgr), 2D case, 

with a tendency to apparent saturation in the T ^ 0 limit {g = h/e^R^ ^ 1 
is dimensionless conductance of the film). Since no dephasing rate may exist 
at strictly zero temperature [2] , such a behavior indicates a presence of some 
additional temperature scale(s) Tq (which may occur to be extremely low), so 
that in the range Tq < T < T\ the main contribution to comes from 

some new mechanism, different from the universal Nyquist noise considered 
in Ref. [1]. Among other suggestions (the presence of localized two-level sys- 
tems [3, 4], nonequilibrium noise [5], etc.) there were some speculations on 
a possible role of electron-electron interactions in t^{T) “saturation”. Re- 
cent development [6] of the theory [1] have proved that perturbative account 
of electron-electron interactions does not lead to considerable corrections to 
Eq. (3.1). 

In this paper we show that electron-electron interaction considered nonper- 
turbatively can indeed be responsible for strong deviation of dephasing rate 
from the standard predictions. Namely, we consider a system of small super- 
conductive islands (of characteristic size a) situated in either bulk disordered 
metal matrix (3D case) or on the thin metal film (2D). The role of inferacfion 
here is fo esfablish superconducfivify in fhe islands, which is a nonperfurbafive 
effecl. Such a sysfem can exhibif [7] a macroscopic superconducting fransifion 
mediated by fhe proximify Josephson coupling befween fhe islands [8], wifh fhe 
fransifion femperafure Tc{rii) depending on fhe concenfrafion of fhe islands n^. 
Above fhis fransifion elecfrons in fhe mefal are normal, buf Andreev relleclion 
of fhem from fhe superconducting islands leads fo an additional confribufion fo 
fhe dephasing rale: 

l/r^(T) = l/rW(T) + l/r^(T). (3.2) 

Enhancemenl of dephasing rate due fo superconductive lluclualions in homo- 
geneous syslems was considered previously bofh experimenfally [9] and fheo- 
refically [10]. Ear above Tc, fhe dephasing rate due fo inferacfion in fhe Cooper 
channel is comparable fo fhe dephasing rate h/T^\T) due fo fhe Coulomb 
interaction, being additionally suppressed as 1/ \v?{T /Tc). Peculiarify of our 
resulf is fhaf fhe superconducfive confribufion fo fhe dephasing rate in inho- 
mogeneous syslems can be fhe dominanl one in a broad range of lemperalures 
above Tc{rii). 

To simplify calculalions, we consider fhe model sysfem [7] where super- 
conducting (SC) islands are connecled fo fhe mefal malrix via funnel barriers 
wifh normal-slale funnel conduclances Gt (measured in unils of /h), which 
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determine inter-islands resistance in the normal state. We are interested in the 
temperature range much below the critical temperature Tco of islands, when 
charge transport between them and the metal occurs due to Andreev reflection 
processes. We assume large Andreev conductance, Ga ^ 1, thus Coulomb 
blocking of Andreev transport is suppressed. For small concentration of the 
islands, n* < nc ~ exp(— 7rGyi/4), quantum fluctuations destroy macroscopic 
superconductive coherence through the whole system even at T = 0 [7, 11]. In 
the opposite limit, rti » tic, the thermally driven superconductor-metal transi- 
tion takes place at Tc{rii) ~ where D is the diffusion coefficient and 

d is the dimensionality of space. 




Figure 3.1. Schematic {rii,T) phase diagram of a metal with superconducting grains. The 
dephasing time due to Andreev reflection is shorter than in a broad range above Tdrn). 



Here we focus on the temperature scale T ^ Tc{rii), where macroscopic 
superconductivity is destroyed by thermal fluctuations, and the phases pj of 
superconductive order parameters on different islands fluctuate strongly and 
are uncorrelated with each other. Our main result is the expression for the 
dephasing rate due to the processes of Andreev reflection from the SC islands: 



1 

rf(f) 



rii 

4uh 





GaEc 
2ttW ’ 



rii 

~iuh 



Ga{T), 



3D case, 
2D case, 



(3.3) 



Gj, 

G~d&) 



where 



Ga{^) 



(3.4) 
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is the (frequency-dependent) Andreev conductance of the island in the lowest 
tunneling approximation [12], with = {e^ /h){^'K a for 3D spherical 
islands of radii a, and G^{uj) = \n[D / a?uj), for 2D islands of radii 

a. Here g is the 3D conductivity of the metal matrix, g = 2huD ^ 1 is the 
dimensionless film conductance per square, Ec = 2e^ jG is the hare charging 
energy of an island and v is the metal density of states per one spin projection. 

Equation (3.3) is valid for T » max(Tc(nj),.Ec'),where.Ec' oc 
is the renormalized charging energy (see helow). In this temperature range 
the dephasing rate (3.3) is nearly temperature independent, thus exceeding the 
result (3.1) for sufficiently small T < ~ G‘][‘^ {T) Tc{ni) . Therefore, the 

window where Andreev reflection off the islands is the dominating dephasing 
mechanism is wide provided that Ga{T) » 1. 

In three dimensions we can also study the limit T <C Ec available at 
Ui <C ric, where macroscopic superconductivity never occurs due to quan- 
tum fluctuations. Here, the dephasing rate (x (T/Ec) [see Eq. (3.33)] 
vanishes at T ^ 0 in accordance with the general statement of Ref. [2]. 

Below we provide brief derivation of the result (3.3) and then discuss its 
physical origin and implications for observable t^{T) in 3D and 2D systems. 

2. Description of the formalism 

We start from the action functional S = Sd + St for the disordered metal 
(St)) and tunnel junctions with SC islands (St), written in the replica form of 
the imaginary-time a-model [13-15]: 

Sd = y^ [^(VQ)2 - ^T3EQ] , (3.5) 

St = J dAjTiQ{rj)Qsj. (3.6) 

i 

Integration in Eq. (3.6) goes over the contact areas Aj, and 7 = GxIAj is 
the tunnel conductance per unit area. The space- and time-dependent matrix 
Q(r, r, r') describing electron dynamics in the metal is the 4x4 matrix in 
the direct product of the spin space (subscripts a, [5 , and Pauli matrices 
a) and the particle-hole (PH) space (Pauli matrices r). In general, Q should 
also act in the replica space with the number of relicas Nr 0. However, 
for the sake of perturbative calculations which do not involve closed loops of 
diffusive modes we can safely set Nr = I thus omitting the redundant replica 
space. The Q-matrix obeys the constraint = 1 and the symmetry condition 
Q = T 2 Q'^T 2 . The usual Green functions of disordered metal correspond to 
the stationary uniform saddle-point A of the action Sd [written in the energy 
representation, with Em = 7rT(2m -|- 1)]: 

Aapim, n) = SapSmn sign(£'m) T3. 



(3.7) 
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Equation (3.6) contains the superconductive matrix Qgj of the j-th island: 



Qsjir) 



f 0 £ 726 *^^' 

0 ) ■ 



(3.8) 



Diffusion modes of the disordered metal are accounted for by the Q-matrix 
fluctuations near the saddle-point A. They can be parametrized as 



g = A 



1 + W + -W^ + + C4W^ + . . . 



(3.9) 



in terms of the antihermitian matrix W obeying the constraint {A, W} = 0, 
and C4 = C3 — 1 /8. In the PH space the matrix W is given by 



W = 





(3.10) 



with d = —d^ and c = describing diffuson and cooperon modes, respec- 
tively. These matrices acting in the spin and Matsubara spaces are nonzero only 
if Sm^n < 0 (diffusons) and Sm^n > 0 (cooperons). Their bare propagators 
have the form: 

2 , 

{da/ 3 {m,n,r)d*^g{m,n,r )) = — D(r,r ,em,£n), (3.11a) 

^ in' 

2 

{caf 3 {m,n,r)c*^Jm,n,r )) = — C(r,r ,Srn,en), (3.11b) 

^ 7TU 

where 

X^(r, r , — 0( 8m^n) ^ 5 (3.12a) 

C(r, r , ^ (3.12b) 

and 22o(r, r', to) is the Green funetion of the diffusion operator: 

{-DV^ + |o;|) Do(r, r, ce) = 6{r - r') (3.13) 

with the boundary condition Vn7^o(r, r', tu) = 0 at the NS interface. 



3. Dynamics of the phase 

Integration over cooperon modes in the Gaussian approximation yields the 
action functional that describes phase dynamics of the array [7, 1 1]. For a single 
island, this action is of the form (utk = 27tT/c): 






' ^iWk? \uJk\G Aji^k) 

4:Ec 8 



{e^nk{e~^n-k 



(3.14) 
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where Eq = jC is the bare charging energy, with C being the total island 
capacitance, and the Andreev conductance Ga{^) is given by Eq. (3.4) (here 
we neglect the interaction-induced corrections to Ga studied in Refs. [7, 11]). 

The action (3.14) had been studied extensively starting from the pioneering 
paper [16] (cf. Ref. [17] and references therein). At low enough frequencies, 
uj <C where flo = Ga{^o)Ec, only the second term in Eq. (3.14) is 
relevant and the theory becomes logarithmic provided that Gyi(no) 1- The 
latter condition which prohibits the Coulomb blocking of tunneling will be 
assumed hereafter. 

Phase dynamics can be characterized by the imaginary-time phase autocor- 
relation function Hm{t) = This correlator decays at the time 

scale h/Ec, where Eq is the renormalized effective charging energy, which 
is exponentially small in the considered regime of weak Coulomb blockade. 
Eor cu-independent Ga{^) (corresponding to the 3D situation), the most de- 
tailed of existing estimates for Eq was found in Ref. [17] using the two-loop 
renormalization group (RG) together with the instanton analysis: 



Ec 



Ec 





(3.15) 



At r Ec the deviation of the autocorrelation function YIm from 1 can be 
determined by means of RG; in the one-loop approximation [valid at Hm {t) ^ 
1/Ga\ the result is [7]: 



In the 2D case, Gyi(u;) oc Inw which leads to an extremely slow (Inlnr) 
correction to Hm{t) and, hence, to negligibly small Eq [7]. To find Ec in 
2D case one should take into account that the simple formula (3.4) is modified 
in the lowest-frequency limit due to i) Cooper-channel repulsion in the normal 
metal, and ii) breakdown of the lowest-order tunneling approximation, both 
these effects were considered in [11]. Below in this paper we assume (for 2D 
case) that temperatures are not too low and approximation (3.4) is valid. 

4. Phase transition 
4.1 Thermal transition 

The temperature Tc{rii) of the thermal superconducting transition is deter- 
mined by the mean-field relation [7] 

n = J{T,)l2, J{T) = ^Ej{n,T), 



(3.17) 
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where Ej{r, T) is the (T-dependent) energy of proximity-indueed Josephson 
coupling between two SC islands at the distance r in d dimensions: 



Ej{r,T) = 






\ ^ 



8TTu^^{2r 



)d-2 ^ 

n=0 



(3.18) 



where = \/ /2ttT is the thermal length, and we denoted P^{x) = 
exp(— x) and P2{x) = Kq{x). Equation (3.17) is valid if the number of rele- 
vant terms in the sum for J (Tc) is large, otherwise the transition is not of the 
mean-field type, but Eq. (3.17) can still serve as an estimate for Tc. 

The nature of the transition in d dimensions is determined by the parameter 
6d-. 



8uhDb 4{kFl){kFb) A{kFl){kFb)’’ 

r<2 

V_T rjp rjp 

8uhD Ag ’ 



(3.19a) 

(3.19b) 



which is an estimate for Ej{b,T)/T at T = hD/2Fb‘^, and b = is 

the typical distance between the islands. In Eq. (3.19a) we expressed Gp = 
through the characteristic transmission coefficient E <C 1 of the 
S-I-N tunnel barrier. 

In three dimensions the parameter ^3 can be arbitrary compared to 1 . How- 
ever, in two dimensions the parameter 82 is bounded from below by the require- 
ment of weak Coulomb blockade: Gyi(no) = (d2/7r) ln(f/d/) » 1, where we 
estimated the island’s capacity as C ~ a? /di, with dj being the width of the 
insulating barrier. This condition requires (52 ^ 1. Otherwise the transition is 
driven by quantum fluctuations and occurs at Eq ~ J ■ 

If (5rf <C 1 then Tc <C D /2pb‘^, the Josephson coupling is long-range and the 
mean-field equafion (3.17) gives for fhe fransifion femperafure: 



Tc = 



GpUi 1 hD I 



Sd < 1 - 



(3.20) 



If (5rf S> 1 fhen Tc » hD/2Trb‘^ and fhe Josephson coupling is shorf-range. The 
fransifion femperafure can be esfimafed as 



Tc = 



hDn, 



2 /d 



27T 



ln"<5d = 



hD 

27r6^ 






> 1 . 



(3.21) 



4.2 Quantum transition 

Quanfum fransifion can be described wifhin fhe lowesf funneling approx- 
imafion only in fhree dimensions (cf. [11] for discussion of quanfum phase 
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transition in a more complicated 2D case). Upon decreasing n,, the transition 
temperature defined by Eq. (3.20) lowers eventually below Ec, then quantum 
fluctuations should be taken into account. At some critical concentration ric 
the temperature of the superconductive transition vanishes, marking the point 
of a quantum phase transition. The point of the quantum transition is deter- 
mined by the equation similar to (3.17): Ec = J (0) (cf. [7] for more details). 
However, the zero-temperature value of the integrated Josephson proximity 
coupling J (0) cannot be determined by the simple formula (3.18) due to loga- 
rithmic divergency of the resulting expression. This divergency is cured by the 
account of the Cooper-channel repulsion constant in the metal [8] leading 
to J (0) = G^Ui/lQvXn- As a result, the critical concentration ric is found to 



be 



l&TlvXnEc 




021 ) 



where Eq is defined in Eq. (3.15). 



5. Cooperon self-energy 

In the presence of SC islands, cooperon modes are no longer gapless. To 
obtain the cooperon self-energy due to Andreev reflection we calculate the 
correction to the action in the lowest tunnel approximation: 



(sPsT) _ ^ 



(4) q(1) c(1)\ 



5S = - 



(3.23) 



where the vertices and S')p come from expansion of the actions (3.5) and 
(3.6), respectively, to the order WK The second order in Gt approximation 
(3.23) is valid provided that Gt Gd [12, 18]. The corresponding diagrams 
are shown in Eig. 3.2. Their sum is independent of the certain form of the 




Figure 3.2. Diagrams for the cooperon self-energy in the second order over Gt- Shadowed 
blocks are cooperons and diffusons, dots denote Andreev reflections from the dot, and wavy 
lines stand for the phase correlation function n(o;fc). 
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parametrization (3.9). Averaging in Eq. (3.23) goes over phase ipj (r) dynamies 
and bare diffusive modes (3.11). It is important that at T » Tc the phases on 
different islands are uneorrelated with eaeh other. Upon averaging, one obtains 
the eooperon part of the indueed aetion (3.23), whieh in the long-wavelength 
limit takes the form: 

= f drT,mn\ca/3im,n,r)\^ , (3.24) 

mn 

where c is the eooperon part of the matrix W, Eq. (3.10), and 

k 

— C(r, r'; m,m — k)] UM{k) + {m ^ —n}, (3.25) 



and UM{k) is an imaginary-frequeney version of the autoeorrelation funetion 
IIm(t). Equation (3.24) is valid provided that the eooperon wave veetor q 
is smaller than the inverse separation between the islands, q <C whieh 
allows to pass from the diserete sum over the islands to the uniform integration 
over r: f dr. The self-energy determines the low-q behavior 

of the eooperon: C{q,m,n) = {Dq^ + \em + £n\ ~ 

Integrating diffusive modes over the area A of the eontaets yields the normal- 
metal resistanee whieh eombines with into the Andreev eonduetanee. 
After simple algebra we obtain for Sm,£n > 0: 



S 



mn 



njGA ^ 
8iy 



m n 

^M{k) + ^ nM(/c) , 

_k=—m k=—n 



(3.26) 



whieh is written for the ease of ^-independent Ga- Analytie eontinuation of 
Eq. (3.26) from £m,£n > 0 to real frequeneies, iSm ^ £ + iO, i£n -^ £' + iO, 
yields the eooperon self-energy 



+ n^(U)F(e - U) + U^{n)F{£' + U)} (3.27) 



in terms of the Keldysh, retarded and advaneed eomponents 11^’^’^ (U) of the 
phase eorrelation funetion, and F(U) = tanh(U/2T). 

To study the quantum eorreetions to eonduetivity at zero frequeney we set 
e' = —£ leading to the eooperon deeay rate 7 (e) = — — e): 



7(e) = 



njGA 

Ahv 



— n(U){l-F(U)F(U-e)} 



— 00 



(3.28) 
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where we used the identity 11^(0) = — 2in(J2), where 11(0) is the Fourier- 
transform of the real-time symmetrized autocorrelation function of the island’s 
order parameter n(f) = (cos[</ 9 (f) — (^(0)]). Another useful representation for 
7 (e) follows from Eq. (3.28) by means of the inverse Fourier transformation 
into the time domain: 

h e /" n(t) (3.29) 

^ 2hv 2TJo ^ sinh^ 

It is interesting to note that the functional form of Eq. (3.29) coincides ex- 
actly with the expression for the tunneling density of states in the presence of 
the Coulomb zero-bias anomaly, cf. Eq. (58) of Ref. [19]. In the present case 
the island’s phase ip{t) plays the role of the Coulomb-induced phase K{t) in- 
troduced in [19], whose fluctuations give rise to the zero-bias anomaly. Then 
expression (3.29) can be rationalized with simple physical interpretation: “su- 
perconductive” contribution to the cooperon decay rate is just the average rate 
of Andreev processes which occur in the system. Indeed, quantum correction 
to conductivity comes from interference between different trajectories of the 
same electron; Andreev reflection transforms this electron into a hole, therefore 
destroying further interference. 

6. Dephasing time 

Now we start to analyze the consequences of the result (3.29). To evaluate 
the islands’ contribution into the dephasing rate, we need 7 (e T). Behavior 

of n(f ~ h/T) is governed by the relation between temperature T and the 
effective charging energy Eq of SC islands. 

6.1 3D case 

6.1.1 Moderately high temperatures, T > Ec- At T > Ec^ the 

integral in Eq. (3.29) converges at f ~ h/T where 11(f) is given by Eq. (3.16). 
As a result, 7 (e) is nearly energy-independent at e ~ T and can be identified 
with the dephasing rate leading to the 3D result (3.3). The latter is valid as long 
as the expression in the brackets is large compared to unity. 

Assuming that (T) is given by Eq. (3. 1), we can estimate the upper bound- 

ary of the temperature range where 1/t^ is the main contribution to 

the dephasing rate. Using the 3D expression for Ga one finds 

~ (3.30) 

T 

where Xi = {An /3)a^rii is the volume fraction of the superconductive material 
in the matrix. From the low-temperature side applicability of the 3D result 
(3.3) is limited by the thermal transition temperature (n^) . Thus the relative 
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width of the temperature window where Andreev reflection from the SC islands 
is the leading mechanism of dephasing is given by the ratio 






ln^(nj/no)’ 

50 G^l‘^{no/niY/^ 
ln(no/ni) 



Ui > no, 



Ui < no, 



(3.31) 



where we used Eqs. (3.19a), (3.20) and (3.21), and defined no = {SuhD/G'^Y 
such that 5^ = (n*/no)^/^. Large factors in Eq. (3.31) result partly from the 
large factor in Eq. (3.30) hidden there in Xi and E, and partly from writing 
In^a = (1/3) ln(nj/no). We see that the condition Ga ^ 1 guarantees the 
existence of the broad temperature range where the dephasing time is nearly 
temperature independent and given by 



6.1.2 Lowest temperatures, T <C Ec- The region of very low 
temperatures, T <C Ec, can be traced only at very small concentration of the 
island, n^ < nc [cf. Eq. (3.22)], where superconductivity is absent even at T = 0 
due to quantum fluctuations. Here the integral (3.29) converges at t ~ h/Ec 
and can be approximaned as 

7(e) = e coth ^ U{t)dt. (3.32) 

The above integral is of the order of E^^^. Then the Andreev -reflection contri- 
bution to the dephasing rate can be estimated as 

— (3 33 ) 

t‘(T) 2wHi, Ec 

Since 1/t;^ scales cx T it always dominates the standard 3D result (3.1) at 

very low temperatures. However, the crossover temperature, where 

scales as nf and can be extremely low for small concentration of the islands. 



6.2 2D case 

As explained above, staying within the lowest tunneling approximation we 
can explore only the region of relatively high temperatures, 
(GT/4:7rg)ln{hD/a?T) <C 1, where fluctuations are thermal. Substituting 
n(f) by 1 in Eq. (3.29) we come to the result (3.3) for the 2D case. Here, 
contrary to the 3D case one can neglect the one-loop fluctuation correction 
cx InlnT compared to the bare InT dependence of Ga- 
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Comparing with Eq. (3.1) one finds that the “supereonduetive” contribution 
to dephasing is dominant at T < T^^{rii), where 



= TThDrii 



Ga{T^^) 

ln{TTg) 



(3.34) 



The relative width of this window is then estimated by the ratio 

^ 20 G Ain) 

ln(7T5r)ln^(G|,/4p) 

and is large since Ga S> 1. 



7. Magnetoresistance 

Experimentally, is determined from the magnetoresistance data. Eor 2D 
systems, the low-field magnetoresistance is governed by the weak localization 
(WE) and Maki-Tompson (MT) corrections which have the same dependence 
on the magnetic field [20] : 



AR{H) 

i?2 



r A.- f 4:DeHTp 



(3.36) 



withy(x) = ln(x)+y)(l/2 + l/x). Herea = 1 (—1/2) is the WE contribution 
in the limit of weak (strong) spin-orbit interaction, while the MT contribution 
is characterized by the function P{T) expressed through the Cooper channel 
interaction amplitude T(wfc) [20]: 

= T - Er"(^2n+l). (3.37) 

m n>0 



In a uniform system far above Tc, P(T) 1 / ln^(T /Tc) indicating that the MT 

contribution is smaller but in general comparable to the WE contribution. 

Eor our system, effective attraction in the Cooper channel emerges as a 
result of Andreev reflection from the SC islands. Eormally, integration over the 
phases (fjir) of the islands generates the standard Cooper interaction term in 
the action with r(tUfc) = {uiG'^ / 16 v)H{uJk), where we made use of the fact 
that the phases of different islands are uncorrelated atT ^ Tc and performed 
spacial average justified by the inequality ^ b. In the temperature range 
considered, n(r) is nearly constant on the time interval r G [0, 1/T], so one 
can use the static approximation II(u;fc) = S^fi/T. Substituting into Eq. (3.37) 
we obtain for T ^ Tc 



m 



TT^ mG‘^ 
64 uT 



(3.38) 
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Comparing with the estimate (3.34) one finds that /3(T) ^ 1 at T <C T*, 
that is magnetoresistance is mainly due to the MT term and thus is positive 
irrespectively of the strength of the spin-orbit scattering. 

Another relevant contribution to magnetoresistance is the Aslamazov-Larkin 
(AL) correction. In the range T Tc, using the condition 82 ^ 1, one can 
estimate A^tal < huiD/T. Comparing with A^^mt following from Eqs. (3.36) 
and (3.38), one finds A^tal/Apmt ~ 1/<J2 ^ 1- Moreover, the relevant 
scale of magnetic field 5 al for fhe AL confribufion fo magneforesisfance is 
Bal ~ cT/eD, i.e., if is by factor Tr^jh » 1 larger fhan fhe corresponding 
WL scale Bwl ~ hcjeDT^p. Thus AL correcfion fo magneforesisfance is much 
smaller fhan quanfum (WL and MT) corrections, and T^p can be exfracfed from 
fhe sfandard low-field magneforesisfance measuremenfs. 

We believe fhe same conclusion fo be valid in fhe 3D case. Here, however, 
fhe MT correcfion can be eifher large or small compared fo fhe WL correcfion, 
depending on femperafure and ofher paramefers of fhe problem. 

8. Discussion 

We demonsfrafe fhaf small concenfralion of superconductive islands can en- 
hance considerably fhe low-femperafure dephasing rale in disordered bulk and 
Ihin-film mefals as seen via fhe low-field magneforesisfance. In 2D fhe domi- 
nanf quanfum correction fo magneforesisfance is fhe Maki-Tompson one, Ihus 
magneforesisfance is posifive in fhe region of inleresl. Throughoul fhe whole 
range where our resulfs are valid, TTp)/h ^ 1, which allows to neglecf fhe 
energy dependence of fhe cooperon decay rale (3.29). This is why magnelore- 
sisfance follows fhe sfandard formula (3.36) derived for uniform melal films. 

If was implicifly assumed while deriving Eq. (3.29) lhal L^, = ^/Dt^ is 
much longer fhan inler-island separalion b. Using Eq. (3.3) one finds lhal in 2D 
case for Ibis condilion fo be fulfilled fhe lunnel-limil inequalily Gt/Gq ^ 1 
is required; for 3D case fhe condition L^, ^ bis less reslriclive. We expecl lhal 
in fhe 2D case wilh SC islands slrongly (Gp Go) coupled to fhe film [11] 
fhe “Andreev” confribufion fo fhe dephasing rale al moderale lemperalures can 
be esfimaled analogously to Eq. (3.3), wilh fhe proper expression Ga ~ Gd 
for fhe Andreev conduclance, leading fo 1/t^ ~ UiD / / a) ■ Allhough 

we considered lemperalures much below fhe inlrinsic Iransilion femperafure of 
SC islands Tco, our approach can be adapled for T ~ Tcq. 

We nole in passing lhal inhomogeneous in space superconduclive gap func- 
tion is known to affecl fhe BSC peak in fhe densily of sfafes in a way very similar 
fo lhal of magnelic impurifies [21]. The presenl resulfs show lhal analogy be- 
Iween inhomogeneous superconduclivily and magnetic impurities extends fo 
dephasing as well. The influence of fhe same dephasing mechanism upon ofher 
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phase-coherent phenomena (e.g., mesoscopic fluctuations and persistent cur- 
rents) remains to be studied. 
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Abstract The conduction electrons’ dephasing rate, is expected to vanish with the 
temperature. A very intriguing apparent saturation of this dephasing rate in sev- 
eral systems was recently reported at very low temperatures. The suggestion that 
this represents dephasing by zero-point fluctuations has generated both theoreti- 
cal and experimental controversies. We start by proving that the dephasing rate 
must vanish at the T — > 0 limit, unless a large ground state degeneracy exists. 
This thermodynamic proof includes most systems of relevance and it is valid 
for any determination of from linear transport measurements. In fact, our 
experiments demonstrate unequivocally that indeed when strictly linear transport 
is used, the apparent low-temperature saturation of T 4 , is eliminated. However, 
the conditions to be in the linear transport regime are more strict than hitherto 
expected. Another novel result of the experiments is that introducing heavy non- 
magnetic impurities (gold) in our samples produces, even in linear transport, a 
shoulder in the dephasing rate at very low temperatures. We then show theoreti- 
cally that low-lying local defects may produce a relatively large dephasing rate at 
low temperatures. However, as expected, this rate in fact vanishes when T ^ 0, 
in agreement with our experimental observations. 

Keywords: dephasing, decoherence, disordered conductors 
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1. Introduction 

Electronic quantum effects in mesoscopic [1] and in disordered conduc- 
tors [2] are controlled by the conduction electrons’ dephasing [3] rate, 
which is expected to vanish with the temperature [4, 5]. A very intriguing 
apparent saturation of this dephasing rate in several systems was recently re- 
ported [6] at very low temperatures. Serious precautions [6] were taken to 
eliminate experimental artifacts. It was speculated that such a saturation of 
the dephasing rate when T ^ 0 might follow from interactions with the zero- 
point motion of the environment. These speculations have received apparent 
support from calculations by Golubev and Zaikin [7], which generated a major 
controversy [8] in the recent literature. Interestingly, however, this issue had 
appeared already in 1988, and good arguments against dephasing by the zero- 
point motion have already been given then [9] . Moreover, these results were in 
disagreement with other experiments, for example, by Khavin et al. [10]. More 
recent experiments [11] showed that in some cases the presence of trace mag- 
netic impurities, even on the ppm level, caused the apparent saturation of the 
low-temperature dephasing. Similar effects may exist for models [12, 13] with 
low-lying two-level systems (TLS) [14], where an apparent saturation of the 
low-temperature dephasing rate may occur (which will, however, be eliminated 
at the T ^ 0 limit). For the case of magnetic impurities, such an elimination 
of the dephasing rate will occur if and when Kondo screening of the magnetic 
moments or their freezing into a spin-glass state takes place. 

In fact, it is physically clear that since dephasing must be associated with a 
change of the environment state [5], it cannot happen as T ^ 0, except when 
a large ground-state degeneracy occurs. In that limit neither the electron nor 
the environment has any energy to exchange. This is a very general statement; 
the only physical input needed for it to hold true is that both the interfering 
particle and its environment are in equilibrium at the temperature T (which we 
then let approach zero). This is so because the linear transport under consid- 
eration is rigorously determined by equilibrium dynamic correlation functions. 
Obviously, nothing prevents a high-energy particle far from equilibrium to ther- 
malize with the (T ^ 0) bath by giving it energy, losing its phase coherence in 
the process. Therefore, dephasing of a particle which is far from equilibrium 
with a T = 0 bath is, of course, possible. As will be discussed later in this arti- 
cle, an example for such a situation occurs when the energy of the conduction 
electrons exceeds the thermal one, due to a voltage bias larger than T and 
slow relaxation [15]. 

In the theoretical part of the present paper we do not attempt to settle the 
important question of where have the calculations leading to T ^ 0 dephasing 
without magnetic impurities or TLS gone wrong [16]. We shall start by con- 
verting the above physical argumentation for the lack of T ^ 0 dephasing into 
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a more rigorous one. We shall note that, like many other physical properties, 
the dephasing rate can be expressed in terms of correlation functions of the 
conduction electron and those of the environment with which it interacts [1]. 
Using very general properties of these correlators [17, 18], which are almost 
always valid, we prove following Refs. [19, 20, 12] that the dephasing rate 
has to vanish at the T ^ 0 limit, unless a large ground-state degeneracy exists. 
Such a degeneracy may be brought about, e.g., by free uncompensated magnetic 
impurities at a vanishing magnetic field. Because these magnetic moments will 
typically be screened or frozen when T ^ 0, the proof encompasses most sys- 
tems of relevance. Since it employs mainly the basic laws of thermodynamics, 
the proof is valid for any case in which is determined from linear transport 
measurements. 

Experiments were performed to examine the real-life validity of the above 
statement. Our experiments [15] demonstrate unequivocally that indeed when 
strictly linear transport is used, the apparent low-temperature saturation of is 
eliminated. Extremely small measurement currents had to be used in order to 
be in the linear- transport regime (see also Ref. [21]). These observations, along 
with the apparent lack of heating of the conduction electrons (see Ref. [6] and 
below), pose new and interesting basic questions. 

Another novel result of the experiments is that introducing heavy nonmag- 
netic impurities (gold) into our samples produces, even in linear transport, 
an anomalously large dephasing rate at very low temperatures, but not at the 
T ^ 0 limit. We show that low-lying local defects, as suggested for example 
in [12, 13], may produce a relatively large dephasing rate at low temperatures, 
which in fact vanishes when T ^ 0. 

2. The vanishing of the dephasing rate as T — s- 0: theory 

2.1 A useful expression for the dephasing rate 

In this section, we shall derive a very useful expression for the dephasing 
rate of a “particle” coupled to the “environment”. The latter, which will also be 
referred to as “the bath”, represents all the degrees of freedom that the particle 
is coupled to and are not directly observed in the interference measurement. As 
we show below, the dephasing rate can be expressed as 

OO 

(4.1) 

— OO 

where Uq is the Eourier transform of the interaction V (r) between the con- 
duction electron and the particles of the bath, and S'p(— q, —ut) and ^^(q, tc) 
are the dynamic structure factors of the conduction electron and the bath, re- 
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spectively. These structure factors, which are the Fourier transforms of the 
density-density correlation functions [17], contain the necessary physical in- 
formation on both the particle and the bath [18]. A subtle relevant example 
is provided by the case where the particle and the bath are identical fermions. 
The Pauli principle constraints are automatically taken into account by using 
the 5p(— q, —io) of the particle in the presence of the bath. These structure 
factors are in principle known for models of interest. They can, for example, be 
obtained from the dissipative part of the linear response function 1 /e(q, tc), by 
using the fluctuation-dissipation theorem. The physical meaning of the expres- 
sion in Eq. 4.1 is simply that the rate of creating (or annihilating) any excitation 
in the environment is the sum of these rates for all {q, lo) channels. 

The dynamic structure factor is well known for a diffusing electron. In 
the classical limit, hio <C %T, it is given by a Lorentzian of width Dq"^. 
The low-temperature case [18] will be discussed later on. Replacing Ss{q, cu) 
with the dynamic structure factor of the electron gas, given to leading order 
by hq^ujVol/2{2TT)^e^a (see, e.g., Eqs. 3.28 and 3.44 of Ref. [22]), allows 
for an extremely simple calculation of the dephasing rate by electron-electron 
interactions, which reproduces the results of Ref. [4]. 

Eor a derivation of the basic equation 4. 1, we start with a direct-product state 
of the particle and the environment, \im) = |i) (g) |m), and evaluate the rate of 
transitions into all different possible states, \jn), using the golden rule. In other 
words, at any later time t, the state of the total system evolves into 



'T(f) = A 



im) -|- E 
j,n 



(4.2) 



where A is a normalization factor. The transition probability from \im) is 
simply |Ap 'f2jn times larger than microscopic, the transition 

rate out of the initial state is well-known to be given by (see, for example. 
Ref. [23]) 



i/w = J 

-oo 

5{Epj - Ep^i - hw)6{Es,n - Es,m + Exj). (4.3) 

Here the last integral represents the (joint) density of final states, \ jn), having 
the same energy as the initial one, \im). The matrix elements in the last equation 
are easily evaluated from the Fourier representation of the interaction V (r) : 



(4.4) 
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where the index s runs over the particles in the bath. The absolute value squared 
of this matrix element consists of “diagonal” terms (q = q') which are positive, 
and “nondiagonal” terms (q / q') whose phases are random. An important 
step is now to average the result over, for example, the impurity ensemble. This 
will eliminate all the nondiagonal terms, leaving only the diagonal ones. We 
now introduce a thermal averaging over the initial state, | im) , by summing over 
i and m, with the factorized weight of that initial state, Pp^iPs,m, in obvious 
notation. It is immediately recognized that the integral in Eq. 4.3 contains the 
product of the dynamic structure factors of the particle and the environment. 
As a result, we obtain Eq. 4.1 for the rate I/toui- 

We emphasize that this result is exact within the golden-rule formulation, 
which fully captures the decay of a given initial state into a continuum. Based 
on a single-particle picture, it equally applies to low-energy quasiparticle exci- 
tations in a Fermi liquid. Hence this result extends well beyond perturbation 
theory for the bare electrons in the system. It does not apply to systems that 
develop a non-Fermi-liquid ground state. 

Using fashionable terminology, I /rout is the rate at which the particle gets 
“entangled” with the environment. In most situations, I /Tout is identical to 
the dephasing rate 1/r^. Important exceptions having to do with the infrared 
behavior of the integral in Eq. 4.1, relevant at lower dimensions, were discussed 
in Refs. [5, 1]. 

2.2 Proof that the dephasing rate vanishes at the T — ^ 0 
limit 

As discussed above, an important advantage of the present formulation is that 
all the relevant physical information is contained within the correct dynamic 
structure factors of both the particle and the environment. For example, at 
T = 0, when the electron is diffusing on the Fermi surface, it can not lower its 
energy. Hence its dynamic structure factor automatically vanishes for positive 
frequencies [18], as does the dynamic structure factor of the electron gas at 
T = 0 [22]. These facts are guaranteed by the detailed balance condition: 

5(-q,-cu)=e^'^5(q,(u). (4.5) 

More generally, because of the occurrence of to and — tu in the two dynamic 
structure factors, the integrand in Eq. 4. 1 vanishes in general at any uj at the 
T ^ 0 limit, see Fig. 1. In mathematical terms, it has “no support”. 

Therefore, except for the unusual case where the environment has a mas- 
sive ground-state degeneracy, the dephasing rate must vanish at zero tempera- 
ture [12,19, 20] . This fact follows directly from Eq. 4.3 also prior to carrying out 
the impurity-ensemble averaging. If both the particle and the environment start 
at their lowest states, it is impossible that both Epj > Ep^i and Eg^n > Es,m- 
All this is guaranteed by basic thermodynamics. The only exception is when 
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Figure 4.1. The two structure factors appearing in Eq. 4.1 as functions of u>, for T — 0 
(schematic sketch). Note that the product vanishes everywhere. 



a large ground-state degeneracy exists in the environment, a situation which is 
very rare indeed, because such a degeneracy will typically be lifted by some 
perturbation that exists in the system. 

As mentioned above, this formulation breaks down in the case of a non- 
Fermi-liquid ground state, when the elementary excitations of the system are 
not of single-particle nature. A notable example is provided by the two-channel 
Kondo effect, where single-particle-to-single-particle scattering is absent on 
the Fermi level at T = 0. In fact, the corresponding S matrix has no matrix 
element to any outgoing state containing arbitrary finite numbers of particle- 
hole pair excitations [24]. This means that any scattering at T = 0 necessarily 
leaves its mark on the environment, resulting in a finite zero-temperature de- 
phasing rate [25]. We emphasize, however, that the two-channel Kondo effect 
itself stems from a ground-state degeneracy that cannot be lifted. Hence a 
macroscopic ensemble of two-channel Kondo impurities likewise acquires a 
macroscopic degeneracy of the ground state. 

Thus, the “standard model” of linear transport in disordered metals (in which 
the defects are strictly frozen) gives, as expected, an infinite at T = 0. On the 
other hand, there may be other physical ingredients that can make relatively 
short at very low temperatures (but still divergent at the T ^ 0 limit), without 
contradicting any basic law of physics. What is needed is an abundance of 
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low-energy modes in the environment. A simple model for such modes was 
suggested in Ref. [12]. Its physics is reminiscent of models for 1// noise, but 
the relevant frequencies here are in the gigahertz range and above. That type 
of model is a particular one, and its requirements may or may not be satisfied 
in real samples. However, other models with similar dynamics might exist 
as well. We reiterate that such models do not imply dephasing by zero-point 
fluctuations. The explanation for the large low-temperature dephasing rate is 
certainly not universal. In some cases this extra low-temperature dephasing 
depends on sample preparation, and on extremely small concentrations of stray 
magnetic impurities [11]. In other cases [15] “nonequilibrium” behavior, i.e., 
the sample not being in the linear-transport regime, is the relevant issue. 

3. Experimental results 

Recent experiments on the behavior of the phase coherent time in indium- 
oxide films showed some intriguing features. These results did not confirm 
the claim [6] that there is ‘inherent saturation’ of In fact, in all cases 
T0 diverged when T ^0. On the other hand, several aspects of the data 
reproduce the findings of Mohanty et al. Most importantly, over a considerable 
range of measurement conditions (in particular, the electric field F applied in 
the magneto-resistance measurements), the dephasing rate was T -independent 
below IK, while the resistance was T-dependent. The latter suggests that 
heating is not a serious problem in this range of fields, a conclusion reached by 
Mohanty et al. based on the same observation. We also agree with these authors 
that external noise is not likely to be the source of the apparent saturation. 
In the indium-oxide films, however, it appears that the saturation is due to 
non-equilibrium effects, namely, when the conductance is no longer given by 
the standard second-order current-current correlation function. Indeed, it was 
shown that the problem of apparent saturation disappeared when sufficiently 
small bias conditions were employed. It was also shown that in order to be 
in the linear-response regime, the electric field used in the magneto-resistance 
(MR) measurements must be smaller than Fc = kjsT/eLer, where Ler is the 
energy relaxation length. The energy relaxation length Ler is the spatial scale 
over which the electrons lose their excess energy (gained from their motion 
in an electric field) to the environment. This length should not be confused 
with Lff,, which is the phase-coherent diffusion length. Except when dominated 
by electron-phonon scattering, Ler varies much faster with T than L^, and 
may attain macroscopic values at low temperatures [26]. In the pure In203_2; 
samples, for example, Ler reached values of a few mm’s below IK. 

Another intriguing finding in our studies is the behavior of the dephasing rate 
versus temperature of the Au-doped samples. Figure 3 illustrates this behavior 
for one such sample that was extensively studied. Our analysis is based on 
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data and fits such as those depicted in Figure 2. These measurements were 
all performed in the linear-response regime, which was much easier to achieve 
than in the pure In203_a; samples due to the relatively short Lev Note that the 
dephasing rate is well behaved for T > 2K, and vanishes as T ^ 0 (based 
on data for T < 0.6K). The intermediate temperature regime reveals, however, 
an anomaly; seems to be almost independent of temperature. In fact, if 
the measurements were carried out only down to T = 0.6K, one might have 
concluded that has saturated! This behavior was observed in all our Au- 
doped samples (with doping levels of 1-3%), and it illustrates a new type of an 
apparent saturation problem. The overall shape of is somewhat similar 

to the respective behavior observed in Au films doped wifh Fe [21], and in Cu 
films doped wifh Cr [27]. Bofh are well-known Kondo sysfems, and fhe ’’hump" 
observed in fheir r^^(T) dafa was indeed inferprefed as exfra dephasing due 
fo fhe Kondo effecl. When we fried fo repeaf fhe analysis of fhese aufhors 
on our dafa, we encounfered a number of difficulfies. In fhe firsl place, fo fif 
fhe excess dephasing rafe wifh fhe formulae used by these authors required a 
spin of the order of 10 (rather than ^ in their case), which makes no physical 
sense. More importantly, we failed to detect any independent evidence for 
magnetic impurities (above Ippm), either in the sample or in the Au material 
that was used for doping [15]. In addition, there is strong evidence against 
dephasing by magnetic impurities in the MR data themselves. Consider the 
MR data shown in Fig. 2. The values of r^^(T) are obtained by fitting MR 
data to weak-localization theory, which usually is based on data taken at small 
magnetic fields. In fhe graphs of Fig. 2, however, we deliberafely exfended fhe 
MR measuremenfs fo include much larger fields. Nofe fhaf in bofh graphs dafa 
are shown up fo fields fhaf are high enough fo cause significanf spin polarization 
(fhe Zeeman energy exceeds ks T). Yef, a nearly perfecf fif fo fhe fheory (dashed 
black lines) is obfained using one value of for each femperafure. If fhere 
were a confribufion from a spin-flip mechanism (as one may expecf from fhe 
presence of magnetic impurities), if would be impossible fo fif fhe low-field 
dafa (namely, for 77 < kjsT / g) wifh fhe same as fhe one necessary for 
77 > ksT/gsg. The difference fhaf mighf be expected is illustrated in the 
top graph of Fig. 2 by the dotted line. The latter represents the MR that ought 
to be observed when the extra contribution to dephasing by the alleged Kondo 
impurities is suppressed by 77. It would therefore appear that the anomaly 
represented by the “hump" around T = 0.6K in Fig. 3 is not due to the usual 
spin-flip scattering, resulting from fhe presence of magnefic momenfs. 

We shall now affempf fo explain the restricted saturation below 2K in these 
samples based on the observation that this anomaly originates form the inclusion 
of gold atoms in the In203_a; matrix, and is absent in the pure material. As noted 
elsewhere [28, 29, 15], the Au atoms probably reside in the oxygen vacancy 
(or di-vacancy) sites of the In203_2; (which is typically 10% oxygen deficient. 
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H(T) 



Figure 4.2. MR for Iri 2 Os-ajiAu sample (thickness 200 A with 2% Au). Dashed lines are fits 
to theory using a single for each of the temperatures shown (one above and one below the 
anomaly). 



see Ref. [30]). Given the chemical inertness of gold, it is not implausible that a 
sizeable portion of the Au atoms are loosely trapped in oxygen di-vacancies, thus 
acting as local scatterers with a low characteristic frequency. For simplicity, we 
model such a defect as a local TLS having a typical energy A (associated with 
two nearly equivalent positions of the Au in the di-vacancy). The dephasing 
rate versus temperature due to this model will be calculated in the next section. 
It is shown to be consistent with our experiment in Fig. 3. 
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T(K) 



Figure 4.3. Dephasing rate versus temperature for the same In 203 _a;:Au sample as in Fig. 
2. The dotted line is a fit to Eq. 13 with a symmetric well, using naVFero ~ 3.4 • 10^°sec“^, 
A = 0.3K, and adding the standard 2d result [4] for the present situation: = 5 • 10® • T 

•sec“'^, where T is in degrees K. A better fit to the data (squares) may be obtained by using the 
result that would apply were the film behaving as in 3D [4]: = 4 • 10® • T 2 . sec“^ (where 

T is again in degrees K), for the high-temperature regime (dashed line). 



4. A tunnelling model for loosely bound heavy impurities 

In this section, we consider the inelastic scattering of the conduction elec- 
trons from loosely bound defects. The defects are taken for simplicity to be 
independent Born-approximation s-wave scatterers, having a scattering length 
a and a total scattering cross section dvra^. The differential cross-section for 
inelastic scattering of a particle with momentum k into an element of solid 
angle around the final momentum k' is given by [17] 

= a^5(q,u;) = Pi\{f\e^^'^\i)\‘^5{uj - uJif), (4.6) 

^ ij 
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where hto is the energy transfer, hq with q = k — k' is the momentum transfer, 
and 5(q,o;) is the dynamic structure factor of the scatterer. Here |i) and |/) 
are the initial and final states of the scatterer (the former having a prohahility 
of Pi), and hiOif is their energy difference. 

In the tunnelling model we take the scatterer to reside in a double-minimum 
potential. The minima are separated by a vector b, the tunnelling matrix el- 
ement between the two minima is flo, and their energy separation is 2B. By 
diagonalizing the 2x2 problem, one easily finds [31,12] fhaf the separation 2 A 
between the ground state and excited state in the well, | -f) and | — ), respectively, 
is given by 

2fs = 2^J^ll + B‘^. (4.7) 

The above labelling of the states reflects their spatial symmetry for B = 0. The 
transition matrix element is given in turn by 

= 2io;/3sin(q • b/2) = fa/3(q • b), (4.8) 



where a and (3 are the normalized weights in the two wells. Their product is 
af3 = Ho/ (2 A). The combination 2\a f3\ is a symmetry parameter, ranging 
from unity for a symmetric well to zero for a very asymmetric one, rendering 
the latter ineffective for the inelastic scattering. To get the second equality in 
Eq. 4.8, we used the dipole approximation q • b/2 <C 1, which is appropriate 
for /ciT’6 <C 1. For simplicity, we took h to be sufficiently large as compared to 
the characteristic length of each well. We shall also assume ep A,kpT. 

The inelastic cross section for scattering between the two levels of the tun- 
nelling center is given by 

(Jin(q, w) = 4a^/3^a^ ^ H^sin^(q • h/2)5{u} + 27 A). (4.9) 

7 =± 

Here P± are the thermal populations of the |±) states: 

g±A/(fcsr) 

^ 2cosh(A/(A:5r)) ^ ^ 

For simplicity we consider an electron with an initial momentum k very close 
to the Fermi sphere, i.e., <C kpT, where the kinetic energy is measured 
relative to the chemical potential. The total inelastic cross sections for an 
upwards/downwards excitation of the TFS are given by 



a± = a^0^a^P± I dHk' 



defc/((k - k') • b)^[l - f{ek')]6{ek - e^/ =p 2A), 

(4.11) 




60 



FUNDAMENTAL PROBLEMS OL MESOSCOPIC PHYSICS 



where is an element of solid angle around the final wave vector k', and 
€k = /2m. For clarity we take the initial wave vector k to be parallel to b 

for the time being. Averaging over the direction of k will introduce a numerical 
factor A, which we shall reinstate later on. 

To proceed with Eq. 4.11, we note that (k — k') • b equals 2/ci?6sin^(6*/2), 
where 6 is the angle between k' and b. Performing the angular integration and 
the integral over the energy, we obtain 



(Jin, tot = 16cJo(a/3)^ [P+(l - /(cfc - 2A)) + P_(l - /(e^ + 2A))] = 



4o-q(q:/3)^ 

cosh^(A/(/ceT)) 



(4.12) 



The prefactor do in Eq. 4.12 is given by cto = |Aa^(fci7’6)^, and is expected 
to be of the order of the square of a small fraction of an Angstrom. Eor a 
concentration of the soft impurities, the rate for inelastic scattering is thus 
given by 

1 ^ 4(a/3)^nsUFO-Q 

Tin,s cosh^(A/(%T))’ 

where 4(a/3)^ = 1 in the symmetric case {B = 0). Note that the situation here 
is rather distinct from the one for the electron-electron scattering with disorder, 
where the scattering is dominated by small q' s (the infrared regime). Since the 
scatterers are short ranged, the important range of (7 is 1 for /ciT’f ^ 1 , as in 
Ref. [12]. In this range, the dynamics of the electrons is effectively ballistic. Eor 
the same reason, the inelastic rate and dephasing rate are essentially equal [32]. 

The parameters of the various TLS’s within the system, are often distributed. 
Reasonable distributions are [12]: a uniform distribution for B in the range 
0 < i? < Bmax, and a 1/flo distribution for flo, between Clmin and Clmax- The 
latter distribution follows by taking flo to be the exponential of a large nega- 
tive, uniformly distributed quantity in the corresponding range. One generally 
expects Clmax ^ Bmax- Thus, the combined distribution function reads 



p{B,no) = 



CIqBti 



■ \u.(Clmax / ^min) 



(4.14) 



The inelastic cross section of a single TLS, and the one averaged over the 
distribution of Eq. 4.14, are depicted in Eig. 4.4. Eor the TLS distribution of 
Eq. 4.14, the following qualitative behavior of the averaged cross section {ain) 
is found: 



(din) OC e for ksT-^nmin, 

i^in) T f OT ^min ^max-! 

(^m) OC const. f OT kfsT ^max- (4.15) 




Low-T decoherence in disordered conductors: soft local excitations 



61 



Qin/ao 

0 . 07 r 
0.06 
0 .05 
0 .04 
0 .03 
0 . 02 
0 .01 



(b) 




(a) 



4 5 

ksT/A 



Figure 4.4. The inelastic cross-section of the TLS as a function of ksT. (a) A single TLS 
(Eq. 4.12) with 5 = 3 and flo = 1 (all energies in the same units), (b) The cross section 
averaged over the distribution of Eq. 4.14, with Smaa: = 20, itmin = 0.2, andflmax = 2. Note 
the qualitative similarity between these results and the hump of Eig. 3. Adding the electron- 
electron contribution as in Ref. [4] produces a reasonable ht of the experimental results with a 
TLS modefsee Eig. 3. 



The behaviors of Eq. 4.15 are in agreement with curve (b) of Fig. 4.4. 

Strictly speaking, these results hold only for temperatures sufficiently low 
so that the higher levels of the double-minimum well are thermally inaccessi- 
ble. The constant nature of the inelastic rate for k^T ^ ^min was invoked 
in Ref. [12] to explain the apparent saturation of the dephasing rate. This ne- 
cessitates Amax ~ Q.IK - 0.5ii', as would seem appropriate for heavy defects. 
As pointed out in Ref. [12], the dephasing rate will then vanish linearly with 
T at lower temperatures. If the lower cutoff flmm exists and is attainable, the 
TLS dephasing rate should eventually vanish exponentially, as specified above. 
To remove any doubt, we reemphasize that models without a large enough 
ground-state degeneracy do not have a saturation ofr^ at the T ^ 0 limit. 

5. Conclusions 

We showed that in normal systems, that do not have large ground state de- 
generacies, the quasiparticle dephasing rate must vanish at the T ^ 0 limit. 
Abundance of low-energy excitations can, however, produce a relatively large 
dephasing rate at low nonzero temperatures. An appropriate TLS model can 
explain an intriguing feature of our experimental results below IK, obtained 
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by controlled addition of heavy impurities. An apparent low-temperature sat- 
uration of the dephasing rate can also be due to magnetic impurities, as long 
as their magnetic moments are uncompensated and unfrozen. We also find 
experimentally that the condition to be in the linear-transport regime at very 
low temperatures is much more strict then ordinarily expected. Not reaching 
the linear-transport regime might also produce an apparent “nonequilibrium” 
saturation. More theoretical work is necessary in order to fully understand this 
last result. 
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Abstract The dissipative quantum dynamics of the central island of a nanoelectromechani- 
cal single-electron transistor is studied at high bias voltage and zero temperature. 
The equation of motion for the reduced density operator describing the vibrational 
degree of freedom is derived. It is shown that when the dissipation is below a 
certain threshold value, the vibrational ground state of the central island is unsta- 
ble. If the electric field £ between the leads is much greater then a characteristic 
value, it is shown that the instability develops into a steady-state solution that 
corresponds to the quasiclassical shuttle picture. 

Keywords: Single-electron tunnelling, nanoelectromechanical systems 



1. Introduction 

Nanoelectromechanical systems (NEMS), where electronic and mechanical 
degrees of freedom are coupled, have been attracting a great deal of attention 
recently [1-3]. An important example of such a system is the nanoelectrome- 
chanical single-electron transistor (NEM-SET) — a structure where the mov- 
able conducting island is elastically coupled to the electrodes. NEM-SETs 
have been attracting a lot of attention recently both theoretically [4-20] and 
experimentally [21, 22]. 

In Ref. [4] it was shown, that the NEM-SET becomes unstable with respect to 
the development of periodic mechanical motion if a large enough bias voltage 
is applied between the leads. This phenomenon is usually referred to as a 
shuttle instability. The key issue in Ref. [4] was that the charge on the island, 
q{t), is correlated with its velocity, x{t), in such a way that the time average 
q{t)x{t) > 0 even if x{t) = 0 (see the review Ref. [23]). A classical theory of 
the shuttle instability [4] was based on the assumptions that both the charge on 
the island and its trajectory are well defined quantities. 

65 

I. V. Lerner et al. (eds.), Fundamental Problems of Mesoscopic Physics, 65-73. 

© 2004 Kluwer Academic Publishers. Printed in the Netherlands. 




66 



FUNDAMENTAL PROBLEMS OF MESOSCOPIC PHYSICS 



A decrease of the island size should result in modifications of the electrome- 
chanical phenomena in a NEM-SET as more quantum mechanical effects come 
into play. There are two different types of quantum effects which manifest 
themselves as the island size decreases. The first one is the discreteness of 
the energy spectrum. The electron energy level spacing in a nanometer-size 
grain is of the order of 10 K and resonant tunneling effects become essential 
at small enough temperatures. In this case the characteristic de Broglie wave 
length associated with the island can still be much shorter than the length scale 
of the spatial variations of the "mechanical" potential. If so, the motion of the 
island can be treated classically. The NEM-SET in this regime has been studied 
theoretically in Ref. [7] and the conditions for the shuttle instability to appear 
have been found. 

Diminishing the size of the island further results in the quantization of the 
mechanical motion of the island. As a result not only the charge on the island 
but also its trajectory experience strong quantum fluctuations and the picture 
of the shuttle instability, which was elaborated in Refs. [4] and [7] is no longer 
valid. Different aspects of the NEM-SET in the regime of quantized mechanical 
motion ofthe island have been studied [6, 11, 14-20]. In this article we will show 
that if the damping is below a certain threshold then the vibrational ground state 
of the central island is unstable. This result shows that the shuttle instability is 
a fundamental phenomenon which exists even when the trajectory of the island 
and the charge on it are no longer well-defined. 



2. Theoretical Model 

We use fhe following Hamiltonian to model our system 

77 = ^ eakoli^aak + [eo - eEX] c^c + 

a.,k 

2M 



^ ATI / It t 

H |-^rQ,(X) al,j^c + caak 



a.k 



(5.1) 



where Ti ji{X) = exp[=p2f/A]. The first term in the Hamiltonian de- 
scribes the electrons in the leads, the second term relates to the single energy 
level in the central island, the third and fourth terms to the quantized vibrational 
degree of freedom associated with center-of-mass motion of the central island 
and the last term describes tunneling between the electrodes and the island. All 
energies are measured from the Eermi energy of the leads. Here we assume 
that only one single electron state is available in the central island and that the 
electrons in each electrode are non-interacting with a constant density of states. 
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Let us introduce dimensionless operators for displacement, x = X/xq, and 
momentum, p = x^P/h, where xq = \/h/{Mwf), and then measure all 
lengths in units of xq and all energies in units of hw^. 

The Hamiltonian can now he written as 



H = He + Hv + ^, 



(5.2) 



where 

He = '^ eakolk^^ak + [^0 “ dx] C , 

a,k 

Hv = ^ ’ 

a,k 



n = 



(5.3) 

(5.4) 

(5.5) 



with d = eE/{MwQXo). 

The evolution of the system is descrihed hy the Liouville-von Neumann 
equation for the total density operator a 



idta = [H, a] = [He P Hy, a] + [ff , a] , (5.6) 

where [•,•] denotes the commutator and time is measured in units of 
Since we are interested in the evolution of the variables descrihing the central 
island, we need to know only the evolution of the reduced density operator 
p, which descrihes the vibrational degree of freedom coupled to the single 
electronic state in the island. This reduced density operator is obtained from 
the total density operator a by tracing over the electronic degrees of freedom 
of the leads. To derive the equation of motion (EOM) for the reduced density 
operator we transform Eq. (5.6) into the interaction picture, defined by 

a{f) = . (5.7) 



Then 



where 



idtd{t) = , 

n{t) = _ 



(5.8) 

(5.9) 



We assume that the equilibrium state of the leads is virtually unaffected by the 
coupling to the central island and the following approximation can be made 



a{t) p{t) (g) aieads , (5.10) 

where p{t) = Tra{fr(f)} is the reduced density operator in the interaction 
representation and the trace is over the electrode degrees of freedom. To use 
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the approximation given by Eq. (5.10) we east Eq. (5.6) into its equivalent form 
[24] before tracing over the leads 

dfa{t) = -i[n{t),a{0)] - [ dfi [f2(t), [fi(fi), d(fi)]] . (5.11) 

Jo 

After tracing over the leads, we get the integro-differential EOM for the reduced 
density operator 

dfpt = - V / deVa [ X (5.12) 

ad Jo 

[[ifaC)t{faC^)trPti ~ (T„c'f)i^ptj (T„c)i| /+ 

+ ^Pti{faC^)t^{faC)t - {faC)tPti{faC^)t^'jf~ | + h.C. , 

where To = fa{x),flj^ = fi,R = [exp((e=Fey)/2/csT)+l]“^ /“ = I- fa, 
V is the symmetrically applied bias voltage and T>a is a density of states in the 
lead a. 

The integro-differential equation Eq. (5.12) transforms into a differential 
equation under the condition of zero temperature and large bias voltage, 

dtpt = TiVL\^{fLcJ)tPt{flc)t-{{^^^^^ (5.13) 

+ ttVr 2(f’Jjc)tpt(fijc'f)t - |(f)jc^)t(fJjc)t,pi| . 

By transforming Eq. (5.13) back to the Schrddinger representation we obtain 
the following operator master equation 

dtp = —i + eoc^c — dxc^c, p 

+ ttVl 2Tlc^ pcfi - ^flcc\ p'^ (5.14) 

+ ttT>r 2f^cpc^f)j - |f|c^c,p| . 

We introduce a mechanical damping of the oscillator in its simplest form by 
adding 

^7^ = - y [^Ap,p}] - I [x, [x,p]\ (5.15) 

to the RHS of Eq. (5.13). This can be achieved by weakly coupling the oscillator 
to a heat bath [25]. Nontrivial dynamics of the oscillator is expected only at 
small dissipation rates, 7 <C 1. 

The operator p acts in the space corresponding to the joint description of the 
vibrational degree of freedom and the single electronic state in the island. It 
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can be represented by 2 x 2 matrix in electronic space, with the elements being 
the operators in vibrational space 

^ f ) • (5.16) 

\ rrio .Kii J 

Here i?oo =< 0|p|0 > is the density operator of the vibrating island without 
electrons, Rn =< l|p|l > is a density operator of the ’charged oscillator’, 
containing one electron on the level eo;-Roi=<0|p|l> and Rio =< l|p|0 > 
are off-diagonal elements describing the hybridization of the oscillator states 
with different occupations of the electronic level. The state 1 1 >= ct |0 > is a 
charged state of the central island and |0 > is an electron vacuum of the island. 
It is also convenient to define = i?oo + which determines expectation 
values of the observables in vibrational space, and R- = Rqo — Rii, which 
describes the shuttling of electrons. 

It follows from Eq. (5 . 1 3) that the time-evolution of the off-diagonal elements 
i?oi and Rio is decoupled from the evolution of the diagonal elements Roo and 
Rii- It is convenient to shift the origin of x-axis to the point x = d/2, then the 
EOMs for Roo and Ru are given by 



dtRoo = -i Hy + -x,Roo - - {El(x), i?oo} 
+ \/rij(x) Rii v^Tr(x) + C^Roo , 



dtRii = -i H^--x,Rii - - 

+ y/ri(x) Roo -I- C^Rii , 



where r„(x) = 2Tt'DaT^{x -|- d/2). 

3. Analysis and Results 

Eqs. (5.17) and (5.18) describe the vibrational dynamics of the island which 
is coupled to the variations of the island charge caused by the tunnelling of 
electrons. To study the vibrational dynamics near the ground state we use 
the small parameter <C 1 to linearize the problem with respect to the 
displacement x. We also assume that d/\ 1 — weak electromechanical 

coupling. Eqs. (5.17) and (5.18) easily produce the EOMs for any momenta 
with respect to the density operators i?+ and R-. In the symmetric case, 
rL(0) = rij(O), the linearized EOMs for n_, x+ and are decoupled from 
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the rest, 



x+ = P+, (5.19) 

P+ = -1P+ -x+- {d/2) n_ , (5.20) 

2T 

fi- = — rn_ + (5.21) 

A 

and the EOMs for the second momenta are decoupled from EOMS for the higher 
momenta, 



dt{x^)^ = {{p,x})^, 


(5.22) 


to 

II 

1 

to 

to 

1 

1 

1 


(5.23) 


dt{{p,x})^ = ~-i {{p,x})^-2{x^)^ + 2{p^)^~ dx. 


- , (5.24) 


^ 2T , 2\ 

X- = p- — Tx- -\ — ^ / , , 


(5.25) 


d r 

p- = -X- - - - (r + 7 )p_ + - {{p, x})_^ . 


(5.26) 


Here {•)+ = Tr{7?±»}, n_ = (1) , x± = {x)+, p± = {p)+ and T = 
rL(o) + T;j(o). 

The characteristic equation for the system of Eqs. (5.19-5.21) is given by 


(a^ -|- a 7 -|- l)(a -|- r) -|- r = 0 , r = — T 

A 


(5.27) 


and has three roots 






(5.28) 


7 x/2 ^ 

«2 ~ ^ 2 + [l-f(r-7/2)]’"'^“2- 


(5.29) 



The first root is a negative real number, which corresponds to a solution 
which exponentially goes to zero. The last two roots have non- zero imaginary 
parts and the sign of their real parts depends on the value of damping 7. If 
7 < Ithr, where 

Ithr ~ I ’ 

then the real parts are positive which gives rise to oscillating solutions with 
exponentially increasing amplitudes. Ify > 74 /^^, then the real parts are negative 
and the oscillating solutions exponentially go to zero. This means that when 
the damping is below its threshold value '^thr^ the expectation value of the 
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displacement starts to oscillate with an increasing amplitude with respect to the 
point X = d/2 of the original coordinate system. Therefore, the vibrational 
ground state becomes unstable. 

The characteristic equation for the system of Eqs. (5.22-5.26) is given by 

(a + 7)[a^ + 2«7 + 4 ][(a + T){a + T + 7) + 1 ] (5.31) 

+r[5a^ + 4(r + 27)0 — 4(1 — 7T — 7^)] = 0, 

and has five roots 



ai ? 


T + j, 2 _^r + i’ 


(5.32) 


0:2 " 




(5.33) 


04 ? 


s - (r + 1 ) , as (^4 , 


(5.34) 



The first three roots give solutions which either grow exponentially if 7 < 
or go exponentially to zero otherwise. The remaining two roots (04 and 05 ) 
always correspond to oscillatory solutions with decreasing amplitudes. Thus, 
the energy of the oscillator, which is given by the sum of the two second mo- 
menta and exponentially grows with time if 7 < 'jthr- The 

importance of the position dependence of Tq, can be seen after letting A ^ 00 
in the above treatment. Then the energy grows linearly with time, while the 
average displacement does not. 

The exponential increase of the displacement drives the system into the non- 
linear regime of the vibrating dynamics, where the system may reach a stable 
stationary state. We have studied this regime analytically [10] by performing 
the Wigner function analysis suggested in Ref. [16]. Depending on the value 
of the electric field T^between the leads two different regimes have been found. 
If an electric field is strong enough, the stationary state Wigner function of the 
oscillator is localized near the circumference of the circle around the vibrational 
ground state. The width of the localization is much smaller then the radius of 
the circle which allows for a classical interpretation of the regime. In the case 
of a weak electrical field the width of the distribution is of the same order as 
the radius and the underlying steady state can not be interpreted as classical. 
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Chapter 6 

DEPHASING AND DYNAMIC LOCALIZATION IN 
QUANTUM DOTS 



V.E.Kravtsov 

The Abdus Salam International Center for Theoretical Physics, 43100 Trieste, Italy 
and Landau Institute for Theoretical Physics, 117940 Moscow, Russia 



Abstract The effects of dynamic localization in a solid-state system - a quantum dot - 
are considered. The theory of weak dynamic localization is developed for non- 
interacting electrons in a closed quantum dot under arbitrary time-dependent 
perturbation and its equivalence to the theory of weak Anderson localization is 
demonstrated. The dephasing due to inelastic electron scattering is shown to 
destroy the dynamic localization in a closed quantum dot leading to the classical 
energy absorption at times much greater than the inelastic scattering time. Finally 
a realistic case of a dot weakly connected to leads is studied and it is shown that 
the dynamic localization may lead to a drastic change of the shape of the Coulomb 
blockade peak in the dc conductance vs the gate voltage. 



Keywords: Quantum dot, dynamic localization. Coulomb blockade. 



1. Introduction 

The process of energy absorption by a quantum system with a time-dependent 
Hamiltonian underlies a large part of modern physics, both fundamental and 
applied. A generic Hamiltonian can be written in the form: 

H{t) = Ho + V(^{t), (6.1) 

where we explicitly separated the time-independent part Hq and the external 
perturbation V with the time dependence specified by a given function 

In the textbook example of the classical Drude absorption, = E{t) is 
the time-dependent electric field which is offen considered fo be a harmonic 
funcfionoffime£^(f) = E^cos{ujt). Then fhe energy absorpfion rafe Hq = ^ 
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is given by the elassical Joule heat formula: 

Wo = VEla{uj), (6.2) 

where a{uj) is the frequeney-dependent eonduetivity and V is the volume of the 
system. In this elassieal pieture the energy of a closed eleetron system grows 
linearly with time. Assuming the model of non-interaeting eleetrons with the 
density of states v related by = 1 /5 with the mean separation 5 between 
discrete one -particle levels we find: 

/ de 

s[/(^) “ /o(^)] -j- oc + const, (6.3) 

where /(e) is the (non-equilibrium) electron energy distribution function, /o(e) = 
6{—e) is the zero-temperature Fermi-step, and is the effective temperature 
of electron system. One concludes from Eq.(6.3) that the classical absorption 
picture corresponds to diffusion in the energy space: the width of the electron 
energy distribution Tefj increases with time according to the diffusion law: 

Tgg = Dot, (6.4) 

where Dq = WqS is the energy diffusion coefficient. 

Apparently, this corresponds to the Markovian random walk over the spec- 
trum of non-perturbed system caused by absorption and emission of energy 
quanta hu>, each absorption and emission events being independent of other 
ones. Note that in this random walk picture the only limitation on the validity 
of Eqs.(6.2,6.4) is the finite width of the quasi-continuous energy band that 
leads to a saturation in the effective temperature or absorbed energy. The trivial 
example of such a saturation are Rabi oscillations in a two-level system where 
the averaged energy does not change with time. 

In the past two decades attention of the scientific community was drawn to 
a different and much less trivial example of saturation in the time-dependent 
energy of closed driven systems called dynamic localization (DL). In this case 
the spectrum of Hq is essentially unlimited in the energy space, yet, after a 
certain time the absorption rate W{t) = D{t)/ 5 or the energy diffusion coef- 
ficient D{t) in Eq.(6.4) vanishes. The DL in the energy space was observed 
in numerical simulations on the kicked quantum rotor (KQR) - particle on a 
circle with Hq = —d’^jdfP' and /(f) being a periodic sequence of 5-pulses [1], 
as well as in an actual experimental realization of the KQR - trapped ultracold 
atoms in the field of a modulated laser standing wave [2]. The mapping of 
the KQR to the quasi -random Id Anderson model has been done in Ref. [3], 
a similar analogy was exploited in Ref. [4] to demonstrate the DL in a meso- 
scopic disordered ring threaded by a magnetic flux growing linearly in time. In 
Ref. [5] an analogy between the KQR and band random matrices was pointed 
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out, the latter have been redueed to a Id nonlinear a model [6]. In Ref. [7] 
the direet eorrespondence between the KQR and a Id nonlinear a model was 
demonstrated. 

The physieal origin of dynamic localization in the energy spaee of driven 
systems is essentially the same as for its real space counterpart - the Anderson 
localization - in stationary systems. This is the quantum nature of absorption 
and emission which does not reduce merely to a quantized step tko of the random 
walk. According to basic principles of quantum mechanics one should consider 
paths in the energy space between an initial and a final point each of them con- 
sisting of many such steps. The transition probability is given by a square 
modulus of the sum of corresponding amplitudes where all interference terms 
have to be taken into account. It is these interference terms that makes the pic- 
ture of independent absorption and emission events incomplete and eventually 
may lead to dynamic localization. In particular the weak dynamic localization 
(WDL) exhibits itself as a time-dependent negative correction SD{t) to the en- 
ergy diffusion coefficient which magnitude is controlled by a small parameter 
(5/r <C 1, where T = {V‘^)/5 is the typical radiation width of energy levels. 

The present study consists of three parts. In the first part we develop an ana- 
lytical theory of weak dynamic localization in a closed system of non-interacting 
electrons driven by a time-dependent perturbation with an arbitrary function 
0(f). To accomplish this goal we use a variant of the diffuson-cooperon dia- 
grammatic technique [8, 9] in the time domain that has been developed on the 
basis of the Keldysh formalism for non-equilibrium systems. We focus on the 
case - most relevant for the quantum dot application - where both the unper- 
turbed system Hq and the perturbation operator V are described by the Gaussian 
ensemble of random matrices or by an equivalent random field Hamiltonian con- 
sidered in the zero-mode approximation. Such description has proved [see [8] 
and references therein] to be valid for low-energy domain of diffusive quantum 
dots and is believed to be also accurate for ballistic quantum dots with irregu- 
lar boundary. We establish an intimate relation between WDL and dephasing 
by time-dependent perturbation using the notion of no-dephasing points first 
introduced in Ref. [10]. We show that the existence and character of weak dy- 
namic localization depends crucially on the spectral and symmetry properties 
of 4>{t). Furthermore we show that by merely changing cj){t) one can obtain 
the dependence of 5D{t) that reproduces the dependence of WL correction to 
electric conductivity 5a{t^p) on the dephasing time in quasi-one dimensional 
wires, two- and three-dimensional systems. 

In the second part we give a brief description of the effect of electron-electron 
interaction on dynamic localization in closed systems assuming that in the ab- 
sence of interaction the strong dynamic localization occurs at f > f* with the 
effective temperature at saturation T* = y/Dot^. We show that in contrast to 
the Anderson localization where the hopping conductance is finite but exponen- 
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tially small at low temperatures, the strong dynamie localization is destroyed 
by electron-electron interaction even in the case where the characteristic time 
of inelastic electron-electron scattering tee = tee{T*) is much larger than the 
localization time t*. What is left of DL in closed systems with electron in- 
teraction is a suppression of the energy absorption rate W{t)/Wo ~ t*/tee 
at intermediate times, < t < tee- For times longer than tee ln(tee/t*) the 
classical absorption rate Wq is again recovered. 

Finally, in the third part we address a realistic case of a quantum dot in a 
steady-state regime under time-dependent perturbation where both electron- 
electron interaction and electron escape into leads are taken into account. We 
show that a signature of dynamic localization can be observed in an almost 
closed quantum dot with the escape rate 7esc ^ 5. This is a plateau at the tail 
of the Coulomb blockade peak in the dc conductance vs. the gate voltage. We 
obtain an analytic expression for the shape of the Coulomb blockade peak in 
driven quantum dots and identify a region of parameters where the plateau can 
occur. The main results of the first two parts are published in Ref.[l 1, 12] and 
a detailed study of the Coulomb blockade regime in a driven quantum dot is 
presented in [22]. 



2. Weak dynamic localization 

The goal of this section is to show how the cooperon-diffuson diagrammatic 
technique [14] which is the main theoretical tool for describing weak Anderson 
localization (WAL) and mesoscopic phenomena, can be extended as to include 
non-equilibrium processes considered in the time-domain. This consideration 
is based on the Keldysh technique [13] and is described in detail Ref.[8, 9]. 
Here we present only the main practical hints which allow to derive the WDL 
correction along the same lines as those used to derive WAL corrections to 
conductivity [14]. 

We start by the standard [13] expression for the energy distribution function 

/(e> J 

in terms of the Keldysh Green’s function {t, t')\ 

[t,t') = —2 ttw h{t,t'). (6.6) 



Then the time-dependent absorption rate W{t) = D{t)/5 which is related to 
the time-dependent energy diffusion coefficient D{t), is given by: 



m 



1 (9 , d 

— — hm 
2o dt T^o dr 










(6.7) 



Next we note that the Keldysh Green’s function for the free electron gas coupled 
with an external time-dependent field by 7iei{t) = V 4>{t) can be expressed in 
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+ J dtihoit - - J dtiG'^{t,ti)ho{ti - t'),{6.S) 

where ho{t) is the Fourier-transform of the equilibrium distribution function 
tanh(£/2T) = 1 — 2/o(e) which is supposed to hold in the absence of per- 
turbation TCef- Note also that the functions (i, t') take account of the 

external time-dependent field in all orders in Tiei and therefore depend on two 
time arguments and not only on their difference. 

The perturbation operator in Eq.(6.8) is not necessarily random and without 
loss of generality it can be assumed to be traceless TrTfef = 0. For instance one 
can consider the perturbation by a time-dependent space-homogeneous electric 
field E(f) = —dtA = Eo</>(f), where Tiei = — evA(f) wifh zero average of 
fhe elecfron velocify v over fhe Fermi surface. 



2.1 Diffuson-Cooperon diagrammatic technique in the 
time domain 

Now we assume fhaf fhe Hamiltonian Hq of fhe unperfurbed sysfem is fhaf 
of free elecfrons in a Gaussian random impurity field U (r) which resulfs in fhe 
diffusive elecfron dynamics wifh a small elasfic mean free pafh i L compared 

fo fhe sysfem size L. Averaging over disorder realizations U (r) can be done 
using impurity diagrammatic fechnique [15]. For relafively weak exfernal fields 
such fhaf 

cEqH <C huj (6.9) 

fhe essenfially nonlinear effecl of fhe field is on fhe fwo-parficle correlafion 
funclions -diffusons and Cooperons- while for fhe averaged single-parlicle 
Green’s function an expansion in Tfef up to fhe second order is sufficienl: 






5{t — t') 



qR(A) ^ qR(A) qR(A) 



+ Tiefit) Tieiit) . 



( 6 . 10 ) 



In Eq.(6.10) if is assumed fhaf fhe elasfic scaffering time tq = i/vp is fhe 
smallesf relevanf fime scale, and 






1 

Cp T ^2ro 



where = 




( 6 . 11 ) 
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Using Eq.(6.10) one can decouple the time- and momentum- integrations. 
The latter for a closed loop of functions can be done as a simple pole 

integral v j di (0> as in the stationary case. In particular, 

one can repeat the standard derivation of the diffusons and Cooperons as the 
corresponding ladder series of the impurity diagrammatic technique. 

The diffuson 

(g^(r, r'; f+, r; f'_, f_)) (6.12) 

= 2-ku 5{t - t') t'; r, 

where t± = t±r/2, = t' ±r'j2, 't) = A(f-|-r/2) =p A(f — r/2), 

obeys the equation [8] : 

(6.13) 

xDr{t, t'; r, r') = 5{t — t')6{r — r') 

where D = vpi/di^, the diffusion coefficient in the d-dimensional space. 

The corresponding equation for the Cooperon 

(a^(r, r'; t+, f+)a^(r, r'; (6.14) 

= 2txv 5{t - t') (r, r'; r, 

reads [8]: 

xCt{T, t'] r, r^) = 26{t — T')6{r — r') (6.15) 

Equations (6.13,6.15) should be supplemented with the Neumann boundary 
conditions: 

dDr{t, t'; r, r') _ ^ 5Ct(r, r'; r, r') _ ^ 

CY U, ^ (J. (d.Id) 

an on 

In contrast to the initial transverse gauge, in the longitudinal gauge we switched 
to in Eqs.(6.12-6.15) the boundary conditions do not depend on the time- 
dependent perturbation. 

Without time-dependent perturbation Eqs.(6.13,6.15) are just simple diffu- 
sion equations which have a complete set of stationary solutions v^^(r) such 
that DV‘^(pfj,{r) = Efj_ipf^{r) including the zero mode ifo = const. One can 
use this set as a convenient basis for solving Eqs.(6.13,6.15) in the presence of 
time-dependent perturbation [8]. In the limit 



cEqE, hjj <C Eth 



(6.17) 
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where = hE\ ~ hD / L? is the Thouless energy, the zero mode makes 
the main contribution, other modes should be treated as perturbations. Then 
the second-order perturbation theory yields for the zero-mode diffuson and 
Cooperon [8, 9, 16]: 



Dr{t,t') 



6{t — t') exp 





Ctir, r) 
where 







[ero^^Eo] 

E,, 



{eEpEf 

Erh 




(6.18) 




(6.19) 



( 6 . 20 ) 



and ro^ = f dr 

The validity condition for the zero-mode approximation can be obtained 
using Eqs. (6.9, 6. 17,6.20): 



£ hw 

L V Eph ^ Eph 



( 6 . 21 ) 



It is remarkable that the same expressions for the diffuson and the Cooperon 
can be obtained [8, 9] if one starts from the Hamiltonian Eq.(6.1) with Hq and 
V taken from the Gaussian Orthogonal ensemble of real symmetric N x N 
random matrices with the probability distributions: 



Vho oc exp 



7t2 trHl 
4iV(j2 ’ 



Vv oc exp 



ntr V'^ 
4T(5 



( 6 . 22 ) 



This demonstrates that for small conductors (quantum dots) and relatively weak 
external fields where Eq.(6.21) satisfies, fhe non-random fime-dependenf per- 
furbafion Vo(j){t) = erEo in a random sysfem is equivalenf fo a random- 
matrix perfurbafion V wifh ~ Vq jg, where g = Ep^/S 1. This 
sfafemenf is believed fo hold nof only for diffusive quanfum dofs buf also for 
generic ballisfic quanfum dofs. 

However, perhaps fhe simplesf way fo generafe a correcf diffuson-cooperon 
diagrammafic fechnique in fhe zero-dimensional limif Eq.(6.21) is fo consider 
inEq.(6.1) 

^2 

H=^ + U{r) + V{r)4>{t) 



(6.23) 
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where U (r) and V (r) are independent Gaussian random fields with zero mean 
values and the following correlation functions: 

(C/(r) C/(r')) = 7 — — (5(r-r), (F(r)F(r')) = — 5(r - r'); Tro <C 1 . 

ZTTVTq 7TZ/ 

(6.24) 

We will use this representation below because it corresponds to a minimal defor- 
mation of the impure-metal Hamiltonian that is a starting point of a conventional 
impurity diagrammatic technique and because it helps to avoid subtle effects 
of the boundary conditions Eq.(6.16) which are important for a deterministic 
global perturbation. 

2.2 One loop DL correction 

As a first step of averaging over disorder in Eq.(6.8) we single out the ladder 
series that represent diffusons and Cooperons. As usual [14] the diagrams are 
classified with respect to the number of diffuson or Cooperon loops. The zero- 
and one-loop diagrams are shown in Eig.la and Eig.lc, respectively. The next 
step is to properly average the remaining products of retarded and advanced 
single-particle Green’s functions (denoted by R and A in Eig.l). So we obtain 
the Hikami boxes denoted by the shadowed polygons in Eig.lb and Eig.ld. In 
order to compute the Hikami boxes, one substitutes Eq.(6.10) for the averaged 
retarded or advanced Green’s functions in Eig.la,c retaining only terms second 
order in the perturbation operator Tfgf = ^ (r) Then one performs aver- 
aging over the random field V (r). It is shown in Eig.2 as the dashed-dotted line 
connecting two vertices. In addition to that rules of the impurity diagrammatic 
technique require additional averaging over the impurity field U (r) which is 
shown by the dotted line in Eig.2. The further calculation of the Hikami boxes 
is standard and reduces to pole integrals of functions Eq.(6.11). 

One can easily see that the diagrams Eig.2a and Eig.2b have opposite signs. 
As the result the Hikami box Eig.2a,b in the zero-loop diagram Eig.lb is pro- 
portional to [4’{t' +t/2) — — t/2)]‘^, so that the function h{t+T j2,t — Tl2) 
in Eq.(6.6) obeys in the zero-loop approximation the following equation: 



{ 



m 









(6.25) 



If one is interested in the energy resolution Ae cu, where tu is a typical 
period of a time-dependent field, it suffices to consider wr <C 1. Then from 
Eq.(6.25,6.5) we obtain diffusion in the energy space: 






f{s,t) = 0. 



(6.26) 
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a) 




b) 




h(x) 



c) 




d) 



C,^/2-x/4(^+3x/2,-^+X/2) 



Figure6.1. Diagrams forthe Keldysh Green’s function CJ^(X+r/2, i — r/2): a), thezero-loop 
diagram describing the classical absorption; the diffuson is given by a ladder series, the retarded 
or advanced Green’s functions are depicted by solid lines b). the same diagram with Hikami 
boxes shown by shadowed loop and a diffuson denoted by a wavy line; c). one loop WDL 
correction with a diffuson and a Cooperon given by ladder series; d). one loop WDL correction 
with the Hikami box denoted by a shadowed rhomb; the diffuson and the loop Cooperon are 
denoted by the wavy lines 



If in addition we are interested in the time resolution Af » cj the time- 
independent diffusion coefficient can be defined: 

Do = r ~ ro;2, 



( 6 . 27 ) 
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Figure 6.2. Hikami boxes: solid lines denote retarded or advanced Green’s functions, Eq.(6. 1 1 ); 
the dashed-dotted line and the dotted line represent the {V V) and the {U U) correlator Eq. (6.24), 
respectively. The black circle denotes the V vertex in Eq.(6.8); the open circle corresponds 
to the V 4>{t) vertex in Eq.(6.10). 



where {dt4>Y averaged over time interval much larger than the typical period 
of oscillation is supposed to be well defined and independent of time. 

One can see from Eq.(6.26) that the parameter F defined in Eqs. (6.20, 6.22, 6.24) 
has a physical meaning of an inverse lime of making a slep ~ u; in a random 
walk over Ihe energy space. 

The correclion 5D{t) lo Ihe energy diffusion coefficienl is described by Ihe 
diagrams Eig.lc,d where Ihe Hikami box is given by diagrams Eig.2c-g. One 
can easily see lhal in Ihe zero-mode approximation (zero exlernal momenlum 
in any verlex of Ihe rhomb) Ihree diagrams Eig.2c-e cancel each olher. The 
same is valid for Ihe diagrams Eig.2c’-e’. The remaining diagrams Eig.2f,g 
have opposile signs, so lhal Ihe entire Hikami box in Eig.ld is proportional lo 




Dephasing and dynamic localization in quantum dots 



85 



+ r/2) — — r/2)) ((/)(t' — 0 “ ~ ^ ~ t))- Then Eq.(6.7) yields 

[ 11 ]: 

5D{t) = — [ dtm dtcPit - 0 Q-s/2(^, -6 dt (6.28) 
^ Jo 

where —C) is the zero-mode Cooperon given by Eq.(6.19) and t is 

time passed sinee the onset of the time-dependent perturbation Note that 
the correction 6D{t) is a purely quantum mesoscopic effect that vanishes if 
the mean level spacing 6 between energy levels of the non-perturbed system is 
equal to zero. 

Equation (6.28) that describes the weak dynamic localization is the main 
result of this section. Below we establish some of its implications. 



2.3 No-dephasing points and dynamic localization 

Eet us consider the simplest example of a harmonic perturbation = 
cos ujt. Then for » 1 one can write: 

-0 = exp I -2^ r sin^ (^uit - | • (6-29) 



A remarkable phenomenon is that the negative exponential that describes de- 
phasing by a harmonic perturbation vanishes on a certain set of no-dephasing 
points: 

oj^k = — 2itk , A: = 0, ±1, ±2, ... (6.30) 

At large E^ only a close vicinity of these points contributes to the integral 
Eq.(6.28). Expanding sin^ around no-dephasing points and performing the 
Gaussian integration we arrive at: 



5D{t) 




(6.31) 



where 



— 



TT^r 

W 



(6.32) 



This result is valid at f <C G and ^ ~ f » 1/T which is only compatible if 



r>5. 



(6.33) 



Remarkably, the WDE correction Eq.(6.31) increases with time. Equation 
(6.31) sets a time scale t* where the negative WDE correction is of the order of 
the classical energy diffusion coefficient and one may expect the strong dynamic 
localization. 
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Note that it is only because of the no-dephasing points which are zeros of 
the dephasing function 



rc(f) 





(6.34) 



that the correction 6D{t)/Do grows with time and may become of order one 
despite a small parameter 5/T. For instance, the white-noise perturbation (f){t) 
such that the time average oc 5{t — f'), results in a constant dephasing 

function Fc = F cj)^. Then the WDL correction Eq.(6.28) is finite 6D{t) ~ 
DoS/r att ^ oo and small compared to Dq. 

In order to understand the physical meaning of no-dephasing condition we 
consider two electron trajectories in real space with loops traversed in opposite 
directions (see Fig. 3), the traversing time being t. Interference between such 
trajectories is known to be a cause of the weak Anderson localization. Let us 
assume that a time-dependent vector-potential A{t) is present. Then the phase 
difference between trajectories 1 and 2 in Fig.3 becomes random: 

5p = f A{t') [vi{t') — V 2 {t')] dt' . (6.35) 

Jo 

Using the condition = —V 2 {t — t') we obtain 




[A{t/2 + t') + A{t/2 



f')] v\{t' + t/2) dt' . 



(6.36) 



If the typical period of oscillations in A{t) is large compared to the velocity 
correlation time, one obtains after averaging over directions of velocity v \ : 



/■i/2 

{{5ipf)(x [A{t/2 + t') + A{t/2-t')fdt'. (6.37) 

J-tl2 



For a harmonic A{t) = sin cot it is easily seen that the phase difference is zero 
for trajectories of any shape provided that the traversing time t is synchronized 
with the period of the field: 



2yr Jc 

t= , k = l,2,.. (6.38) 

U! 

fhaf is, fhe dephasing is absenf for frajecfories which fraversing lime is equal lo 
a multiple of the period of perfurbalion. 
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Figure 6.3. Time-reversal conjugate trajectories. 

2.4 No-dephasing points and generalized time-reversal 
symmetry 

Now let us consider a generic periodic perturbation: 

OO 

(^it) = Y. An cos{mujt + Pm)- (6.39) 

m=l 

First of all we require the diffusion coefficient Eq.(6.27) to be finite: 

j-n 

Dq = - ^ < OO. (6.40) 

m=l 

This is only so when decreases faster than l/m^. In particular, it is not 
the case when is the periodic (5-function as in the KQR model [1, 3]. In 
similar cases the sum Eq.(6.40) should be cut off at m ~ Eph/^, so that the 
energy diffusion coefficient Dq grows with increasing Eph or the size of matrix 
N ~ Eph/5 in the equivalent random matrix model Eq.(6.22). 

The cooperon dephasing function Eq.(6.34) that corresponds to Eq.(6.39) 
takes the form: 

OO 

Tc(f) = rY^m Sin^ {mcvt + pm)- 

m=l 



(6.41) 





Figure 6.4. The Cooperon dephasing function Fcit) for (a) periodic obeying Eq. (6.42): 
a regular array of zeros; (b) generic periodic 4>{t): a gap; (c) quasi-periodic with two 
incommensurate frequencies: a pseudo-gap. 



The no-dephasing points determined by Tc(tfc) = 0 exist only provided 
that phases of all harmonies are sinchronized: ipm = imp (see Fig.4a). This 
condition implies that the perturbation (f){t) can be made a symmetric function 
by a shift of the origin (j){t) = — pjijj)'. 

= (6.42) 

Apparently, this is a generalization of the time-reversal condition for the case 
of time-dependent perturbation and for quantities that survive averaging over 
time intervals much larger than the period of oscillations in 0(f). It has been 
first established in Ref. [10]. 

If this condition is violated (see Fig.4b) and minFc(f) = 7 > 0, the 
Cooperon acquires an exponentially decreasing factor that 

limits the growth of WDL correction for fy ^ 1. For a generic case 7 ~ F 
we have 5D{t)/Do ~ (5/F) <C 1 and the one-loop WDL correction given by 
Eq.(6.28) can be neglected. 

The analogous situation arises in the weak Anderson localization when the 
time-reversal symmetry is violated by a constant magnetic field or magnefic 
impurities. In Ibis case fhe one-loop WAL correction also gradually vanishes 
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leading to the anomalous magneto-resistance. The difference is that in the case 
of WDL the Hamiltonian remains real, represented e.g. by the orthogonal 
ensemble of random matrices. Yet the time -reversal symmetry can be broken 
just by time-dependence of perturbation. From this perspective the harmonic 
perturbation is an important exception rather than a paradigm of a periodic 
perturbation. 

The analogy with the WAL suggests that the main WDL correction in the 
case where the condition Eq.(6.42) is violated is given by the two-loop diagrams 
containing only diffusons. Indeed, let us consider the diffuson dephasing func- 
tion: 



rj(T) 






(6.43) 



For given by Eq.(6.39) it reduces to: 



Frf(f) = 2F ^ sin^ ‘ 

m=l 



As was expected, Td{t) is independent of phases pm and has a set of no- 
dephasing points Tfc = 2'Kk/uj for any periodic perturbation Eq.(6.39). As the 
result, the two-loop WDE correction is a growing function of time [17]: 



7T t 

Do ~ Tf 



where 



and m? 



^3 p ^2 
^ 26^ 



Z-/m=l 






N 

m=l 



42 



(6.45) 



(6.46) 



2.5 Incommensurability of frequencies, avoided 

no-dephasing points and weak Anderson localization 
in higher dimensions. 

Now let us consider the perturbation as a sum of several incommensurate 

harmonics: 

d 

Ayn COs(u^777,t “h ‘^rn)‘ (6-47) 

m=l 

In this case the Cooperon dephasing function Tc{t) is given by: 

d 

Veit) = r + Pm), 

m=l 



(6.48) 
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where all tOm do not have a common multiplier. In this case one has a distribution 
of avoided no-dephasing points as in Fig.4c. 

In order to compute the one-loop WDL correction Eq.(6.28) we expand each 
of the exponentials [sf. Eq.(6.29)] exp |— 2^ E sin^ {^mt ~ | 

in a Eourier series using: 



gZ COs{2uJmt+2(frn) 



+ 00 

E 






^itlm ( 2 u 27 n, t-\-2(prn ) 



TLm — 



(6.49) 



where (z) is the Bessel function. 
Then Eq.(6.28) reduces to: 



px ft 

SD{t) = j di ... Y 

' ni=— oo rLti=—oom=l 



+ 00 



+ 00 



0 









(6.50) 



m=l 



where Zm = ^^d the prime denotes the derivative d/dzm- 

In order to obtain the behavior of 5D{t) averaged over time intervals much 
larger than the typical period of oscillations one should take into account only 
Um obeying the constraint: 



d 

Y^mi^m = 0. (6.51) 

m=l 

It is exactly the condition of incommensurability of frequencies uim that the 
constraint Eq.(6.51) can be satisfied only if all rim = 0. One can see that at 
such a condition 5D{t) does not depend on the phases tpm and is given by: 



5D{t) 




d 

Y^^^^ (InJo(Zrri))' 

m=l 



d 

Io{zm)e~''' 

m=l 



(6.52) 



Eurther simplification is possible if we consider Am = 1 and Ef » 1. In this 
limit (ln/o(2:m)) = 1, Io{zm) ~ e^’"/\/27r^ and one arrives at [11]: 



6D{t) _ 5 dz 

Do ~ {27TzyD' 



(6.53) 



Remarkably, the dependence on t in Eq.(6.53) coincides with the dependence of 
WAL corrections to conductivity of a d-dimensional conductor on the dephasing 
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time Tip. In the ease of two incommensurate harmonics the WDL correction 
grows with time logarithmically: 



6D{t) 



5 

27r2r 



In(tr). 



(6.54) 



For three and more incommensurate harmonics 8D{t)/Do ~ (5/F is small. It 
is yet to be studied whether or not a dynamic localization transition is possible 
for d > 3 at some Fcrit ~ 5 as it is claimed to be the case for the KQR [18]. 



3. Role of electron interaction on dynamic localization in 
closed quantum dots. 

So far we considered energy absorption in a closed system of non-interacting 
fermions under time-dependent perturbation. Although the many-body charac- 
ter of the system was important for making the diffusion in the energy space 
a mechanism of energy absorption due to the presence of the filled Fermi see, 
inelastic processes of interaction were completely disregarded. We have demon- 
strated how the weak dynamic localization arises in such systems and how much 
does it resemble the Anderson localization (AL) corrections to conductivity. 
This analogy makes us believe that WDL corrections for periodic perturbations 
evolve with time to produce the strong DL in the same way as WAL corrections 
lead to a vanishing conductance of low-dimensional systems of sufficiently 
large size in the absence of dephasing mechanisms. So we assume that in a 
quantum dot without electron interaction at times t the energy diffusion 
coefficient becomes exponentially small. By this time the electron temperature 
rises from a low fridge temperature to the effective temperature T* ~ tuF / 5. 

The question is what happens if electron interaction is present. More pre- 
cisely, what happens if the dephasing rate 7 ^ = 1 / fee related with interaction 
is small but finite: 

0 < < i. (6.55) 

In the problem of strong AL the conductance a remains exponentially small 
provided that the phase-breaking length is much greater than the localization 
length L^p Lioc and the temperature is much smaller than the mean level 
spacing in the localization volume 5ioc = The first condition ensures 

localization of eigenstates. The second one makes hopping over pre-formed 
localized states an exponentially rare event, so that a ~ with some 

positive exponent a. 

The point of a crucial difference between the strong AL and the strong DL 
is that in the latter it is the inverse localization time ^ (5^/F that plays a 
role of (iioc. In the case when 5 is the smallest energy scale we have 

wF 1 



T, 






(6.56) 
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As a result, no exponentially small faetor arises in the hopping over the Floquet 
states in contrast to the hopping over localized states in a real space. 

The qualitative picture that follows from the consideration [12] based on the 
Fermi Golden Rule is the following. A given electron absorbs energy from the 
external field during the time f* until the strong DL develops itself. At f > f* 
the dynamically localized state with the energy Tgfj ~ T* above the Fermi sea 
is formed which is characterized by the exponentially small absorption rate. 
So it continues until after a time fee a collision with another electron breaks 
the phase-tuning necessary for DL. The "efficiency" of each collision in fhe 
desfrucfion of DL is close fo 100% because fhe fypical energy fransfer is large 
T* 3> 1/f*. Then fhe absorpfion rafe jumps fo a classical value and if fakes 
anofher f* to reach DL for the second time, but now with energy 2T*. So, for 
a given electron relatively short time intervals ~ f* of absorption are followed 
by larger periods ~ fee of DL, the energy increasing by T* after each circle of 
absorption. The averaged absorption rate Win is given by: 

l^in = Wo (6.57) 

~r cqq 



Were electron-electron collision time tee energy independent, the averaged ab- 
sorption rate would stay constant at all times f > f*. However, 1/fee typically 
increases with increasing the energy Tes, so does also the averaged absorption 
rate. Then we obtain from Eq(6.3): 



dt 



= Dn 



t* + fee(2eff) 



(6.58) 



The time tee that corresponds to inelastic collisions of electrons in a quantum 
dot with the energy transfer ~ Tes <C Exh has been calculated in Ref. [19]: 



1 -jTesV 

tee{Tes) \ETh ) 



(6.59) 



For f* <C fee(T’eff) Eqs.(6.58, 6.59) suggest that the effective electron temper- 
ature increases exponentially: 



TeS 



r* exp 



[2teeiT,)\ 



(6.60) 



rather than remaining a constant ~ T* as it does for non-interacting electrons. 
The corresponding absorption rate Wn(f) takes the form: 



tee(T* 



exp 



teeiE 



hFin(f) = 



f > f*. 



(6.61) 
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The exponential growth of effective temperature continues until fee(^efr) de- 
creases down to f*. At larger times t > tee{T^) ln(fee(r*)/f*) the classical 
absorption rate is restored: VFin = Wq. The sketch of the time-dependence 
of absorption rate is shown in Fig.5. The main conclusion of the qualitative 



w. (t) 

in^ ' 




Figure 6.5. Absorption rate vs time in a closed system with electron-electron interaction. 




picture of Ref. [12] described above is that the dynamic localization is a tran- 
sient phenomenon that is destroyed at long enough times by an arbitrary small 
electron interaction. 

Note, however, that the consideration of Ref. [12] is based on the Fermi 
Golden Rule. The applicability of this description is known [20] to be restricted 
in quantum dots by the region of relatively large electron energies Teg 3> 
y/Eph6. At smaller energies the localization in the Fock space should take place 
with the effect of vanishing 1/fee- Therefore it is likely that at T* ~ loT/ 6 < 
\/Eph6 the dynamic localization survives electron-electron interaction. 

4. Dynamic localization in an open quantum dot and the 
shape of the Coulomb blockade peak. 

The transient character of DL and difficulty to realize a closed system in 
condensed matter physics because of the phonon heat transport leaves only 
one option for possible observation of DL: the steady state in an open system 
under periodic pumping. In an open system Eq.(6.57) should be generalized to 
include the dephasing due to electron escape into leads along with dephasing 
by inelastic electron collisions considered in the previous section: 



1 + 



= Wo 



(6.62) 
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where the energy-dependent dephasing rate is given hy: 

7ip ~ 7esc + ~ T- (6.63) 

^eev-^efF ) 

From Eq.(6.62) it follows that in order to observe any deviation from the elas- 
sical absorption rate Wo the eseape rate 7esc must be mueh smaller than the 
inverse localization time 1/f* ~ J^/F. Then we obtain the necessary condition 
for DL: 

^ ^ « 1. (6.64) 

0 1 

The last inequality Eq.(6.33) is the basic approximation adopted in this study 
ofDE. 

Eq.(6.64) shows that the DE effects considered could be observed only pro- 
vided that the quantum dot is almost closed, i.e. 4^ 1 This is exactly 

the condition where the Coulomb blockade effects [21] are relevant. Under 
this condition the low-temperature linear dc conductance of the dot is strongly 
peaked near the value of the gate voltage Vg = Vc where the states with N and 

-|- 1 electrons on the dot are nearly degenerate. At equilibrium conditions 
where the electron energy distribution inside the dot is Eermi-Dirac with the 
same temperature as in the leads, the width of the peak is proportional to the 
temperature and thus can be used as a thermometer. In the case where the dot is 
subject to time-dependent perturbation, the electron energy distribution inside 
the dot can be drastically different from that in the leads and a non-trivial ques- 
tion arises which of these two distributions affect the linear dc conductance. The 
answer for an open dot where the Coulomb blockade effects play no role is given 
in Refs. [8, 9]. It appears that in this case the linear dc conductance is sensitive 
only to the electron energy distribution in the leads and thus cannot be used 
to probe energy dynamics in the dot. However, with the Coulomb interaction 
inside the dot taken into account and for the case Teg » 5 the linear dc conduc- 
tance becomes sensitive to the effective electron temperature Tgff inside the dot. 
Below we consider only the extreme case of the Coulomb blockade. We also 
assume that the inelastic electron interaction is sufficiently strong to produce 
the Eermi-Dirac form of the electron energy distribution inside the dot, though 
with the temperature Teg much larger than that in the leads. We concentrate 
on the qualitative changes in the Coulomb blockade peak shape characteristic 
of the dynamic localization in the approximation of sequential tunneling [21]. 
More detailed consideration including the role of inelastic co-tunneling and 
cooling by phonons is presented in Ref. [22]. 

The steady state of a dot under ac perturbation is determined by the global 
energy balance = VFout> where the pumping of energy by the ac perturba- 
tion is governed by Eq.(6.62) and FFout is the cooling rate. The most interesting 
case corresponds to a situation where the main cooling mechanism is due to 
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electron escape into cold leads. Denoting hy U = Vg — Vc the detuning of the 
gate voltage from the peak center and introducing the parameter x = U / (2Teff) 
we obtain [22] for the case of leads maintained at a temperature To <C Tefj : 



Wg^tjU) 
(7/<5) rjr ■ 

where 7 = 2yesc{U 



7T^ 2x 

12 - + ln(2cosh:,) /„ « 

: 0). In the same approximation we obtain for the linear 




Figure 6.6. The function (G/Go) in Eq.(6.67). 

dc conductance of the dot: 

G{U) _ ^ X tanhx 

Go ln(2coshx)' ^ 

Remarkably, the r.h.s. of Eqs.(6.65,6.66) depends only on the single variable 
X, so that one can establish a relationship similar to the Wiedemann-Franz law: 

Wont = (I) t2jW(G/Go). (6.67) 



Now, let us assume that 



< 1 



( 6 . 68 ) 
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and 

lescjU) ^eff 

•5 Ei,’ 

where the eseape rate is given by 

Tesc 1 |3j| 

7 2 21n(2coshx) 



(6.69) 



(6.70) 



Then we find from Eqs.(6.59,6.62): 

• (6.71) 

One can see that due to the fact that both the cooling rate Wo^t given by 




Figure 6. 7. A sketch of the Coulomb blockade peak shape in the dynamic localization regime 
without taking into account the phonon cooling (solid line): at small U < (7min the dephasing is 
dominated by the electron escape (peak), at larger U -by electron-electron collisions (plateau), 
and finally, atU > (7max the cooling is insufficient, the dynamic localization is destroyed, and 
the dot is in the Ohmic regime. The Ohmic curve is also shown for reference by the dashed line. 
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Eq.(6.67) and the energy pumping rate Win given by Eq.(6.71) are proportional 
to Tgg, the effective electron temperature drops out of the global energy balance 
Win = W^out- As the result, the dc conductance of the dot is remarkably 
independent of the gate voltage: 



Go \EThJ 7 



(6.72) 



Note that since G/Gq < 1 such a plateau solution exists only when 




(6.73) 



At the same time for large enough detuning U > f/min ~ 2* the condition 
Eq.(6.69) is fulfilled because the escape rate ^esc{U) decreases and the effec- 
tive temperature increases with increasing U. However, with U and further 
increasing the DL regime Eq.(6.68) is destroyed and G{U)/Go starts to de- 
crease. This happens at [/ > Umax Eph The sketch of the the G{U) 
dependence is shown in Eig.7. 



5. Summary 

In conclusion, we have considered the manifestation of dynamic localization 
in a solid-state system - a quantum dot under time-dependent perturbation. We 
have shown that in a closed dot without electron interaction the dynamic local- 
ization is possible and we developed the theory of weak dynamic localization 
for an arbitrary time-dependent perturbation. Then we considered a realistic 
case of a dot with electron-electron interaction weakly connected to leads. We 
have demonstrated that if the dot is subject to a periodic perturbation the dy- 
namic localization can result in a plateau at the tail of the Coulomb blockade 
peak in the linear dc conductance vs the gate voltage and we established the 
conditions under which such a plateau arises. 
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MESOSCOPIC AHARONOV-BOHM 
OSCILLATIONS IN METALLIC RINGS 



T. Ludwig 

Institut fur Nanotechnologie, Forschungszentrum Karlsruhe, 76021 Karlsruhe, Germany 



A. D. Mirlin* 

Institut fiir Nanoteehnologie, Forsehungszentrum Karlsruhe, 76021 Karlsruhe, Germany 
and 

Institut fiir Theorie der Kondensierten Materie, Universitdt Karlsruhe, 76128 Karl- 
sruhe, Germany 



Abstract We study the amplitude of mesoscopic Aharonov-Bohm oscillations in 
quasi-one-dimensional (QID) diffusive rings. We consider first the low- 
temperature limit of a fully coherent sample. The variance of oscillation 
harmonics is calculated as a function of the length of the leads attaching 
the ring to reservoirs. We further analyze the regime of relatively high 
temperatures, when the dephasing due to electron-electron interaction 
suppresses substantially the oscillations. We show that the dephasing 
length governing the damping factor exp(— 27ri?/L^®) of the oscil- 
lations is parametrically different from the common dephasing length for 
the QID geometry. This is due to the fact that the dephasing is gov- 
erned by energy transfers determined by the ring circumference 2nR, 
making 7?-dependent. 

Keywords: mesoscopic fluctuations, Aharonov-Bohm effect, electron-electron inter- 
action, dephasing 



*Also at Petersburg Nuclear Physics Institute, 188350 St. Petersburg, Russia. 



99 

I. V. Lerner et al. (eds.), Fundamental Problems of Mesoscopic Physics, 99-114. 
© 2004 Kluwer Academic Publishers. Printed in the Netherlands. 




100 



FUNDAMENTAL PROBLEMS OE MESOSCOPIC PHYSICS 



1. Introduction 

The Aharonov-Bohm (AB) oscillations of conductance are one of the 
most remarkable manifestations of electron phase coherence in meso- 
scopic samples. Quantum interference of contributions of different elec- 
tron paths in a ring threaded by a magnetic flux makes the conduc- 
tance g an oscillatory function of <h, with a period of the flux quantum 
$0 = hc/e-, see Refs. [1-3] for reviews. In a diffusive ring these d>o- 
periodic conductance oscillations are sample-specihc (and would vanish 
upon the ensemble averaging), due to a random phase associated with 
diffusive paths. In this respect, the <ho-periodic AB effect is a close 
relative of mesoscopic conductance fluctuations. 

Another type of the AB effect is induced by interference of time- 
reversed paths encircling the ring and is intimately related to the weak 
localization (WL) correction [2]. Its principal period is <ho/2. It sur- 
vives the ensemble averaging but is suppressed by a magnetic field pen- 
etrating the sample. Below we concentrate on the first (mesoscopic, or 
<I>o-periodic) AB effect. Our results for the dephasing are, however, ap- 
plicable to the second (weak-localization, or <ho/2-periodic) type of AB 
oscillations as well, as we discuss in the end of Section 3. 

Interaction-induced inelastic processes lead to dephasing of electrons, 
and thus to a damping of interference phenomena, in particular of AB 
oscillations. The mesoscopic AB oscillations can thus serve as a “measur- 
ing device” for the electron decoherence. This idea was, in particular, 
implemented in recent experiments [4, 5], where the low-temperature 
behavior of the dephasing time was studied, and two mechanisms 
of decoherence were identified; scattering off magnetic impurities and 
electron-electron scattering. 

In Section 2 we will calculate the variance of harmonics of mesoscopic 
Aharonov-Bohm oscillations in the low-temperature regime when the 
dephasing effects are negligible. In Section 3 we will then analyze the 
opposite limit of high temperatures when the dephasing due to electron- 
electron interaction strongly suppresses the amplitude of the AB oscil- 
lations. 

2. Low-temperature limit: fully coherent sample 

In this section we will study the mesoscopic AB oscillations in the low- 
temperature regime when both the thermal length Lx and the dephasing 
length (see Sec. 3) are much larger than the sample size. These con- 
ditions correspond to the regime of universal conductance fluctuations 
[6-8]. In this limit, the variance of conductance fluctuations of a QID 
wire takes a universal value 8/15 (in units of (e^//i)^) in the absence of 
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spin-orbit interaction, or 2/15 for strong spin-orbit interaction. If the 
time-reversal symmetry is broken by the magnetic field, these values are 
reduced by a factor of 2 . 

A natural question is what is the counterpart of these universal values 
for the AB oscillations in a mesoscopic ring. It turns out, however, 
that the situation in this case is more delicate, and the amplitude of 
the oscillations depends in a non-trivial way on the length of the wires 
connecting the ring to the bulk electrodes. 

We will assume that the wires forming the ring are thin (i.e. of QID 
character), which allows us to solve the problem analytically. Although 
the formalism we will use for this purpose is well-known [ 6 , 7, 9], we 
are not aware of such a calculation in the literature. In some earlier pa- 
pers, the problem of mesocopic AB oscillations was studied numerically 
[10, 11]. In Ref. [12] some analytical calculations were performed, but 
the role of leads connecting the ring to the reservoirs was completely 
disregarded. In paper [13] the contacts were included, but only as an 
escape probability at the junctions. The diffusive dynamics of electrons 
in the leads was not taken into account. For this reason our results in 
this section, although qualitatively similar to the results of [13] in the 
no-dephasing regime, do differ quantitatively. 

We consider a thin (QID) ring coupled symmetrically by two leads to 
the bulk electrodes. The only geometric parameter characterizing the 
problem is then the ratio 7 of the resistance of the ring itself to the 
total resistance of the ring with the leads (see Fig. 7.1). By definition, 
0 < 7 < 1. 




Figure 7.1. The sample geometry. The geometric parameter 7 is defined as the ratio 
of the resistance of the ring withont the leads to the resistance of the total sample, 
7 = Ri/{Ri + R 2 ) . 
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2.1 Real-space formalism 

To calculate the conductance fluctuations of a ring with leads, we use 
the formalism developed in Refs. [8, 10, 14]. To make the present paper 
self-contained we include a brief exposition of the formalism. 

The real-space DC conductivity cj(r, r') in the linear response regime 
at zero temperature can be calculated by the Kubo formula: 



rO = ^ [G^(r, r') - G^(r, r')] Vf, [G^(r', r) - G«(r', r)] 



(7.1) 

where and denote the advanced and retarded Green’s functions 
for electrons at the Fermi level. Note that by particle number conserva- 
tion the conductivity tensor must be divergenceless. 

In real space, the impurity-averaged conductivity tensor (a) is a long- 
ranged object which in leading order can be expressed diagrammatically 
by the sum of a bare conductivity bubble and a ladder diagram [8] . This 
sum is conveniently represented by defining a “flow function” (j) (See 
Refs. [8, 14] for details), 



</>a/ 3 (r, r') = 5a!3 S{r - r) - VaV'ijV{r, r') (7.2) 



where V satisfies — V^H(r, F) = — (5(r,r') , so that 



(cr«/ 3 (r, r')) = do (pa( 3 {r, r') 



(7.3) 



where uq = e^vD is the Boltzmann conductivity. Calculating the meso- 
scopic fluctuations of the conductivity (7.1), one finds: 




((5fj„/3(ri, F2) 5cj-y5(r3, f4)) 
r 

dr'^dY^dr'^dr'^ (ri , r'l) (t>i 3 p' (f2, r'2) (rs, r'3) (f 4 , r^) 

X Tc^/yyy(ri,r2;r3,r4) . (7.4) 

Here T is given by a set of two-diffuson and two-cooperon diagrams 
[8, 15], yielding 



,(ri,r2;rs,r4) = 24(5(ri -r3)<5(r2 - r4) Pi)(ri,r2) 



(7.5) 



where Vd is a rescaled diffusion propagator satisfying (— iV— eA)^ rO 

=— (5(r, r') . To evaluate the conductance, the conductivity is integrated 
over the cross sections of the leads. For a sample which consists of QID 
parts we can switch to a one-dimensional formulation. It is convenient 
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to absorb a cross-sectional factor S into the propagator, so that the 
one-dimensional propagator is defined as 

V^i\x,x') = SV^^\v,v'), (7.6) 

where S is the cross-section at the coordinate x. The one- dimensional 
diffusion propagator satisfies the diffusion equation —'\l‘^V^^\x,x') = 
5{x — x ') , and the conductance fluctuations are given by 

{Sg 5 g) = 24 :Jdx'^(l)^ {-^,x[) J dx'2 {^ , x'2) Vd{x[,X2)Vd{x2,x[) , 

(7.7) 

where denote the ends of the leads at the reservoirs and the system 
size L is given by L = TrRj'y, where R is the radius of the ring. 



2.2 Zero-temperature Aharonov-Bohm 
oscillations 

It is convenient to work in a gauge where the vector potential gives 
just a phase shift in the boundary conditions for the diffusion propa- 
gator at the junctions. Then the QID diffusion propagator is a linear 
function of each of the coordinates in each segment of the sample. The 
coefficients are determined by the boundary conditions (unit jump in the 
slope for equal coordinates, vanishing propagators at the reservoirs, and 
particle number conservation - modified by the phase shift due to the 
vector potential - at the junctions) and can be evaluated by solving a 
set of linear equations. After a lengthy but straightforward calculation 
[20], integrating both coordinates of Eq. (7.7) over the entire sample 
(including the leads) yields the correlator 

((5^($) 6g{^ + (5$)) = D{6^) + C(2^> + S^) , (7.8) 



where the diffuson contribution has the form 



D(S^) = — 
^ ^ 30 



(1 - 7)" + 



320 7 ^( 1 + 7 )^ 






-|- 67 -|- 7 ^ — (1 — 7 )^ cos (27r5<I>/<ho)^ 
16 7 (1 -I- 7)^(1 - IO 7 -I- 7 ^) 



1 -|- 67 -|- 7 ^ — (1 — 7 )^ cos (27r5<h/<I>o) 



(7.9) 



The second term in (7.9) is the cooperon contribution which has the same 
form as the diffuson one with replaced by 2<h-|-5$ (i.e. C{x) = D{x)) 
if the magnetic flux threading the material of the ring is much less than 
one flux quantum. In the opposite limit the cooperon contribution is 
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negligibly small. Equation 7.9 corresponds to spinful electrons in the 
absence of spin-orbit interaction; for strong spin-orbit interaction the 
result is reduced by a factor of 4. Note that in Eq. 7.9 the limits of 
7^0 (small ring) and (5<h ^ 0 do not commute. If one first sets 7 = 0 
and then takes the limit ^ 0 , one gets for the correlation function 
the value 1/30 , whereas the opposite order of limits yields the value 
4/15 , as expected for a plain wire. 

We define Eourier components of the conductance oscillations in the 
following way: 

OO 

5g{^) = 5go + 2'^SgnCos{27rn^/^o + 6n) ■ (7.10) 

n=l 



The variance of the amplitude 6gn of the n-th harmonic of the oscillations 
is then found as the Eourier transform of (7.9), 






1 

X I 



(7I/2 + 1)-- ,1/2 

9 - IO 7 -7 97^ -k 20n7^/2(7 -7 1)1 



(7 + 1) 



(7.11) 



for n > 1 , and 

( Sgi ) = 4 (1 + 97'''" - 47 - + 67" - - 47“ + 97 ^'" + 7 *) . 

( 7 . 12 ) 

The cooperon contribution does not change the oscillation amplitudes 
Eq. 7.11, but only affects the statistics of the phases On- Specifically, 
if the magnetic flux through the material of the ring is small and the 
cooperon contribution is present, C{x) = D{x) , the phases On are equal 
to 0 or 7 T. In the opposite limit, when the cooperon contribution is sup- 
pressed, the phases On are randomized. As to the aperiodic fluctuations, 
Eq. (7.12), the variance becomes larger by a faCtor of 2 is the presence 
of the cooperon term. 

In Eigure 7.2 we plot {5gn) for n = 1,...,4 as a function of the 
geometric parameter 7. It is seen that the oscillation amplitude depends 
on 7 in a non-monotonous way, vanishing in both limits of long (7 ^ 0) 
and short ( 7 ^ 1 ) leads. 



3. Dephasing by electron-electron interaction 

We now turn to the high-temperature regime and analyze how the 
oscillations are suppressed due to dephasing induced by electron-electron 
scattering processes. We will be mainly interested in the exponential 
suppression factor and will not calculate the ( 7 -dependent) numerical 
prefactor of order unity. 
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Figure 7.2. Variance {Sg„) of the first four harmonics of the oscillations in the absence 
of spin-orbit interaction. With spin-orbit interaction, (Sg^) is reduced by a factor of 4. 



Within the conventional approach, when the dephasing time 1/t^ is 
introduced as a mass of the diffuson and cooperon propagators, Vd,c{q, <^) 
~ lj{Dq‘^ — iu + the variance of the n-th harmonic of the oscilla- 

tions is suppressed by the factor [2] 

(%i> ~ . (7.13) 



where is the dephasing length, Lp = {D the ther- 

mal length, D the diffusion constant, T the temperature, R the ra- 
dius of the ring, and we set ^ = 1. (It is assumed in Eq. (7.13) that 
L^,Lt <C 2ttR.) For a thin ring, is then identified with the dephas- 
ing length governing the WL correction in the quasi-one-dimensional 
(QID) geometry, which was found by Altshuler, Aronov and Khmelnit- 
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skii [16, 17] to be 

/ T \ 

L, = {DrM\ ■ P'“‘) 

In fact, Aleiner and Blanter showed recently [18] that relevant to 
the mesoscopic conductance fluctuations in wires has indeed the same 
form, Eq. (7.14), as the WL dephasing time. This seems to support 
the assumption that the dephasing times governing different mesoscopic 
phenomena are identical. Equations (7.13), (7.14) are commonly used 
for the analysis of experimental data. 

We will show below, however, that contrary to the naive expecta- 
tions the formulas (7.13) and (7.14) do not describe correctly the de- 
phasing of AB oscillations. Specifically, if the interaction-induced ex- 
ponential damping factor of AB oscillations is presented in the form 
i^gl) ~ exp(— 27riin/L0®), the corresponding length is parametri- 
cally different from Eq. (7.14). Moreover, depends on the system 
size R. 



3.1 Effective electron-electron interaction 

Following Refs. [16-19], the electron-electron interaction can be rep- 
resented by external time-dependent random fields with the 

correlation function (</^“(r, t) t')) determined from the fluctuation- 

dissipation theorem, 

(v?“(r) = -Im U (r, r; uj) 5af3 coth^ . (7.15) 

The conventional form for the dynamically screened Coulomb interaction 
in a diffusive system is [17] 



U{q,uj) 



1 

U^Hq)+U{q,u) 



~ n \q,(v) , 



(7.16) 



where C/q ( o') is the bare Coulomb interaction, II(g, u;) = uDq^ / {Dq^ — iuj) 
is the polarization operator, and v is the density of states. As we will 
see below, the characteristic momenta q for our problem are of the order 
of the inverse system size R~^. In view of the non-trivial geometry of 
our system, it is thus more appropriate to work in the coordinate rep- 
resentation. A corresponding generalization of Eq. (7.16) can be readily 
obtained, yielding 



ImC/(r,r';w) ~ Imll ^(r,r';w) = — ^T>(r, r') , 



(7.17) 
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where T> is the propagator for the Laplace equation, — V^P(r, r') = 5(r— 
r') with zero boundary conditions at the contacts with bulk electrodes. 
Substituting Eq. (7.17) in Eq. (7.15), we get, for relevant frequencies 
w <c r, 

(<^“(r, t) t')J = — V{r, r') SapS{t - t') . (7.18) 

3.2 Aharonov-Bohm oscillations in presence of 
interaction 

Since the ring we are considering consists of QID wires, the cor- 
responding diffusion propagator satisfies the one- dimensional diffusion 
equation 

^dt-Ddl + i - ip^{x,t) } P^|(rc,f;x',t') 

= 5{x — x') 5{t — t') (7.19) 

supplemented by appropriate matching conditions at junctions of the 
ring and leads. Here = <l>i — $2 is difference in the AB flux be- 
tween the two measurements, which is incorporated in the matching 
conditions. The conductance correlation function in the high-T limit is 
again given by the conventional two-diffuson diagrams [15, 8] (again we 
drop the cooperon contribution which affects only the phases but not 
the amplitudes of the oscillations), yielding (we drop the prefactor of 
order unity) 

{6g{^i)5g{^2)) ^ J dxidx2 j dtdt' 

X ~5{t - t') {V}l{xi,X2,t)V‘ll{x2,xi,t')) (7.20) 

where angular brackets denote averaging over the external fields, 5{t) is 
given by 

m = 127rTy’^^/'(6i)/'(62)e'(^i-^^)* 

= 3 7T sinh“^ (vrEf) , (7.21) 

and /(e) is the Fermi distribution function. The function 5{t) is peaked 
at f = 0 with a width T~^ . We will replace it below by the delta- function 
5{t). This is justified if the dephasing effect during the time t — t' ^ 
T~^ is negligible, i.e. ((/"(x, t)/"(x, f))T“^ <C 1. Using Eq. (7.18), we 
find that the latter condition is equivalent to the requirement that the 
conductance of the sample is much larger than the conductance quantum 
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e^//i ~ (25kfl)“^. This condition is well satisfied in typical experiments 
with metallic rings, thus justifying the replacement 5{t) S{t). 

We now express the diffusion propagators in Eq. (7.19) as path in- 
tegrals. We are interested in the regime of strong dephasing, when the 
relevant paths propagate only inside the ring and do not extend into the 
leads (see below). It is convenient to introduce the angular coordinate 6 
on the ring (— tt < 6 < vr), with 9 = Sl'k j ‘1 corresponding to the junctions 
with the leads. 




Figure 7.3. The angular coordinate 6 introduced above. The paths representing the 
saddle-point solution are shown. 



Expanding the conductance fluctuations in Eourier harmonics with 
respect to the flux, <55'(<I>) ^ Sgn, we then get 



{^9l) - 



2 ©1 ©1 
^ j dOi d02 J dt J D9i{t) j D92{t) 
©2 ©2 



X exp 




R^Oi R^92^ 

AD ^ AD 



+ V{9i,92) 



(7.22) 



where the path integral goes over pairs of paths 6 i (t ) , 62 (t) which have 
a relative winding number n. The “potential” V{ 9 i, 92 ) in Eq. (7.22) 
is given by V{ 6 i, 92 ) = (((/>"(0i) — c/)“( 02 ))^); its explicit form can be 
straightforwardly obtained according to Eq. (7.18) by solving the diffu- 
sion equation in the ring with leads as in Section 2.2 and presented in 
detail in [20]. We will only need below the form of V{ 9 i, 92 ) for both 
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coordinates being in the same arm of the ring. For \9i\ < tt/ 2 we find 



v{ei,02) = 



2TR 



\01 - 02 \ - ^ {01 - 02 ? 

ZTT 



(7.23) 



the expression for \0i\ > tt/ 2 follows from symmetry considerations. 



3.3 Strong-dephasing limit 

We consider first the fundamental harmonic (n = 1) of the AB oscil- 
lations; a generalization to higher harmonics, n = 2, 3, . . . will be done 
in the end. For n = 1 the relevant pairs of paths interfere after half- 
encircling the ring in the opposite directions. We are interested in the 
regime of a relatively high temperature, when the dephasing effect is 
strong. In this case, the path integral in Eq. (7.22) can be evaluated 
via the saddle-point method. As has been mentioned above, the paths 
representing the saddle-point solution (instanton) do not extend into 
the leads. Indeed, exploring a part of a lead and returning back into 
the ring would only increase the action of the path. It is clear from the 
symmetry considerations that the optimal paths satisfy 0 \{t) = — 02 ?)- 
Furthermore, it is easy to see that the optimal initial and final points are 
located at maximum distance from the leads, i.e. ©i = 0 and ©2 = vr 
(or vice versa). To within exponential accuracy, the problem is then 
reduced to that of a particle of mass / D tunneling with zero energy 

in the potential 



V{0) 



ATR 



X 



uD 



0 _j±lg 2 

7T ’ 



0 < 6< < f 

1 < 0 < 7T 



(7.24) 



from 9 = 0 to 0 = TT. Since the potential is composed of quadratic 
parts, the corresponding instanton action is easily calculated, yielding 
{6gi) oc e~^ with 



S 






T1/2 ^ 3/2 



(7.25) 



Here is a coefficient of order unity depending on the geometrical 
factor 7 , 



= 



7T 


3/2 


[2(7 + 1)] 


- 



2 y (l — -|- 7 T -|- 2 arcsin 7 



(7.26) 



is equal to in the limit of long leads (7 ^ 0 ) and to in the 
limit of short leads (7 ^ 1 ). 
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Figure 7.4- The potential V(6) of the tunneling problem, Eq. 7.24, plotted in units 
of 4TR/vD for different values of the geometric coefficient 7 . 



The above calculation can be straightforwardly generalized to higher 
harmonics of the AB oscillations, n = 2,3,... . The optimal paths still 
begin at 0 = 0 or tt but now perform n /2 windings in the opposite 
directions. Therefore, the corresponding action is Sn = nS. 

To calculate the preexponential factor, we have to take into account 
small fluctuations of the initial and final points 0 i , 02 around their 
optimal values, as well as fluctuations of the paths 6*1 (t), 6*2 (t) around the 
instanton solution. We will only calculate the parametric dependence of 
the prefactor, neglecting numerical factors of order unity. First, let us 
consider small offsets of the initial and final points of the paths from 
their optimal position. The second order variation of the action 5“^ S will 
be a quadratic form of the offsets, 5‘^S = Uij 6&i6Qj, where i = 1 , 2 . 
Using that 5'^S 1 for 6&i ~ 1 , we get 

(detuij)-^/^ ~ 5"^ (7.27) 

Second, we have to account for small deviations of the paths from the 
instanton solution. The corresponding factor can be identified as the 
propagator for a harmonic oscillator with the parameters m R^/D 
and ~ RT/Du. There are two such factors (one for each of the 





Mesoscopic Aharonov-Bohm oscillations in metallic rings 
paths), yielding together 



111 



{muj) 




r\j 



^ 1/2 ^ 3/2 



(7.28) 



Finally, there is a Gaussian integration over the deviations of the time t 
spent on the path from its optimal value topt ~ {vRlTfl-^. The corre- 
sponding factor can be estimated as 



- 1/2 / ^ \ V 2 ^ 3/4 ^ 1/2 

VoptJ ~T3/4i?l/4- 



(7.29) 



Combining Eqs. (7.22), (7.27), (7.28) and (7.29), we obtain the final 
result for the variance of the harmonics of the mesoscopic AB oscillations 




(7.30) 



where n = 1, 2, . . . , and the action S is given by Eq. (7.25). 



3.4 Aharonov-Bohm dephasing time 

Let us discuss the obtained result (7.30), (7.25). Eirst of all, it is 
essentially different from what one would obtain by using the formulas 
(7.13), (7.14). Indeed, the exponent in Eq. (7.30) scales in a different 
way with the temperature and with the system size, as compared to 
Eqs. (7.13), (7.14). It is instructive to rewrite Eq. (7.30) in a form 
analogous to Eq. (7.13), 



/ r \ 2 / rAB\ 3/2 

- (^) (^) ■ 

thus defining the Aharonov-Bohm dephasing length , 

rAB ^ ^ 

T4/2 i?l/2 • 



(7.31) 



(7.32) 



The corresponding dephasing rate 1 /t^^ = H/(L^^)2 is thus given by 




TR 

V 27t y vD 



(7.33) 



To shed more light on the physical reason for the difference between 
the conventional QID formula (7.14) and our result (7.32), (7.33), the 
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following qualitative argument is instructive. Calculating perturbatively 
the dephasing rate using the formula (7.16) for the screened Coulomb 
interaction in a diffusive system, one gets 




dq T 
2tt vDq^ 



(7.34) 



In the calculation of the dephasing rate in a wire [17, 19, 18], the aris- 
ing infrared divergence is cut off self-consistently, since only processes 
with energy transfers u) > contribute. As a result, the lower limit 
of integration in Eq. (7.34) is ~ yielding the result (7.14). On the 
other hand, in the case of the Aharonov-Bohm dephasing rate, the rel- 
evant paths have to encircle the ring. Therefore, despite the fact that 
<C 27tR, the low-momentum cutoff in Eq. (7.34) is set by the inverse 
system size (2vri?)“^. This yields 1 /t^^ ~ TR/vD, reproducing (up to 
a numerical coefficient) the result (7.33). 

It is worth emphasizing that our result Eq. (7.33) for the dephasing 
rate depends not only on the ring radius, but also on the geometry of the 
leads through the coefficient . We note a certain similarity between 
this result and the dependence of the dephasing rate in a ballistic AB- 
ring on the probe conhguration recently found in [21]. 

As has been mentioned in the introduction, our results are also appli- 
cable to the WL (h/2e-periodic) AB-oscillations. Their n-th harmonic 
is determined by cooperon paths with winding number n. As- 
suming that the magnetic flux penetrating the sample is negligible and 
comparing the path-integral representations for {Sg^) and Sg"^^ we find 

= (7.35) 

where L = TrRj'y. This implies, in particular, that the dephasing length 
Lf,Eq. (7.32), is the same for both types of the AB effect. Equation 
(7.35) is a generalization of the relation [18] between the WL correction 
and conductance fluctuations for single-connected geometries. 



4. Summary 

In Section 2 we have studied the amplitude of mesoscopic Aharonov- 
Bohm oscillations in the low-temperature (phase-coherent) regime. We 
have shown that, in contrast to fluctuations in a wire, the oscillation 
amplitude does not take a universal value, but depends on the geometric 
factor 7 characterizing the ratio of resistances of the ring and the leads. 
The 7 -dependence of the variance of the oscillation harmonics is non- 
monotonous as shown in Eigure 7.2. Eor a typical experiment [22, 23, 4], 
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where the resistances of the ring and the leads are comparable (so that 
7 ~ 0.5), our results predict the r.m.s. amplitude of the first hamonic 
rms(2 55(i) ~ 0.16. This value compares well with the result of [23] at 
low bias voltage, as well as with the low-temperature results of [4] in 
strong magnetic fields, when the magnetic impurities are frozen. 

In Section 3 we have studied how the Aharonov-Bohm oscillations 
are suppressed by dephasing caused by the electron-electron interaction. 
Using the path integral formalism and the instanton method, we have ob- 
tained the result (7.30), (7.25) which is parametrically different from the 
naive expectation (7.13), (7.14). This demonstrates that the Aharonov- 
Bohm dephasing rate 1/r^®, Eq. (7.33), is parametrically different from 
the dephasing rate , Eq. (7.14), corresponding to a single-connected 
geometry. Physically, the difference can be traced back to the fact that 
1/T(^ is determined self-consistently by the processes with energy trans- 
fers of the order of l/r,^ itself (or equivalently with momentum transfers 
~ 1/Lfj,), while the characteristic energy and momentum transfers gov- 
erning 1 /t^® are determined by the system size. Eor this reason, the 
Aharonov-Bohm dephasing rate 1 /t^^ depends on the ring radius R, 
diverging in the limit R ^ oo . 

Acknowledgments 

Valuable discussions with I.L. Aleiner, B.L. Altshuler, N.O. Birge, 
H. Bouchiat, V.I. Falko, I.V. Gornyi and C. Strunk are gratefully ac- 
knowledged. We also thank M. Biittiker for attracting our attention to 
Ref. [21]. 

References 

[1] S. Washburn in Mesoscopic Phenomena in Solids, edited by B.L. Alt- 
shuler, P.A. Lee and R.A. Webb, (Elsevier, Amsterdam, 1991), p.l. 

[2] A.G. Aronov and Yu.V. Sharvin, Rev. Mod. Phys. 59, 755 (1987). 

[3] Y. Imry, Introduction to Mesoscopic Physics, Oxford University Press 
(1997). 

[4] F. Pierre and N.O. Birge, Phys. Rev. Lett. 89, 206804 (2002). 

[5] F. Pierre, A.B. Gougam, A. Anthore, H. Pothier, D. Esteve and 
N.O. Birge, Phys. Rev. B 68, 085413 (2003). 

[6] P.A. Lee and A.D. Stone, Phys. Rev. Lett 55, 1622 (1985). 

[7] P.A. Lee, A.D. Stone and H. Fukuyama, Phys. Rev. B 35, 1039 
(1987). 

[8] C.L. Kane, R.A. Serota and P.A. Lee, Phys. Rev. B 37, 6701 (1988). 




114 



FUNDAMENTAL PROBLEMS OE MESOSCOPLC PHYSICS 



[9] B.L. Altshuler, Pisma Zh. Eksp. Teor. Fiz. 42, 291 (1985) [JETP 
Lett. 42, 447 (1985)]. 

[10] D.P. DiVincenzo and C.L. Kane, Phys. Rev. B 38, 3006 (1988). 

[11] A. Miiller-Groeling, Phys. Rev. B 47, 6480 (1993). 

[12] D. Loss, H. Schoeller and P.M. Goldbart, Phys. Rev. B 48, 15218 
(1993). 

[13] V.I. Fal’ko, J. Phys.: Gondens. Matter 4, 3943 (1992). 

[14] C.L. Kane, P.A. Lee and D.P. DiVincenzo, Phys. Rev. B 38, 2995 
(1988). 

[15] B.L. Altshuler and B.L Shklovskii, Zh. Eksp. Teor. Fiz. 91, 220 
(1986) [Sov. Phys. JETP 64, 127 (1986)]. 

[16] B.L. Altshuler, A.G. Aronov and D.E. Khmelnitsky, J. Phys. C 15, 
7367 (1982). 

[17] B.L. Altshuler and A.G. Aronov, in Electron- Electron Interaction In 
Disordered Conductors, edited by A.L. Efros and M. Poliak (Elsevier, 
Amsterdam, 1985), p.l. 

[18] I.L. Aleiner and Ya.M. Blanter, Phys. Rev. B 65, 115317 (2002). 

[19] I.L. Aleiner, B.L. Altshuler and M.E. Gershenson, Waves Random 
Media 9, 201 (1999). 

[20] T. Ludwig, diploma thesis (Universitat Karlsruhe, 2002). 

[21] G. Seelig, S. Pilgram, A.N. Jordan and M. Biittiker, 
cond-mat /0304022 . 

[22] R. Haussler, E. Scheer, H.B. Weber and H. v. Lohneysen, 
Phys. Rev. B 64, 085404 (2001). 

[23] C. Terrier, D. Babic, C. Strunk, T. Nussbaumer and 
C. Schonenberger, Europhys. Lett. 59, 437 (2002) and private 
communication. 




Chapter 8 



INFLUENCE FUNCTIONAL FOR DECOHERENCE 
OF INTERACTING ELECTRONS IN DISORDERED 
CONDUCTORS 
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Theresienstr. 37, 80333, Munchen, Germany 



Abstract We have rederived the controversial influence functional approach of Golubev 
and Zaikin (GZ) for interacting electrons in disordered metals in a way that allows 
us to show its equivalence, before disorder averaging, to diagrammatic Keldysh 
perturbation theory. By representing a certain Pauli factor (5 — 2p®) occuring 
in GZ’s effective action in the frequency domain (instead of the time domain, as 
GZ do), we also achieve a more accurate treatment of recoil effects. With this 
change, GZ’s approach reproduces, in a remarkably simple way, the standard, 
generally accepted result for the decoherence rate. 

Keywords: Decoherence, influence functional, diagrammatic perturbation theory, interac- 

tions, disorder 



1. Introduction 

A few years ago, Golubev and Zaikin (GZ) developed an influence functional 
approach for describing interacting fermions in a disordered conductor. Their 
key idea was as follows: to understand how the diffusive behavior of a given 
electron is affected by its interactions with other electrons in the system, which 
constitute its effective environment, the latter should be integrated out, leading 
to an influence functional, denoted by in the path integral / V' R 

describing its dynamics. To derive the effective action {iSn + Si), GZ devised 
a strategy which, when implemented with sufficient cure, properly incorporates 
the Pauli principle - this is essential, since both the particle and its environment 
originate from the same system of indistinghuishable fermions, a feature which 
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makes the present problem conceptually interesting and sets it apart from all 
other applications of influence functionals that we are aware of. 

GZ used their new approach to calculate the electron decoherence rate 71 ^ (T) 
in disordered conductors, as extracted from the magnetoconductance in the 
weak localization regime, and found it to be finite at zero temperature [1, 2, 3, 
4, 5, 6 ], ^ 0) = 7 °’*^^, in apparent agreement with some experiments 

[7] . However, this result contradicts the standard view, based on the work of 
Altshuler, Aronov and Khmelnitskii (AAK) [9], that ^ 0) = 0, and 

hence elicited a considerable and ongoing controversy [ 8 ]. GZ’s work was 
widely questioned, for example in Refs. [10, 11, 12, 13, 14, 15], with the most 
detailed and vigorous critique coming from Aleiner, Altshuler and Gershenzon 
(AAG) [16] and Aleiner, Altshuler and Vavilov (AAV) [17, 18], but GZ rejected 
each critique [3, 4, 5, 8 ] with equal vigor. It is important to emphasize that the 
debate here is about a well-defined theoretical model, and not about experiments 
which do or do not support GZ’s claim. 

The fact that GZ’s final results for 7 ^^(T) have been questioned, however, 
does not imply that their influence functional approach, as such, is fundamen- 
tally flawed. To the contrary, we show in this paper that it is sound in principle, 
and that the standard result can be reproduced using GZ’s method, 

provided that it is applied with slightly more care to correctly account for recoil 
effects (i.e. the fact that the energy of an electron changes when it absorbs or 
emits a photon). We believe that this finding conclusively resolves the con- 
troversy in favor of AAK and company; hopefully, it will also serve to revive 
appreciation for the merits of GZ’s influence functional approach. 

The premise for understanding how 7 ^^*^ can be reproduced with GZ’s meth- 
ods was that we had carried out a painfully detailed analysis and rederivation 
of GZ’s calculation, with the aim of establishing to what extent their method is 
related to the standard Keldysh diagrammatic approach. As it turned out, the 
two methods are essentially equivalent, and GZ obtained unconventional results 
only because a certain “Pauli factor” (5 — 2p°) occuring in Sr was not treated 
sufficiently carefully, where fp is the single -particle density matrix. That their 
treatment of this Pauli factor was dubious had of course been understood and 
emphasized before: first and foremost it was correctly pointed out in [16] that 
GZ’s treatment of the Pauli factor caused their expression for 7 ^^ to aquire an 

artificial ultraviolet divergence, which then produces the term 7 ^’^^, whereas 
no such divergence is present in diagrammatic calculations. GZ’s treatment 
of — 2fP) was also criticized, in various related contexts, by several other 
authors [10, 11, 14, 15, 17]. However, none of these works (including our own 
[14], which, in retrospect, missed the main point, namely recoil) had attempted 
to diagnose the nature of the Pauli factor problem with sufficient precision to 
allow a successful remedy to be devised within the influence functional frame- 
work. 
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This will be done in the present paper. Working in the time domain, GZ 
represent (5 — 2p'^(t)) as 1 — 2no [ho{t) /2T] , where no is the Fermi function 
and ho{t) the free part of the electron energy. GZ assumed that ho{t) does not 
change during the diffusive motion, because scattering off impurities is elastic. 
Our diagnosis is that this assumption unintentionally neglects recoil effects (as 
first pointed out in [10]), because the energy of an electron actually does change 
at each interaction vertex, i.e. each time it emits or absorbs aphoton. The remedy 
(not found in [10]) is to transform from the time to the frequency domain, in 
which (<i — 2p°) is represented by 1 — 2no[(i(e — u))] = tanh[fi(e — u))/2T], 
where hu) is the energy change experienced by an electron with energy he at 
an interaction vertex. Remarkably, this simple change of representation from 
the time to the frequency domain is sufficient to recover 7^^^. Moreover, the 
ensuing calculation is free of ultraviolet or infrared divergencies, and no cut-offs 
of any kind have to be introduced by hand. 

The present paper has two main aims: firstly, to concisely explain the nature 
of the Pauli factor problem and its remedy ; and secondly, to present a transparent 
calculation of 7^, using only a few lines of simple algebra. (Actually, we 
shall only present a “rough” version of the calculation here, which reproduces 
the qualitative behavior of 7^^*^(T); an improved version, which achieves 
quantitative agreement with AAK’s result for the magnetoconductance [with 
an error of at most 4% for quasi-l-D wires], will be published separately [19]). 

We have made an effort to keep the paper reasonably short and to the point, 
and not to dwell on technical details of interest only to the experts. Regrettably, 
this has had the consequence that the present paper is not fully self-contained: it 
builds on an extensive and very detailed analysis that could not and has not been 
included here. These details have been written up in the form of five lengfhy 
appendices. Alfhough fhe presenf paper is wriffen such fhaf, once one accepfs 
ifs sfarfing poinf [Eqs. (8.1) fo Eq. (8.4)], fhe resf of fhe discussion can easily be 
followed step by step, readers inferesfed in an hones! derivafion of fhe sfarfing 
poinf will have fo consull fhe appendices. Eor fhose readers (presumably fhe 
majorify) wifh no lime or inclinalion fo read lengfhy appendices, a concise 
appendix al fhe end of Ihis paper summarizes (wilhoul derivalions) fhe main 
steps and approximations involved in oblaining fhe influence funclional. We 
shall publish fhe five long appendices B fo E separately [20], in fhe belief fhaf all 
relevanf defails should be publicly accessible when dealing wifh a confroversy, 
for fhe benefil of fhose willing fo “read fhe fine prinl”. Below we shall refer fo 
fhese appendices as fhough fhey were a pari of fhe presenf paper, and briefly 
summarize Iheir conlenls here: 

In App. B , we rederive fhe influence funclional and effeclive aclion of GZ, fol- 
lowing Iheir general slralegy in spiril, bul inlroducing some improvemenls. The 
mosl imporfanf differences are: (i) insfead of using fhe coordinale-momenlum 
palh integral fV{RP) of GZ, we use a “coordinales-only” version fV'R, 
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since this enables the Pauli factor to be treated more accurately; and (ii), we 
are careful to perform thermal weigthing at an initial time to — oo (which 

GZ do not do), which is essential for obtaining properly energy-averaged ex- 
pressions and for reproducing perturbative results: the standard diagrammatic 
Keldysh perturbation expansion for the Cooperon in powers of the interaction 
propagator is generated if, before disorder averaging, the influence functional 
is expanded in powers of {iS^ + Sj). In App. C we review how a general 
path integral expression derived for the conductivity in App. B can be rewritten 
in terms of the familiar Cooperon propagator, and thereby related to the stan- 
dard relations familiar from diagrammatic perturbation theory. In particular, 
we review the Fourier transforms required to get a path integral properly de- 
pending on the energy variable fe relevant for thermal weighting. Appendix D 
gives an explicit time-slicing definition of the “coordinates-only” path integral 
/ V'R used in App. B. Finally, for reference purposes, we collect in Apps. E 
and F some standard material on the diagrammatic technique (although this is 
bread-and-butter knowledge for experts in diagrammatic methods and available 
elsewere, it is useful to have it summarized here in a notation consistent with 
the rest of our analysis). App. E summarizes the standard Keldysh approach in 
a way that emphasizes the analogy to our influence functional approach, and 
App. E collects some standard and well-known results used for diagrammatic 
disorder averaging. Disorder averaging is discussed last for a good reason: one 
of the appealing features of the influence functional approach is that most of 
the analysis can be performed before disorder averaging, which, if at all, only 
has to be performed at the very end. 

2. Main results of influence functional approach 

We begin by summarizing the main result of GZ’s influence functional ap- 
proach. Our notations and also the content of of our some formulas are not 
identical to those of GZ, and in fact differ from their’s in important respects. 
Nevertheless, we shall refer to them as “GZ’s results”, since we have (re)derived 
them (see App. B [20] for details) in the spirit of GZ’s approach. 

The Kubo formula represents the DC conductivity ctdc in terms of a retarded 
current-current correlator ([j(l), ji(2)]). This correlator can (within various 
approximations discussed in App. B.5.6, B.5.7 and App. B.6.3) be expressed 
as follows in terms of a path integral representing the propagation of a pair 
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of electrons with average energy he, thermally averaged over energies: 



o-DC = dx 2 jwj 22 ' {de)[-n' (he)] 



drP. 



12 ', £ 






(t) , 



P. 



12 ', £ 



21',eff 



(r) = 



i 



RF{f)=n /.RS(r) , _ _ 

IB V'{R) , 

R^{-l)=r^,jRB{-I^)=r2 

( 8 . 1 ) 

The propagator P^y defined for a given impurity configuration, is written 
in terms of a forward and backward path integral ij' ^ V'{R) between the 

specified initial and final coordinafes and times, which gives fhe amplifude for 
an election wifh energy he fo propagafe from r 2 ' af fime — fo ri af ^r, fimes 
fhe amplifude for if fo propagafe from ry af fime fo r 2 af — \t. We shall call 
fhese fhe forward and backward pafhs, respecfively, using an index a = F, B 
fo disfinghuish fhem. Sq = are fhe corresponding free acfions, which 

defermine which pafhs will dominafe fhe pafh infegral. The weak localizafion 
correcfion fo fhe conducfivify, , arises from fhe “Cooperon” confribufions fo 
iTdc for which fhe coordinafes ri, r[, V 2 and all lie close fogefher, and which 
feafure self-relurning random walks fhrough fhe disordered pofenfial landscape 
for pairs of pafhs R^/^ , wifh pafh B being fhe time-reversed version of pafh F, 
i.e. R^ {tf) = R^{—tf) for G \t). The effecf of fhe ofher elections 

on fhis propagation is encoded in fhe influence functional occuring 

in Eq. (8.1). The effective action ISr + Sj fums ouf fo have fhe form [for a 
more explicif version, see Eq. (8.A.7) in fhe appendix]: 



( 8 . 2 ) 



Here SaSfands for = ±1, and fhe shorf hand £ 3 ^ 4 /^ = £ [fs^— f 4 ^, , (isj- 

R‘^ (^ 4 ^, )] describes, in fhe coordinafe-fime represenfafion, an inferacfion prop- 
agafor linking fwo verfices on contours a and a'. If will be convenienf below fo 
Eourier fransform fo fhe momenfum-freqency represenfafion, where fhe propa- 
gators £^ and £“ can be represenfed as follows [(d£)((iq) = {dCo dq) / {27r)^]: 




£ 

£“' 



K _ 
/ 

3a4„, = 



{(j) , (8.3a) 



if a' = F, 
if a' = B , 



(8.3b) 



[C^{5 - 2p°)] ^^3^ 
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Figure 8. 1. Structure of vertices on the forward or backward contours of Keldysh perturbation 
theory. F: the combinations and occur if vertex 4 lies on the upper 

forward contour. B: the combinations and occur if vertex 4 lies on 

the lower contour. Arrows point from the second to first indices of propagators. 



[Note the sign Sa' in the Fourier exponential in Eq. (8.3c); it reflects the opposite 
order of indices in Eq. (8.3b), namely 34 for F vs. 43 for i?.] Here is the 
Keldysh interaction propagator, while , to be used when time lies on 

the forward or backward contours, respectively, represent “effective” retarded 
or advanced propagators, modified by a “Pauli factor” (5 — 2fP) (involving 
a Dirac-delta 5ij and single-particle density matrix p? in coordinate space), 

the precise meaning of which will be discussed below. denote the 

Eourier transforms of the standard Keldysh, retarded, or advanced interaction 
propatators. Eor the screened Coulomb interaction in the unitary limit, they are 
given by 




4'(“) 

c“(“) 









= - 



2uEl 



2vEl 



/ 



2 i coth(^/2T) Im[£q (tu)] , 
= 



Eq — iuj ’ 






Dq\ 



Eq = Dq^ + jH , 



(8.4a) 

(8.4b) 

(8.4c) 

(8.4d) 



where, for later reference, we have also listed the Eourer transforms of the bare 
diffuson V and Cooperon C (where yjy is the dephasing rate of the latter in 
the presence of a magnetic field, D the diffusion constant and v the density of 
states per spin). Einally, {Co) in Eq. (8.3c) is defined as 

{oj) = tanh[^(e — tu)/2T] cF^{Cj) , (8.4e) 

where he is the same energy as that occuring in the thermal weighting factor 
[—n'{he)] in the first line of Eq. (8.1). 

Via the influence functional, the effective action (8.2) concisely incorporates 
the effects of interactions into the path integral approach. 5/ describes the 
classical part of the effective environment, and if one would replace the factor 
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coth(fej/2T) in C^{u>) by 2T /hH) (as is possible for high temperatures) it cor- 
responds to the contribution calculated by AAK [9]. With Sr, GZ succeeded to 
additionally also include the quantum part of the environment, and in particular, 
via the Pauli factor (5 — 2p°), to properly account for the Pauli principle. 

Casual readers are asked to simply accept the above equations as starting 
point for the remainder of this paper, and perhaps glance through App. A to 
get an idea of the main steps and approximations involved. Those interested 
in a detailed derivation are referred to App. B (where Srji are obtained in 
Sec. B.5.8). It is also shown there [Sec. B.6] that the standard results of di- 
agrammatic Keldysh perturbation theory can readily be reproduced from the 
above formalism by expanding the influence functional in pow- 

ers of {ISr + Si)/h. For present purposes, simply note that such an equivalence 
is entirely plausible in light of the fact that our effective action (8.2) is linear 
in the effective interaction propagators C, a structure typical for generating 
functionals for Feynman diagrams. 

3. Origin of the Pauli factor 

The occurence of the Pauli factor (5 — 2fP) in Sr was first found by GZ in 
precisely the form displayed in the position-time representation of the effective 
action used in Eq. (8.2). However, their subsequent treatment of this factor 
differs from ours, in a way that will be described below. In particular, they did 
not represent this factor in the frequency representation, as in our Eq. (8.4e), 
and this is the most important difference between our analysis and theirs. 

The origin of the Pauli factor in the form given by our Eq. (8.4e) can easily 
be understood if one is familiar with the structure of Keldysh perturbation 
theory. [Eor a detailed discussion, see Sec. B.6.2.] Eirst recall two exact 
relations for the noninteraction Keldysh electron propagator: in the coordinate- 
time representation, it contains a Pauli factor, 

G^ = Jdxk (G^ - G%k(S - 2p^)]kj = j dxk {5 - - G^)kj 

(8.5a) 

which turns into a tanh in the coordinate frequency representation: 

G^{uj) = tanh((ku/2T) fef (cu) - G^{cd)\ . (8.5b) 

Now, in the Keldysh approach retarded or advanced interaction propagators 
always occur [see Pig. 8.1] together with Keldysh electron propagators, in the 
combinations or where the indices denote coordinates 

and times. [Likewise, the Keldysh interaction propagators always come in the 
combinations or Gig 2 ,GAgjg■^ In the momentum-frequency repre- 

sentation, the combinations involving G^ therefore turn into (w) [G^ - 
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G^] ~ tanh[/i(e — uj)/2T]. Thus, in the frequency representation the 

Pauli factor is represented as tanh[^(e — d))/2T]. Here the variable he repre- 
sents the energy of the eleetron line on the upper (or lower) Keldysh contour 
before it enters (or after it leaves) an interaction vertex at which its energy de- 
creases (or increases) by hCo [see Fig. 8.1]. The subtraction of (D in the argument 
of tanh thus reflects the physics of recoil: emitting or absorbing a photon causes 
the electron energy to change by hCo, and it is this changed energy h{e — Cd) that 
enters the Fermi functions for the relevant final or initial states. 

Of course, in Keldysh perturbation theory, he will have different values from 
one vertex to the next, reflecting the history of energy changes of an electron 
line as it proceeds through a Feynman diagram. It is possible to neglect this 
complication in the influence functional approach, if one so chooses, by always 
using one and the same energy in Eq. (8.4e), which then should be chosen to 
be the same as that occuring in the thermal weighting factor [-nfhe)], i.e. 
he = he. This approximation, which we shall henceforth adopt, is expected 
to work well if the relevant physics is dominated by low frequencies, at which 
energy transfers between the two contours are sufficiently small [h{e — e) <C T, 
so that the electron “sees” essentially the same Fermi function throughout its 
motion]. 

Though the origin and neccessity of the Pauli factor is eminently clear when 
seen in conjunction with Keldysh perturbation theory, it is a rather nontrivial 
matter to derive it cleanly in the functional integral approach [indeed, this 
is the main reason for the length of our appendices!]. The fact that GZ got 
it completely right in the position-time representation of Eq. (8.2) is, in our 
opinion, a significant and important achievement; unfortunately, however, it 
did not occur to them to use the frequency representation (8.4e). 

4. Calculating a la GZ 

To calculate the decoherence rate 7 ^ = 1/ r<^, one has to find the long-time 
decay of the Cooperon contribution to the propagator of Eq. ( 8 . 1). To do 

this, GZ proceeded as follows: using a saddle-point approximation for the path 
integral for the Cooperon, they replaced the sum over all pairs of self-returning 
paths by just the contribution of the classical 

“random walk” paths Rrw{t) picked out by the classical actions 5 q, namely 
= Rvwihp) and = i?rw(— ^S b)’ for which the paths on 

the forward and backward Keldysh contours are time-reversed partners. The 
subscript “rw” indicates that each such classical path is a self-returning random 
walk through the given disorder potential landscape, and ( )rw means averaging 
over all such paths. Next, in the spirit of [21], they replace the average of the 
exponent over all time -reversed pairs of self-returning random walks, by the 
exponent of the average, where F{t) = {iSn + 5/)rw (of. Eq. (67) 
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of [2]). This amounts to expanding the exponent to first order, then averaging, 
and then reexponentiating. The funetion F{t) thus defined inereases wifh fime, 
sfarfing from F{0) = 0, and fhe deeoherenee fime ean he defined as fhe fime 
af whieh if becomes of order one, i.e. F{Tp,) ss 1. 

To evaluafe {ISr + GZ Fourier fransform fhe functions = 

£[f34, — R^' {t/f)] occuring in Sr/j, and average fhe Fourier exponenfs 

using [21] fhe disfrihufion funclion for diffusive mofion, which gives prohahilify 
fhaf a random walk fhaf passes poinf i?rw(f4) af time t4 will pass poinf i?rw(fs) 
af time i.e. fhaf if covers a disfance R = i?rw(fs) — Rrwit^) in time |f34|: 

/ \ <^/2 

d<^R e-KV(4t?l*34|)g*9-fi 

\D\tu\J 

= C5(|t34|) = e-'^4li34| ^ (8 6) 

(Here ^34 = — 14 .) The arrow in fhe second line makes explicif fhaf if we 

also accounf for fhe facl fhaf such lime-reversed pairs of palhs are dephased hy 
a magnetic field, by adding a factor t^e resull is simply equal to fhe 

bare Cooperon in fhe momenfum-lime represenlalion. 

Aclually, fhe above way of averaging is somewhal inaccurate, as was poinled 
oul lo us by Florian Marquardl: if neglecls fhe facl fhaf fhe diffusive Irajeclories 
belween and ^4 are pari of a larger, self-returning Irajeclory, sfarfing and 
ending af r\ ~ V 2 af times If is aclually nol difficull to include Ihis facl 
[19], and Ihis lurns oul fo quanlilalively improve fhe numerical prefaclor for 
(e.g. in Eq. (8.18) below). However, for fhe sake of simplicily, we shall here be 
conlenl wifh using Eq. (8.6), as GZ did. 

Einally, GZ also assumed fhaf fhe Pauli faclor (5 — 2p°) in Sr remains 
unchanged Ihroughoul fhe diffusive motion: Ihey use a coordinale-momenlum 
palh inlegral f VR f VP [instead of our coordinales-only version \ V K\, in 
which (5 — 2fp) is replaced by [1 — 2no(/io)] = tanh(/io/2T), and fhe free- 
eleclron energy ho{R{ta), P{ta) is argued to be unchanged Ihroughoul fhe 
diffusive mofion, since impurily scallering is elaslic [cf. p. 9205 of [2]: “n 
depends only on fhe energy and nol on lime because fhe energy is conserved 
along fhe classical palh”]. Indeed, Ihis is Irue between fhe Iwo inleraclion evenls 
af limes and 14 , so fhaf fhe averaging of Eq. (8.6) is permissible. However, 
as emphasized above, fhe full Irajeclory slrelches from — to 14 to ts to ^r, 
and fhe election energy does change, by Ftiw, af fhe inleraclion vertices al 
l4 and 13. Thus, GZ’s assumption of a time-independent Pauli factor neglects 
recoil effects. As argued in Ihe previous section, Ihese can slraighlforwardly 
laken into accounl using Eq. (8.4e), which we shall use below. In conlrasl, 
GZ’s assumption of lime-independenl n amounls dropping Ihe —Tult in our 
tanh[li(e — tu)/2T] function. 



,iq-[ftrw(t3)-Jtrw(t4)] ^ 
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If one uses GZ’s assumptions to average Eq. (8.2), but uses the proper 
tanh[/i(e — ui)/2T] function, one readily arrives at 



I {Si)„ 



= 2Re 



-h {duj){dq) { _ 






4(^) 



self .Tvert 



n - f 



,(8.7) 



where are the first and second terms of the double time integral 

L[ LI ^^4 ^g*q'[Jtrw(i3)~Jtrw(i4)] i3)~.Rrw(i4)] ^ 



corresponding to self-energy {a = a' = F) and vertex {a ^ a' = F) contri- 
butions, and the 2 Re[ ] in Eq. (8.7) comes from adding the contributions of 
a' = F and B. Performing the integrals in Eq. (8.8), we find 



/“"(t) = c"(-u)t + [c;;(-c5)] 



■77O, _,t 2 



-T{Eq+iijj) _ 



77O, 



r^{r) = C2o) 



^-iu)T _ — 1 



-h 



— ILO 



Eq 



(8.9a) 

(8.9b) 



Of all ferms in Eqs. (8.9), fhe firsf ferm of which is linear in r, clearly grows 
mosf rapidly, and hence dominafes fhe leading long-lime behavior. Denoting 
fhe associafed conlribulion lo Eq. (8.7) by 

R/I self 

fhe corresponding rales 7ip ’ oblained from Eqs. (8.7) and (8.9) are: 



7“ = /(dcu)(dq)tanh 



h{e — u)) 



2T 



2Re 



lijE^ - 

2vE^{Eq -I- iu)) 



_ 
lip 



= / (duj) (dq) coth. 



fwj 



2Re 



OJ 



2vE^{Eq + ioj) 



, (8.10a) 
(8.10b) 



Eel us compare Ihese resulls lo Ihose of GZ, henceforlh using = 0. Eirslly, 
bolh our 7<^’ and ’ are nonzero. In conlrasl, in Iheir analysis GZ con- 
cluded lhal (5/j)rw = 0. The reason for Ihe latter resull is, evidenlly, Iheir 
neglecl of recoil effecls: indeed, if we drop Ihe —Hu) from Ihe tanh-faclor of 
Eq. (8.10a), we would find 7,^ = 0 and Ihereby recover GZ’s resull, since Ihe 
real pari of Ihe factor in square brackels is odd in 0 ). 

Secondly and as expected, we note lhal Eq. (8. 10b) for agrees wilh lhal 
of GZ, as given by Iheir equation (71) of [2] for 1/Tp, i.e. 7,^’'**^^^ = 7^^. [To 
see Ihe equivalence explicilly, use Eq. (8.A.9).] Noting lhal Ihe \ dw-inlegral 
in Eq. (8. 10b) evidenlly diverges for large O, GZ cul off Ihis divergence al 1 / Tgi 
(arguing lhal Ihe diffusive approximation only holds for lime-scales longer lhan 
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Tel, the elastic scattering time). For example, for quasi- 1 -dimensional wires, 
for which f {dq) = J d(i/ (2vr) can be used (a^ being the cross section, so 
that cji = is the conductivity per unit length, with (Tq™ ~ 2e^vD), 

they obtain (cf. (76) of [2]): 



1 




(duj) coth 





( 8 . 11 ) 



[The use of a self-consistently-determined lower cut-off is explained in Sec. 6]. 
Thus, they obtained a temperature-independent contribution from the -i-l 
term, which is the result that ingited the controversy. 

However, we thirdly observe that, due to the special form of the retarded 
interaction propagator in the unitary limit, the real parts of the last factors in 
square brackets of Eqs. (8.10a) and (8.10b) are actually equal (for = 0). 
Thus, the ultraviolet divergence of is cancelled by a similar divergence 
of 7<p ■ Consequently, the total decoherence rate coming from self-energy 

terms, 7^®^^ = 7^’*^^'^ -|- 7^’*^^^*^, is free of ultraviolet divergencies. Thus we 
conclude that the contribution 7^’*^^ found by GZ is an artefact of their neglect 
of recoil, as is their claimed “decoherence at zero temperature”. 



5. Dyson Equation and Cooperon self energy 

R self I self 

The above results for turn out to agree completely with those 

of a standard calculation of the Cooperon self energy S using diagrammatic 
impurity averaging [details of which are summarized in Appendix F]. We shall 
now summarize how this comes about. 

Calculating S is an elementary excercise within diagrammatic perturbation 
theory, first performed in [22]. However, to facilitate comparison with the 
influence functional results derived above, we proceed differently: We have 
derived [Sec. B.6.1] a general expression [23], before impurity averaging, for 

the Cooperon self-energy of the form S = J2aa' ^ia' + ^aa' > which keeps 

track of which terms originate from iSr or Sj, and which contours a, a' = F/B 
the vertices sit on. This expression agrees, as expected, with that of Keldysh 
perturbation theory, before disorder averaging; it is given by Eq. (8. A. 10) and 
illustrated by Eig. 8. A. 10 in App. A. We then disorder average using standard 
diagrammatic techniques. Eor reference purposes, some details of this straight- 
forward excercise are collected in Appendix E.2. 

Eor present purposes, we shall consider only the “self-energy contribu- 
tions” (a = a') to the Cooperon self energy, and neglect the “vertex con- 
tributions” (a f a'), since above we likewise extracted 7,^'^^ from the self- 
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energy eontributions to the effeetive aetion, 



leading, self 



. After impurity 



averaging, the Cooperon then satisfies a Dyson equation of standard form, 
C^q^{uj) = Cq(w) +Cq(u;) with standard solution: 



T^self/ N _ f 

(^) — self/ 

Eq-iu- 



( 8 . 12 ) 



where 2 j 



= Ea ^aa > With (cu) = [S 



\^_R//,self 

^q,BB 



- * 

(— (j) , and 



= -T / (du;)(dq)coth ^ Im[£^(w)] - w) , 






= \J (c^w)(c^9)|tanh ^ — — \iCq{Lo) (8.13) 

X C q_q{uj - iL) + \V q{u])\ (^[Cg((j)] + \V q{u)]\ ^ |. 

In Eq. (8.13), the terms proportional to [(C^) ^ stem from 

the so-ealled Hikami eontributions, for whieh an eleetron line ehanges from 
qR/a jq qA/r j-q qR!A_ correetly emphasized by AAG [16] and AAV [17], 
sueh terms are missed by GZ’s approaeh of averaging only over time-reversed 
pairs of paths, sinee they stem from paths that are not time-reversed pairs. 

Now, the standard way to define a deeoherenee rate for a Cooperon of the form 
(8. 12) is as the “mass” term that survives in the denominator when u; = Eg = 0, 

i.e. 7 ^®*^ = — Sq*^( 0) = — 2Re . In this limit the eontribution of 

the Hikami terms vanishes identieally, as is easily seen by using the last of 
Eqs. (8.4a), and noting that Re[f('D°)“^(I2°)^('D°)“^] = Re[z] = 0. (The 
realization of this faet eame to us as a surprise, sinee AAG and AAV had argued 
that GZ’s main mistake was their negleet of Hikami terms [16, 17], thereby 
implying that the eontribution of these terms is not zero, but essential.) The 
remaining (non-Hikami) terms of Eq. (8 . 1 3) agree with the result for S of AAV 
[17] and reproduee Eqs. (8.10) given above, in other words: 

7“' = |-2?'(0)l = A(iV + . (8.14) 

^ T n 

S0lf 

Thus, the Cooperon mass term —Eg (0) agrees identieally with the eoeffieient 
of r in the leading terms of the averaged effeetive aetion of the influenee fune- 
tional. This is no eoineidenee: it simply relleets the faet that averaging in the 
exponent amounts to reexponentiating the average of the first order term of an 
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expansion of the exponential, while in calculating the self energy one of course 
also averages the first order term of the Dyson equation. It is noteworthy, 
though, that for the problem at hand, where the unitary limit of the interac- 
tion propagator is considered, it suffices fo perform fhis average exclusively 
over pairs of lime-reversed palhs — more complicafed palhs are evidenlly nol 
needed, in conlrasl lo Ihe expecfalions voiced by AAG and AAV [16, 17]. The 
latter expecfalions do apply, however, if one consideres forms of Ihe inleraclion 
propagalor ((D) more general lhan Ihe unilary limil of (8.4a) (i.e. nol pro- 

porlional lo [D^(cD)]“^). Then, Ihe Hikami conlribulion lo 7 ^®*^ = — Sq*^( 0) 
indeed does nol vanish; instead, by noting lhal for w = q = Ihe second line 
of Eq. (8.13) can always be written as 2Re [D^((D)] , we oblain 



^self 



- / (duj){dq) 



coth 



huj 



L2TJ 

277? 



-|- tanh 



h{e — uj) 



2T 



xIm[£j((D)] 



+ 0^ 



(8.15) 



which is Ihe form given by AAV [17]. 

6. Vertex contributions 

Eq. ( 8 . 10b) for has Ihe deficiency lhal ils frequency integral is infrared 
divergenl (for (D ^ 0) for Ihe quasi- 1 and 2-dimensional cases, as becomes 
explicil once ils q-inlegral has been performed [as in Eq. (8.11)]. This problem 
is often deall wilh by arguing lhal small- frequency environmenlal fluclualions 
lhal are slower lhan Ihe typical time scale of Ihe diffusive Irajeclories are, from 
Ihe poinl of view of Ihe diffusing eleclron, indisluingishable from a sialic field 
and hence cannol conlribule lo decoherence. Thus, a low-frequency cutoff 7 ,^ 
is inserted by hand into Eqs. (8.10) [i.e. Jq did did], and determined 

selfconsislenlly. This procedure was motivated in quite some delail by AAG in 
Ref. [16], and also adopted by GZ in Ref. [2] [see Eq. (8.11) above]. However, 
as emphasized by GZ in a subsequenl paper [3], il has Ihe serious drawback lhal 
il does nol necessarily reproduce Ihe correcl functional form for Ihe Cooperon 
in Ihe time domain; e.g., in d = 1 dimensions, Ihe Cooperon is known [9] to 
decay as , i.e. wilh a nonlrivial power in Ihe exponenl, whereas a 

“Cooperon mass” would simply give 

A cheap fix for Ibis problem would be to lake Ihe above idea of a self- 
consislenl infrared cutoff one step furlher, arguing lhal Ihe Cooperon will decay 
as where 7 ^®^^(r) is a time-dependent decoherence rate, whose lime- 

dependence enters via a lime-dependenl infrared cutoff. Concretely, using 
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Eqs. (8.14) and (8.10), one would write 






f jdq) 1 

J hu [DcpY + 



+ sE s tanh 
s=± 



h{e — suj) 



2T 



(8.16) 



It is straightforward to cheek [using steps analogous to those used below to 
obtain Eq. (8.18)] that in d = 1 dimensions, the leading long-time depen- 
dence is oc so that this cheap fix does indeed produce the desired 

g-a(T/r.p)3/2 

The merits of this admittedly rather ad hoc cheap fix can be checked by doing 
a beffer calculafion: If is well-known fhaf fhe proper way fo cure fhe infrared 
problems is fo include “vertex confribufions”, having inferacfions verfices on 
opposife confours. In facl, fhe original calculafion of AAK [9] in effecf did 
jusf fhaf. Likewise, alfhough GZ neglected vertex confribufions in [2], fhey 
subsequenfly included fhem in [3], exploiting fhe facl fhaf in fhe influence 
funclional approach Ibis is as slraighlforward as calculating fhe self-energy 
terms: one simply has fo include fhe confribufions fo {iSji/Si)^ of fhe vertex 
function in Eq. (8.7), loo. The leading conlribulion comes from fhe firsl 

term in Eq. (8.9b), fo be called which gives a conlribulion 

identical fo {iSr / bul multiplied by an exlra factor of — 
under fhe integral. Thus, if we collecl all confribufions fo Eq. (8.7) fhaf have been 
lermed “leading”, our final resull for fhe averaged effeclive action is + 

= Fj{r). with 








tvjj 



-|- tanh 



h{e — u)) 
2T 



[ {dq) 1 

J hu (Dq'^)'^ + 




sin(u;r) 

d)r 



(8.17) 



This is our main resull: an expression for fhe decoherence funclion Tj(r) 
fhaf is bolh ullraviolel and infrared convergenl, due to fhe (coth -|- tanh) and 
(1 — sin) -combinations, respectively, as will be checked below. Comparing 
this to Eqs. (8.16), we note that Tj(r) has precisely the same form as 'r7^®*^(r), 
except that the infrared cutoff now occurs in the f (did) integrals through the 
(1 — sin) combination. Thus, the result of including vertex contributions fully 
confirms the validity of using the cheap fix replacement /gidoj) f^^^(du)), 
the only difference being that the cutoff function is smooth instead of sharp 
(which will somewhat change the numerical prefactor of Tip). 

It turns out to be possible to also obtain Eq. (8.17) [and in addition a// the 
“subleading” terms of Eq. (8.7)] by purely diagrammatic means: to this end. 
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one has to set up and solve a Bethe-Salpeter equation. This is a Dyson-type 
equation, but with interaction lines transferring energies between the upper 
and lower contours, so that a more general Cooperon Cq(Di, D2), with three 
frequency variables, is needed. Such an analysis will be published elsewhere 
[19]. 

To wrap up our rederivation of standard results, let us perform the integrals 
in Eq. (8.17) for Fgfr) for the quasi- 1 -dimensional case d = 1. The J {dq)- 
integral yields \J D {aih). To do the frequency integral, we note that 

since the (coth -|- tanh)-combination constrains the relevant frequencies to be 
|/id)| ~T, the integral is dominated by the small-frequency limit of the inte- 
grand, in which coth(/id)/2T) ~ ‘IT jhw, whereas tanh, making a subleading 
contribution, can be neglected. The frequency integral then readily yields 



4 Trin ^ _4_ 



(8.18) 



so that we correctly obtain the known decay for the Cooperon. Here 

gg{T) = represents the dimensionless conductance, which is 

» 1 for good conductors. The second equality in Eq. (8.18) defines T^p, where 
we have exploited the fact that the dependence of Fi on r is a simple 
power law, which we made dimensionless by introducing the decoherence time 
Tp,. [Eollowing A AG [16], we purposefully arranged numerical prefactors such 
that none occur in the final Eq. (8. 19) for below.] Selling r = in Eq. (8.18) 
we obfain Ihe self-consislency relalion and solulion (cf. Eq. (2.38a) of AAG, 
[16]): 



- --(SrT “■ 

The second relalion is Ihe celebrated resull of AAK, which diverges for T 
0. This completes our recalculation of 7^^^ using GZ’s influence functional 
approach. 

Eq. (8.18) can be used lo calculate Ihe magneloconduclance for d = 1 via 

^Drude roo 

dr G°=o(r) • (8.20) 

(Here, of course, we have lo use 7/^ / 0 in C'°^q(t). Comparing Ihe resull 
lo AAK’s resull for Ihe magneloconduclance (fealuring an Ai’ function for 
d = 1), one finds qualilalively correcl behavior, bul deviations of up lo 20% for 
small magnetic fields H. The reason is lhal our calculation was nol sufficienlly 
accurate lo oblain Ihe correcl numerical prefaclor in Eq. (8.18). [GZ did nol 
allempl lo calculate il accurately, eilher]. Il lurns oul [19] lhal if Ihe averaging 
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over random walks of Eq. ( 8 . 6 ) is done more aeeurately, following Marquardt’s 
suggestion of ensuring that the random walks are self-returning, the prefaetor 
ehanges in sueh a way that the magnetoconduetanee agrees with that of AAK 
to within an error of at most 4%. Another improvement that oceurs for this 
more aeeurate ealeulation is that the results are well-behaved also for finite 7 //, 
which is not the case for our present Eq. (8.10a): for 7 // f 0, the real part of 
the square brackets contains a term proportional to which contains an 

infrared divergence as q ^ 0. This problem disappears if the averaging over 
paths is performed more accurately [19]. 

7. Discussion and summary 

We have shown [in Apps. B to D, as summarized in App. A] that GZ’s 
influence functional approach to interacting fermions is sound in principle, 
and that standard results from Keldysh diagrammatic perturbation theory can 
be extracted from it, such as the Eeynman rules, the first order terms of a 
perturbation expansion in the interaction, and the Cooperon self energy. 

Having established the equivalence between the two aproaches in general 
terms, we were able to identify precisely why GZ’s treatment of the Pauli factor 
((f — 2fp) occuring Sr was problematic: representing it in the time domain as 
tanh[fio(f)/2T], they assumed it not to change during diffusive motion along 
time -reversed paths. However, they thereby neglected the physics of recoil, i.e. 
energy changes of the diffusing electrons by emission or absorption of photons. 
As a result, GZ’s calculation yielded the result = 0. The ultraviolet 

divergence in (5p^)rw> which in diagrammatic approaches is cancelled by terms 
involving a tanh function, was thus left uncancelled, and instead was cut off at 
(D ~ I/tei, leading to the conclusion that 7 ^^(T ^ 0 ) is finite. 

In this paper, we have shown that the physics of recoil can be included 
very simply by passing from the time to the frequency representation, in which 
(S — 2p^) is represented by tanh[(i(e — u))/2T]. Then {iSR)rvi is found not to 
equal to zero; instead, it cancels the ultraviolet divergence of (5/)rw, so that the 
total rate 7 ^ = 7 ^ + 7 <^ reproduces the classical result 7 ,^^^, which goes to zero 
for T ^ 0. Interestingly, to obtain this result it was sufficient to average only 
over pairs of time-reversed paths; more complicated paths, such as represented 
by Hikami terms, are evidently not needed. (However, this simplification is 
somewhat fortuitous, since it occurs only when considering the unitary limit of 
the interaction propagator; for more general forms of the latter, the contribution 
of Hikami terms is essential, as emphasized by [16, 17].) 

The fact that the standard result for can be reproduced from the influence 
functional approach is satisfying, since this approach is appealingly clear and 
simple, not only conceptually, but also for calculating Indeed, once the form 
of the influence functional ( 8 . 2 ) has been properly derived (wherein lies the hard 
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work), the calculation of {ISr + 5/)rw requires little more than knowledge of 
the distribution function for a random walk and can be presented in just a few 
lines [Sec.4]; indeed, the algebra needed for the key steps [evaluating Eq. (8.7) 
to get the first terms of (8.10), then finding (8.10) and (8.17)] involves Jusf a 
couple of pages. 

We expecf fhaf fhe approach should be similarly useful for fhe calculafion of 
ofher physical quanfifies governed by fhe long-time, low-frequency behavior of 
fhe Cooperon, provided fhaf one can esfablish unambiguously fhaf if suffices fo 
include fhe confribufions of fime-reversed pafhs only — because Hikami-like 
ferms, fhough derivable from fhe influence functional approach too, can nof 
easily be evaluafed in if; for fhe laffer fask, diagrammafic impurify averaging 
still seems fo be fhe only reliable fool. 
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Appendix 

Without dwelling on details of derivations, we outline in this appendix how the influence 
functional presented in Sec. 2 is derived. (A similar summary is contained in [14, 23]; however, 
it is incomplete, in that we have introduced important improvements since.) Before we start, let 
us point out the two main differences between our formulation and that of GZ: 

(i) GZ formulated the Cooperon propagator in terms of a coordinate-momentum path integral 
f ®R/ T>P, in which (<5 — 2p°) is represented as [1 — 2no{ho)] = tanh(ho/2T), where the 
free-electron energy ho{R{ta), Pfa)) depends on position and momentum. This formulation 
makes it difficult to treat the Pauli factor with sufficient accuracy to include recoil. In contrast, we 
achieve the latter by using a coordinates-only version f P'R, in which exact relations between 
noninteracting Green’s functions make an accurate treatment of the Pauli factor possible, upon 
Fourier-transforming the effective action to the frequency domain. 

(ii) GZ effectively performed thermal weighting at an initial time to that is not sent to — oo, but 
(in the notation of the main text) is set to to = — t/2; with the latter choice, it is impossible 
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to correctly reproduce the first (or higher) order terms of a perturbation expansion. GZ’s claim 
[3] that they have reproduced these is incorrect (see end of App. C.3), since their time integrals 
have — r/2 as the lower limit, whereas in the Keldysh approach they run from — oo to +oo. We 
have found that with some (but not much) extra effort it is possible to properly take the limit 
to — > — oo, to correctly recover the first order perturbation terms [App. C.3] and to express the 
conductivity in a form containing thermal weighting in the energy domain explicitly in the form 
of a factor f {de)[—n'o{he)]P^ , where P^ is an energy-dependent path integral, obtained by 
suitable Fourier transformation [App. B.6.3 and C.4]. 



1. Outline of derivation of influence functional 

We consider a disordered system of interacting fermions, with Hamiltonian H = Ho -\- He 

12o = y dx i^\x)ho{x)tp{x) , (8.A.1) 

Hi = ^Jdxidx2 :np\xi)ip{xi): Vlf ■p\x2)i>{x2)- 

Here f dx = f dr, and ' 4 >(x) = 'tl>{r,a) is the electron field operator for creating a spin-cr 
electron at position r , with the following expansion in terms of the exact eigenfunctions 'tpx (x) 
offeo(*) = ^V? + l^„p(r)-/r: 

'4){x) = '^'4 j\{x)c\, [/io(*) - CaIV^aI®) = 0. (8.A.2) 



The interaction potential Vi“' = — r2|) acts between the normal-ordered densities at 

ri and T2- The Kubo formula for the DC conductivity of a d-dimensional conductor gives 



(tdc = —Re 






lim — > / dX2jll' • j22'^ll',22(wo) 

dujo ^ ' ' 



Jll',22'{^o) — / dt-\_2e^^^^^^9{t-\_2)C[ii/^22'] , 



(8.A.3) 



C[ll',22'l = ^{[i’Htl,Xe)i){tl,Xl),i!^{t2,X2')'lp{t2,X2)])H, 

where j 1 1 / = (Vi— Vi')anda uniform applied electric field i5 (tuo ) was represented using 

uniform, time-dependent vector potential, E{u>o) = iu}oA{u>o)- A path integral representation 
for (7[i 1/^22'] can be derived using the following strategy, adapted from GZ’s Ref. [2]: (1) 
introduce a source term into the Hamiltonian, in which an artificial source field V2'2 couples to 
(t2, X2')ip{t2, X2), and write C’[n/^22'i as the linear response to the source field V22' of the 
single-particle density matrix pui = {ti, Xil)'ip(ti, xi)) h ■ (2) Decouple the interaction 
using a Hubbard-Stratonovitch transformation, thereby introducing a functional integral over 
real scalar fields Vf/b, the so-called “interaction fields”, defined on the forward and backward 
Keldysh contours, respectively; these then constitute a dynamic, dissipative environment with 
which the electrons interact. (3) Derive an equation of motion for pY^i , the single-particle density 
matrix for a given, fixed configuration of the fields Vf/b, and linearize it in V2'2, to obtain an 
equation of motion for the linear response SpYii{t) to the source field. (4) Formally integrate 
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this equation of motion by introducing a path integral f T>' (R) over the coordinates of the single 
degree of freedom associated with the single-particle density matrix Spf,. (5) Use the RPA- 
approximation to bring the effective action Sv that governs the dynamics of the fields Vp/s into 
a quadratic form. (6) Neglect the effect of the interaction on the single-particle density matrix 
whereever it occurs in the exponents occuring under the path integral f T>' R, i.e. replace 
there by the free single-particle density matrix 

pI = {ip\xj)f{xi))o = , (8.A.4) 

A 



where thermal averaging is performed using {O)o = Tre[“^^“6]/Tr[e“^^°]. (7) Perform the 
functional integral (which steps (5) and (6) have rendered Gaussian) over the fields Vp/p', the 
environment is thereby integrated out, and its effects on the dynamics of the single particle are 
encoded in an influence functional of the form The final result of this strategy is 

that j 22 ' ■ dll' C[ii'^ 22 '] can be written as [cf. (11.49)] 



fdx2j22' • dii'C[ii',22'] — [dxQp^Q^ pQ^Q^j^ h T> (R) (8.A.5) 

J J J Op-J Og 



^ h 



where ji T>'[R) is used as a shorthand for the following forward and backward path integral 
between the specified initial and final coordinates and times: 



^ V\R) ...= [ ‘ 77'i^^(^3p) 

JjF JjB 7RF(tf)=rf 



/' 






(8.A.6) 



The complex weighting functional ^ occuring therein involves the action for a single, 

free electron. Expression (8.A.5) has a simple interpretation: thermal averaging with /5 qq at time 
fo (for which we take the limit ^ — oo) is followed by propagation in the presence of interactions 
(described by e~ 1 ) from time to up to time t\, with insertions of current vertices j {t 2 ^ ) 
at time t 2 on either the upper or lower Keldysh contour. 

For the purpose of calculating the Cooperon propagator, we now make the following approxi- 
mation in Eq. (8.A.5) [referred to as “approximation (ii)” in App. B] : For the first or second terms, 
for which the current vertex occurs at time t 2 ^ on contour d — F oi B respectively, we neglect 
all interaction vertices that occur on the same contour a at earlier times f 3 _ or f 4 - £ [fo, f 2 ^]; 
however, for the opposite contour containing no current vertex, we include interaction vertices 
fora//times£ [fo, fi], withfo ^ oo. [This turns out to be essential to obtain, after Fourier trans- 
forming, the proper thermal weighting factor [—n'o(he)\ occuring in Eq. (8.0), see App. C.3.] 
The rationale for this approximation is that, in diagrammatic language, this approximation re- 
tains only those diagrams for which both current vertices d' 22 ' and jip are always sandwiched 
between a G^- and a G“^-function; these are the ones relevant for the Cooperon. The contribu- 
tions thereby neglected correspond to the so-called “interaction corrections”. [If one so chooses, 
they latter can be kept track of, though.] 

This approximation (ii) is much weaker than the one used by GZ at a similar point in their cal- 
culation: to simplify the thermal weighting factor describing the initial distribution of electrons. 
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namely to obtain the explicit factor po in Eq. (49) of [2], they set to — > t 2 (their t' corresponds to 
our t 2 ), and thereby perform thermal weighting at time t 2 , instead of at — oo. As a consequence, 
in their analysis all time integrals have t 2 as lower limit, which means that (contrary to their 
claims in [3]) they did not correctly reproduce the Keldysh first order perturbation expansion for 
C[ii', 22 '] , in which all time integrals run to — oo. A detailed discussion of this matter is given in 
App. B.3. [Contrary to our initial expectations, but in agreement with those of GZ, it turns out, 
though, that the choice of to does not to have any implications for the calculation of r^p, which 
does not to depend on whether one chooses to ~ t 2 or sends it to — oo.] 

Having made the above approximation (ii), the effective action {iSr + Si) occuring in 
Eq. (8. A. 5) is found to have the following form (we use the notation iSu/Si to write two 
equations with similar structure in one line, and upper or lower terms in curly brackets refer to 
the first or second case): 



[iSr/ S i]{ti,to) = ( dto f dt4,{iL^ /U)3^A^, , 

"'*0 -'to 



(8.A.7) 



=-\i 034 4^3^ I 

034 I I hn3s , (8.A.8b) 

(iL«/L^)3^4B = 034 4^3^ I I , (8.A.80 

hB4B J 

(iL^IL^)3B4B = ±1* 034 LtBSB ^3b3b I I • (8-A.8d) 

I <54^4b j 



Here (5 k = - n) and (fia - < (^ia ) ~ rf (tj^,)) 

are the standard retarded, advanced and Keldysh interaction propagators. Eor each occurrence 
in Eqs. (8. A. 8) of a pair of indices, one without bar, one with, e.g. 4a and 4a, the corresponding 
coordinates rf and r£ are both associated with the jame time f 4 , and integrated over, f dr^dr^, 
in the path integral f D'{R). (This somewhat unusual aspect of the “coordinates-only” path 
integral used in our approach is discussed in explicit detail in App. D; it is needed to account for 
the fact that the density-matrix p® is non-local in space, and arises upon explicitly performing 
the f DP momentum path integral in GZ’s formulation.) The Su functions on the right hand 
side of Eqs. (8.A.8) will kill one of these double coordinate integrations at time ti. 

Eqs. (8.A.7) and (8.A.8) are the main result of our rederivation of the influence functional 
approach. They are identical in structure (including signs and prefactors) to the corresponding 
expressions derived by GZ (Eqs. (68) and (69) of [2]), as can be verified by using the relations 



2 A 

C -ttij 



e^iij = e^iji = 



(8.A.9) 



to relate our interaction propagators Cij to the functions Rij and Lj used by GZ. However, 
whereas Eqs. (68) and (69) of [2] are written in a mixed coordinate-momentum representation 
in which it is difficult to treat the Pauli factors ((5 — 2p°) sufficiently accurately, our expressions 
(8.A.8) are formulated in a coordinates-only version. Formally, the two representations are fully 
equivalent. The key advantage of the latter, though, is that passing to a coordinate-frequency 
representation (which can be done before disorder averaging, allows us to sort out the fate of 
((5 — 2p°), as discussed in Sec. 3 [and extensively in App. B.6.3]. 
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Figure 8. A. 1. First order contributions to the irreducible self energy of the Cooperon, illustrating 
Eqs. (8. A. 10). The arrows associated with each factor Gij or Cij in Eqs. (8. A. 10) are drawn to 
point from the second index to the first (j to t). Eilled double dots denote the occurence of a factor 
(5 — 2p)4p4p on the upper contour or (5 — 2p)4^4^ on the lower contour. Bars on filled dots 
are used to indicate the barred indices to which the interaction lines is connected. Both filled and 
open single dots indicate a delta function 5; the open dots stand for delta functions that have been 
inserted to exhaust dummy integrations, as discussed after Eqs. (8.A.8). The diagrams in (b) and 
(c) coincide precisely with the those obtained by standard Keldysh diagrammatic perturbation 
theory for the Cooperon self energy, as depicted, e.g., in Eig. 2 of Ref. [17]. (There, impurity 
lines needed for impurity averaging are also depicted; the present figure, impurity averaging has 
not yet been performed.) 



Erom the formalism outlined above, it is possible to recover the standard results of diagram- 
matic Keldysh perturbation theory, before disorder averaging, by expanding the path integral 
(8.A.5) in powers of the effective action {iSn + Sj). Eor example, using Eqs. (8. A. 8) [and being 
sufficiently careful with signs, see App. B.6.1) one readily obtains the following expressions for 
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Cooperon self energy = X^oo' ^aa'^ summarized diagrammatically in Fig. 8.A.1: 

, (8,A.10a) 

(8,A.10b) 

^ '' 4b3b ^ 

(f^FB)YT = -y (8.A.10O 

\ / 4b3b ^ 

= -y • (8.A.10d) 

' 4 4b3b ^ 

To obtain this, we exploited the fact that every vertex occuring in the effective action is sandwid- 
ched between retarded propagators if it sits on the upper contour, and advanced ones on the lower 
contour. The Keldysh functions arise from using some exact identities, valid (before impurity 
averaging) in the coordinate-time representation: depending on whether a vertex at time 141 sits 
on the forward (time-ordered) or backward (anti-time-ordered) contour (a' — F/B), the factor 
(5 — 2fP)C^^^ occuring in L^^, is sandwidched as follows (on the left hand sides below, a 
coordinate integration J dx 4 ^, over the un-barred variable at vertex 4 is implied): 

[G«4B(5-2p°)4B4p]4\Gf^.B ^ G,>4B(e-^)4\(c^)Gf^.B(£)’ (8.A.lla) 

G^jB^ys [(5 - 2 p °) 4 b 4 b G^b^b] ^ -G,^B4B(e)^43(‘^)GfBrB(e-^) (S.A.llb) 

The left- and right-hand sides are written in the time and frequency domains, respectively. To 
obtain Keldysh functions from the left-hand side expressions, we exploit the fact that the upper 
or lower contours are time- or anti-time-ordered to add an extra —G^^^ = 0, and then exploited 
Eqs. (8.5a) to obtain a factor ±G^. 



3. Thermal averaging 



It remains to figure out how the thermal weighting in the first line of Fig. 8.0 can be derived 
from our general path integral expression Eq. (8.A.5). This is a standard, if nontrivial, excercise 
in Eourier transformation, carried out (along the lines of a similar analysis by AAK [9]) in 
App. B.6.4 and C.4. The result is an equation for the conductivity similar to Eq. (8.A.5), but 
with a more complicated path integral, given by 



/ OO P POO 

dri2 / / dfi2e 

-00 J J —00 



,^'ri2(e— pl2 



Here the notation P34 is used as a shorthand for the general double path integral 



Pli = 012 



n B / J.B \ B D B / J.B \ B 

(-R. )— (^3 )— ^3 



pH. )=r^ ^ 

jRp'(t^)=r^ Jr 



Rp'(t^)=r^ jR^{tf)=rf 



V'{R) e-bSR+Srl/" 



(8.A.12) 



(8.A.13) 



ranging from time to ff on the forward contour (to be called “forward piece”) and from to 



ts on the backward contour (to be called ' 
in Eq. (8. A. 12) are defined as follows: 



‘backward piece”), and the time integration variables 



ri 2 = I [(if - t^) + {ti - ff )] , Ti 2 = i [(if + f 2 "’) - (ti + if)] , 



ri2 = (ff -ff) - {tf -tf) 



(8.A.14) 
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[The notation for ’®(ti 2) takes it to be understood that the indices ( 12 ', 21 ') refer only to 
position coordinates, whereas the time arguments tf , 1 ^ , tf are as indicated in Eq. ( 8 .A. 13 ), 

and are converted to ri2, ti 2 and ri2 via Eq. ( 8 .A. 14 ).] 

We need to consider only in the limit r2 ^ ri, since the Cooperon contribution 

to it decays as 7 *ci^ where la is the elastic scattering length. The purpose of the time 

integrals in Eq. ( 8 .A. 12 ) is to project out from the general path integral P34, defined in the 
position-time domain, an object depending in an appropriate way on the energy e occuring in the 
thermal weighting factor: The f dri2 integral fixes the average energy of the upper and lower 
electron lines (in diagrammatic language) to be e — w/2 [where ri2 is the length difference 
between the forward and backward pieces of the contour]. The f (doj) integral averages over 
all possible frequency differences o 3 between the upper and lower electron lines, as is necessary 
when vertex terms are present that transfer energy between them. And finally, the f dri2 integral 
projects out the n 2 -dependence of P43 [where ri2 is the difference between the midpoints of 
the forward and backward pieces of the contour]. The only remaining time variable, ri2, is the 
average of the lengths of the forward and backward pieces, and can be viewed as the “observation 
time” as a function of which P^^, ’^(ti 2) will decay. P^^, ’^(ri2) will contain a contribution 
resulting from time-reversed paths that corresponds to the full Cooperon in the position-time 
representation, Cp=o(Ti2). The time scale on which it decays is the desired decoherence time 

Now, to properly and dutifully perform the integrals in Eq. ( 8 .A. 12 ) would be an unfeasibly 
complicated task in the path integral approach. (Diagrammatically, too, this is difficult, as will 
be discussed in [ 19 ].) To avoid these complications, we shall use a rather rough but effective 
shortcut [used by GZ too, but not explicitly discussed as such, since they chose not to discuss 
thermal averaging as explicitly as in Eqs. ( 8 . 0 )]: to extract from iji' object depending only 
on the time ri2, we simply set ri2 = 0, ri2 = 0 and ui — 0, instead of integrating them out, 
assuming that this will not too strongly affect the resulting ri 2 -dependence of P.43 ’*(''"12)- (The 
merits of this approximation will be discussed in more detail elsewhere [ 19 ].) Thus, we set 
ti = ts = T j2 and t2 ~ 1 4 = — t/2, which implies that the observation time is ri2 = t. 
The result is that we ^^43 ’^(t" 12) by the object P^^, (.3(1") defined in Eq. ( 8 . 1 ). When doing so, 
we should choose the energy variable he occuring in the tanh[fi(e — tu)/2T]-factor of Sr to 
be the same as that occuring in the thermal weighting factor [— no(fte)]. In diagrammatic terms 
this approximation is rather natural: it corresponds to fixing the average energy of the upper and 
lower electron lines to be e. 
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Abstract With the growing efforts in isolating solid-state qubits from external decoherence 
sources, the material-inherent sources of noise start to play crucial role. One rep- 
resentative example is electron traps in the device material or substrate. Electrons 
can tunnel or hop between a charged and an empty trap, or between a trap and 
a gate electrode. A single trap typically produces telegraph noise and can hence 
be modeled as a bistable fluctuator. Since the distribution of hopping rates is ex- 
ponentially broad, many traps produce flicker-noise with spectrum close to 1//. 
Here we develop a theory of decoherence of a quhit in the environment consisting 
of two-state fluctuators, which experience transitions between their states induced 
by interaction with thermal bath. Due to interaction with the qubit the fluctuators 
produce l//-noise in the quhit’s eigenfrequency. We calculate the results of 
qubit manipulations - free induction and echo signals - in such environment. The 
main problem is that in many important cases the relevant random process is both 
non-Markovian and non-Gaussian. Consequently the results in general cannot be 
represented by pair correlation function of the qubit eigenfrequency fluctuations. 
Our calculations are based on analysis of the density matrix of the quhit using 
methods developed for stochastic differential equations. The proper generating 
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functional is then averaged over different fluctuators using the so-called Holts- 
mark procedure. The analytical results are compared with simulations allowing 
checking accuracy of the averaging procedure and evaluating mesoscopic fluc- 
tuations. The results allow understanding some observed features of the echo 
decay in Josephson qubits. 

Keywords: Qubits, Decoherence, l//-noise 



1. Introduction and model 

The dynamics of quantum two-level systems has recently attracted special 
attention in connection with ideas of quantum computation. A crucial require- 
ment is to the phase coherence in the presence of noisy environment [1]. Solid 
state devices have many advantages for realization of quantum computation 
that has been confirmed by several successful experiments, for a review see, 
e. g.. Ref. [2] and references therein. In solid-state realizations of quantum 
bits (qubits) the major intrinsic noise is due to material-specific flucfuafions 
(subsfrafe, efc). Concrefe mechanisms of fhese flucfuafions depend upon fhe 
realization. In parficular, in fhe case of charge qubifs fhe background charge 
flucfuafions wifh 1// specfrum are considered as mosf imporfanf [2]. They 
are usually affribufed fo random motion of charges eifher befween localized 
impurity sfafes, or befween localized impurify sfafes and mefallic elecfrodes. 

The convenfional way fo allow for fhe noisy environmenf is fo describe 
if as a sef of harmonics oscillafors wifh a cerfain frequency specfrum. The 
resulting “spin-boson models” were extensively discussed in fhe liferafure, see 
for a review Refs. [3] and [4]. Applicafions of fhese models fo concrefe qubif 
implemenfafions have been recenfly reviewed by Shnirman et al. in Ref. [5]. 



1.1 Spin-boson model 

Convenfionally, fhe quanfum system which we will call fhe qubif is assumed 
fo be coupled linearly fo an oscillator bafh wifh inferacfion Hamiltonian 

n = a,X, X = Y,Cj {bj + S]) . (9.1) 

j 

Here a*, i = x,y, z, are fhe Pauli mafrices describing fhe qubif, while bj and fej 
sfand for bosons. The decoherence is fhen expressed in terms of fhe symmefric 
correlation function 



Sx{co) 



X{t),X{0) 




2J{(jj) coth 



to 

W ’ 



(9.2) 



where J(tu) fhe bafh specfral density, J(tu) = (7| 8{uj — coj). Here and 

below we pul h = 1 and /cb = 1- In fhe simples! case fhe decoherence can be 
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characterized by [5] 

IC{t) = - In Tr (9.3) 



where pb is the density matrix of the thermal bath, and the bath phase operator 
is defined as 

i(f) = (h] - bj^ (9.4) 

j 



Tib being the bath Hamiltonian. The quantity /C(f) is conventionally expressed 
through the bath spectral density, J(te), as [3] 



JC{t) = - 

^ JO 



8 f^dujJ{uj) 






LVt 



LO 



sim — coth — - H — siiuvi 
2 2T 2 



(9.5) 



Themostpopular assumption about J(te), namely J(te) = {airuj /2 )Q{uJc—oj), 
is “Ohmic dissipation”. Here a is a dimensionless coupling strength, while 
0(x) is the Heaviside unit step function. 

Important features of this approach is that (i) the decoherence is determined 
solely by the pair correlation function Sx {^) that assumes the noise to be Gaus- 
sian; (ii) Sx{<jj) is related to the bath spectral density through the fluctuation- 
dissipation theorem, which assumes the system to be equilibrium. As long 
as these assumptions hold, the method provides powerful tools to analyze the 
decoherence. 

Several attempts, see Ref. [5] and references therein, were made to extend 
the spin-boson model to the so-called “sub-Ohmic” case, in particular, to the 
case of l//-noise where Sxi^-o) oc 

We believe that 1// noise is a typical nonequilibrium phenomenon. It is due 
to the fact that some excitations of the environment relax so slowly that cannot 
reach the equilibrium during the measuring time. As a result, the fluctuation- 
dissipation theorem cannot be applied. Moreover, 1 // noise is not a stationary 
Markov process. Indeed, it is created by the fluctuators with exponential broad 
distribution of the relaxation rates and thus is not fully characterized by its pair 
correlation function. 



1.2 Spin-fluctuator model 

Several attempts were made to study the role of non-Gaussian and non- 
Markovian nature of the 1 / /-noise for various examples of coherent quantum 
transport such as resonant tunneling [6], ballistic transport through a quantum 
point contact [7], Josephson effect [8], Andreev interferometer [9]. In connec- 
tion to qubits, a similar model has been recently studied by Paladino et al. [10]. 
In this paper dynamical charged traps were considered as two-level systems 
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(TLS) with exponentially-broad distribution of hopping rates, and the “free in- 
duetion signal” of a qubit was numerically analyzed for a narrow distribution 
of the coupling constants, Vi, between the traps and the qubit. Quantum aspects 
of non-Markovian kinetics were addressed in Ref. [11]. 

The aim of the present work is to revisit this problem. In the following we will 
consider a spin-fluctuator model, similar to that considered in Ref. [10], which 
takes into account both nonequilibrium and non-Markovian effects. Analysis 
of this model shows that nonequilibrium effects are important. In particular, 
we will address the role of the distribution of coupling constants Vi between 
the fluctuators and the qubit. The distribution of Vi is probably broad for most 
possible devices and realistic situations because the fluctuators are located at 
different distances from the qubit. We will show that a broad distribution of 
the coupling constants leads to significant modifications of the decoherence 
dynamics. 

The broad distribution of the coupling constants, makes the model, which 
we will consider, essentially similar to the conventional models of the spec- 
tral diffusion in glasses. The concept of spectral diffusion was introduced by 
Klauder and Anderson [12] as early as in 1962 for the problem of spin reso- 
nance. They considered spins resonant to the external microwave field (spins 
A) which generate echo signals, and surrounding non-resonant spins (spins B). 
Due to interaction between spins A and B, stochastic flip-flops of spins B lead 
to a random walk of A-spins frequencies. This random walk is referred to as 
the spectral diffusion. 

Black and Halperin [13] applied the concept of spectral diffusion to low- 
temperature physics of glasses. They used ideas of Ref. [12] to consider phonon 
echo and saturation of sound attenuation by two-level systems [14] in glasses. 
Important generalizations of these results were made by Hu and Walker [15], 
Mainard et al. [16] and Laikhtman [17]. 

Following these ideas, we assume that the qubit is a two-level system (TLS) 
surrounded by so-called fluctuators, which also are systems with two (meta)- 
stable states. One can imagine several realizations of two-level fluctuators. 
Consider, e. g., structural dynamic defects, which usually accompany really 
quenched disorder. These defects, if not charged, behave as elastic dipoles, 
i. e., they interact with the qubit via deformational potential. The interaction 
strength in this case depends on the distance, r, between the fluctuator and 
the qubit as r~^. Consequently, the distribution of the coupling constants is 
V{v) oc v~“^. Charge traps near the gates also produce dipole electric fields, 
see Fig. 9.1. In this case v = e^(a • r)/r^ oc r“^. Assuming that a r 
(otherwise charge would tunnel directly to the qubit and the device will not 
work) and integrating the fluctuators contributions along the 2D gate surface 
we again obtain V{v) oc v~“^. It is exactly the distribution of the coupling 
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Figure 9.1. Schematic sketch of the distribution of charged traps. They are located near the 
gate’s surface and produce oppositely charged images. 



constants in glasses, where two-level systems (TLS) interact via dipole-dipole 
interaction [13]. 

It is crucial that due to their interaction with the environment the fluctua- 
tors switch between their states. This switching makes the fields acting upon 
the qubit time-dependent. The decoherence is caused by the time-dependence 
of the random field - a sfafic field can only renormalize fhe qubif’s inferlevel 
spacing. The dynamics of fhe llucfuafors is relaxafional, so fhey are rafher 
“relaxafors” fhan oscillafors. The decoherence is fhus defermined by fhe fluc- 
fuafors relaxafion rafes, which should be compared fo fhe measuremenf time. 
At low temperatures the fluctuators are frozen in the ground states, and their 
dynamics is slow. Therefore, the fluctuators-induced decoherence significantly 
decreases with the temperature. 

The paper is organized as follows. In Sec. 1.3 we reformulate the model for 
spectral diffusion in glasses for the case of a qubit and consider a simplified 
version of fhe fheory. This approach is, sfricfly speaking, applicable only fo 
fhe flucfuafors wifh fhe small inferlevel spacings, E T, and fhe numerical 
factors fhaf follow from fhis approximation should nof be frusfed. However 
fhe resulfing qualifafive physical picfure is believed fo be correcf, because fhe 
flucfuafors wifh E > T are frozen in fheir ground sfafes, fhey fhus do nof 
flucfuafe and do nof confribufe fo fhe decoherence. The problem of a single 
neighboring flucfuafor is considered in Sec. 2 followed by fhe discussion of 
fhe averaging over fhe ensemble of flucfuafors in Sec. 3. In Sec. 5 we show 
fhaf differenf flucfuafors are responsible for fhe decoherence and for fhe flicker 
noise. Consequenfly, fhe decoherence cannof in general be expressed fhrough 
fhe pair correlafion function of random fields acting upon fhe qubif. 
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1.3 Detailed description 

A qubit coupled to the environment will be modeled by the Hamiltonian 

7Y = Hq + TYman + '^qF + '^F , (9-6) 

where Hq and Ti p describe the qubit and the lluctuators separately. A com- 
pletely isolated qubit is just a system that can be in one of two states and is 
characterized by the energies of these states and the tunneling probability be- 
tween them. Tiq can thus be written as the Hamiltonian of the qubit pseudospin 
in a static "magnetic field" B = {B^, Bz}, where Bz characterizes the splitting 
of the energies of the two states, and B^ is responsible for the tunneling. (Par- 
allel shift of the qubit energies is, of course, irrelevant). One can diagonalize 
such a Hamiltonian, by simply choosing the direction of the new z-axis to be 
parallel to B and write the rotated Hamiltonian Tiq as 

7iq = -^Baz. (9.7) 

Tip in turn can be diagonalized and split into three parts 

Tip = TL^P^ + Tfi^env + Bsny ■ (9.8) 

We model lluctuators by two-level tunneling systems, which Hamiltonians can 
also be diagonalized: 

= (9-9) 

i 

where the Pauli matrices correspond to f-th fluctuator. The spacing between 
the two levels, Ei is formed by the diagonal splitting, Aj, and the tunneling 
overlap integral. A* 

E, = + A| = Ai/ sin 9 , . (9. 10) 

To account for the flip-flops of Ihe fluclualors one needs lo include environ- 
menl. To be specific we model Ihe environmenl by a bosonic balh. This applies 
nol only lo phonons, bul also lo eleclron-hole pairs in conducling pari of Ihe 
system [18]. Neglecting Ihe interactions of Ihe fluclualors wilh Ihe environment 
that do not cause the flip-flops we specify the environment-related parts of the 
Hamiltonian as 



”^env — ^ ^ 

n 




(9.11) 


Wi^env = 

i 




(9.12) 
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where p represents the boson quantum numbers (wave vector, etc.), and 
are the constants of the coupling between the fluctuators and the bosons. 

It is crucial to specify the interaction, Tiqp, between the qubit and the fluc- 
tuators. Following Ref. [13], we assume that 

HqF = , Vi = g{ri)A{ni) cos 9i . (9.13) 

i 

Here 9i is determined by Eq. (9.10), n* is the direction of elastic or electric 
dipole moment of ith fluctuator, and r* is the distance between the qubit and 
ith fluctuator. The functions ^(rij) and g{ri) are not universal. 

Interaction between the fluctuators and the environment manifests itself 
through time-dependent random fields applied to the qubit. These low 
frequency, ut <^T, fields can thus be treated classically. Accordingly, one can 
substitute Tiqp by the interaction of the qubit pseudospin with a random, time- 
dependent magnetic field, X\ (t), which is formed by independent contributions 
of surrounding fluctuators: 

HqF = Xi{t)az, Xi{f) = '^Viii{f) , (9.14) 

i 

so that Vi, Eq. (9.13) determines the coupling strength of the i-th fluctuator 
with the qubit, while the random function ^i (t) characterizes the state of this 
fluctuator at each moment of time. Below we assume that fluctuator switching 
itself is an abrupt process that takes negligible time, and thus at any given t 
either ^j(t) = 0 or ^i{t) = 1. 

Note that we directed X\{f) along z-axis, i.e., neglected possible transitions 
between the qubit eigenstates induced by the random fields. This can be justified 
by the low frequency of these field. (Erom the practical point of view a qubit 
that switches frequently by the external noise does not make a decent device.) 

To manipulate the qubit one should be able to apply ac “magnetic field”, 
F(t). In general this field not only causes the transitions between the qubit 
eigenstates {Fx), but also modulates the qubit level spacing B in time {Ff). 
The latter effect is parasitic and should be reduced. Here we simply neglect this 
modulation and assume that F is parallel to the x-axis {Fx = F). Accordingly 

Wman — {l/2)F{t)-ax. (9.15) 

Eor the manipulation to be resonant, the frequency Q. of the external field F 
should be close to B. 

Combining Eqs. (9.7), (9.9), (9. 14), and (9. 15) we substitute the initial Hamil- 
tonian (9.6) by: 

^ = 2 [-^0 ■*“ . 



( 9 . 16 ) 
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Here Eq determines the original {t = 0) value of the eigenfrequeney of the 
qubit, while X (t) is the random modulation of this eigenfrequeney eaused by 
the flips of the fluetuators: 

Eo = B + Xi{0), X{t) = Xi{t)-XiiO). (9.17) 

We have not explieitly ineluded into the Hamiltonian (9.16) the interaction 
(9.11) of the fluetuators with phonons or electrons, which causes flips of the 
fluctuator. We account for these flips by introducing finite transition rates 
between the fluctuator’s states. The transition rates can be calculated in the 
second order of the perturbation theory for the fluctuator-phonon/electron in- 
teraction [19, 18]. As a result, the ratio, 7 ^/ 7 “, of the rates for the upper, 7 +, 
and the lower, 7 “, states in the equilibrium is determined by the energy spacing 
between these two states: = exp {Ei/T). Accordingly, these rates can 

be parameterized as 

-if = (l/ 2 ) 7 i (T, Ei) [1 ± tanh(.Ej/r)] sin^ Oi (9.18) 

where 9i is given by Eq. (9.10). 

The dependence of 70(77*) on 77* is determined by the concrete relaxation 
mechanism: for phonons [19] 7 o( 77 j) oc 77?, while for electrons [18] 7 o( 77 j) oc 
Ei. Note that the average value of ^*(7) depends only on 77* and T: 

+ 7 “) = [1 + exp {Ei/T)]~^ . (9.19) 

There can also be a direct interaction of the qubit with the bosonic bath. One 
can introduce the transition rate 7 q(T) due to this interaction in the same way 
as 7 *(r). 

Below we will often use a simplified version of the theory assuming that the 
only fluetuators that contribute to dephasing are those with 77* <C T. In this 
approximation 

7 f = (l/2)7o(T)sin2 0*, (9.20) 

7 o is thus the maximal fluctuator relaxation rate at a given temperature T. 
This assumption significantly simplifies the formulas and produces, as one can 
show [17, 20 ], correct order-of-magnitude results. 

The model formulated above differs from the spin-boson models by statistics 
of the random force X (t). It allows one to describe the qubit decoherence in a 
simple way without loosing track of the essential physical picture. 

1.4 Qubit manipulations 

We parameterize the qubit’s density matrix as 
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and commote it with the Hamiltonian, Eq. (9.16), using the resonanee approx- 
imation. (The frequeney, Q of the applied field F is assumed to be elose to the 
qubit eigenfrequeney, Eq.) Ineluding also the inherent qubit relaxation ( 7 ^) we 
obtain the following equations of motion: 



3ti 

- no) - F Re/, 



(9.22) 



dl 

dt 



= i[Eo + X{t) - 11] / - 7 ,/ + F (^n - 0 . (9.23) 

These equations have been obtained in Refs. [21, 22] for the problem of speetral 
diffusion in glasses, F in Eq. (9.16) playing the role of the Rabi frequeney of 
the resonant pair. 

The equation set (9.22) belongs to the elass of stochastic differential equa- 
tions. In the following we use the methods [23-29] developed for these equa- 
tions to study the qubit response to various types of the manipulation. 

Currently the experimentally observable signal is an aeeumulated result of 
numerous repetitions of the same sequenee of inputs (e. g., pulses of the external 
field). To be compared wifh sueh measuremenfs, solutions of Eq. (9.21) should 
be averaged over realizafions of fhe sfochasfie dynamies of fhe fluefuafors. 
Provided fhaf fhe lime infervals belween fhe sequenees of inpufs are mueh 
longer lhan fhe single-shof measuring lime we ean separate fhe averaging over 
fhe inilial slales of fhe fluefuafors, ( 0 ), from fhe averaging over Iheir sfochasfie 
dynamics, X{t). 

In fhe absence of fhe exlernal ae field n{t) should approach ils equilibrium 
value given by fhe Eermi function, uq^Eq) = [1 -|- exp(Fo/T)]~^, while fhe 
off-diagonal malrix elemenl of fhe density malrix should lend lo zero. If fhe 
exlernal ae field is swilched off al f = 0 Ihen fhe solulion of Eq. (9.21) has fhe 
form 



n{t) = no(Fo) -f [n( 0 ) - no{Eo)]e , 



(9.24) 

(9.25) 



We need lo average Ibis signal, known as fhe free induelion signal over bolh 
Eq and X{t). If fhe time t after fhe pulse is shorl enough, Ihen fhe fluefuafors 
remain in Iheir original slales and X (t) can be negleefed. Al f = 0 fhe syslem 
of fhe fluefuafors is supposed fo be in fhe equilibrium, and Ihus probability for 
= 1 is no{Ei). Subsliluling Eq from Eq. (9.17) we find fhaf exp[f (Fq — fl)t] 
averaged over fhe inilial realizalion equals lo 



^ [1 _ no(Ej) + no{Ej)e^^^^] 



(9.26) 



If follows from Eq. (9.26) fhaf fhe observed free induelion signal involves fhe 
oseillalions wifh frequeneies fhaf differ from F — by various eombinalions 
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of Vj. As a result, in the presence of a large number of the fluctuators the free 
inductance signal decays in time even when X (t) = 0, i. e. when the fluctuators 
do not switch during one experimental run. However, this decay has little to do 
with the decoherence due to irreversible processes. 

Much more informative for studies of genuine decoherence are echo experi- 
ments, when the system is subject to two (or three) short ac pulses with different 
durations t\ and T 2 , the time interval between them being ri 2 (or T 12 and ris, 
respectively). Considering echo, we assume that the external pulses are short 
enough for both relaxation and spectral diffusion during each of the pulses to be 
neglected. The echo decay is known to be proportional to the "phase-memory 
functional" [30] 







f5{t')X{t') dt' 




Here for 2-pulse echo t = 2 t\2 and 



m 



0 for f' < 0 , 

1 for 0 < < ti 2 , 

— 1 for ri 2 < t' . 



In the case of the 3-pulse echo one would put t = t \2 + tis and 






0 for t' <0 , 

1 for 0 < < ti 2 , 

0 for ri 2 < f' < ti 3 , 

— 1 for ri 3 < . 



(9.27) 



(9.28) 



(9.29) 



The functional (9.27) can be used to describe the decoherence of the free in- 
duction signal, substituting P{t') = In this case, however, one should 

understand A(f') as Yli rather than use Eq. (9.17). For the echo ex- 

periments t in Eq. (9.27) is chosen in such a way that the integral of /3{t') from 
zero to t vanishes. As a result, the time-independent part of X, i. e., dispersion 
of ^i(O) becomes irrelevant. Below we evaluate the phase-memory functional 
(9.27) for the free induction as well as for schemes of the measurement. 



2. Results for a single fluctuator 

2.1 Random telegraph noise 

The process, which is described by a random function, ^(f), that acquires 
only two values: either ^ = 0 or ^ = 1 is known as random telegraph process. 
In this section we assume that Ei ^ T and thus the two states of each fluc- 
tuator are statistically equivalent, i.e., the time-average value of ^{t) equals to 
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To evaluate the memory functional (9.27) we first introduce auxiliary random 
telegraph processes defined as 

z±{t) = ^ (9.30) 

where n{t\,t 2 ) is a random sequence of infegers describing number of ’flips" 
during fhe period so fhaf n{t,t) = 0. The facf fhaf z‘^{t) = 1 sub- 

sfanfially simplifies fhe calculafions. The ’flips" of a given llucfuafor induced 
by ifs inferacfion wifh fhe bosonic bafh should nof be correlafed wifh each 
ofher. Accordingly, n{ti,t 2 ) obeys fhe Poisson disfribufion, i. e., fhe probabil- 
ity, 'Pn{ti,t 2 )), thaf n{ti,t 2 ) = n equals fo 

rn{h,t 2 )) = , {n{h,t 2 )) = 7 |fi - f 2 | , (9.31) 

n! 

where 7 has a meaning of fhe average frequency of "flips". From Eqs. (9.31) 
and (9.30) if follows fhaf 

00 

{Z±{t)) = , 

n=0 

{z±ih)z±{t2)) = = fl>f2. 

If is convenienf fo describe differenf measuremenf schemes by making use 
of fhe generafing funcfionals 

'4^±[P,t] = (exp ^ f f3{t')z±{t')dt' \ , (9.32) 

\ L ^ 7o -l/ 2 ±(t) 

where is fhe same funcfion as in Eqs. (9.27), (9.28), and (9.29), while fhe 
consfanf v will lafer play fhe role of fhe qubif-flucfuafor coupling consfanf. To 
evaluafe fhe funcfionals (9.32) consider a sef of fhe correlation functions 

Mn{ti,t2, {Z±{ti)z±{t2) ' ' ' Z±{tn)) , tl > f2 > • • • > fn • 

If is convenienf fo use a recursive formula 

Mn{ti,t2, ...fn)= ■ ■ ■ fn) ■ (9.33) 

which follows direcfly from Eqs. (9.31) and (9.30). Combining Eq. (9.33) wifh 
fhe Taylor expansion of Eq. (9.32) we obfain an exacf infegral equafion for 

V’±(/3,f) = 1 ±«(t’/2) / 

Jo 

-(u^/4) [ dti [ dt2e~^^^^^~^^'^P{ti)P(t2)f[(5,t2] ■ (9.34) 
0 



0 
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One can evaluate second time-derivative of both sides of Eq. (9.34) and trans- 
form this integral equation into a second order differential equation [25] 



dt"^ 

with initial conditions 



-h 



27- 



d In /3(f) 
dt 



d'ip± 



V'±(0) = 1 , 



dil)± 



dt 



IV 



t=o 



= ±-/3(f = -0). 



(9.35) 



(9.36) 



2.2 



Generating functional 

In the limit Ei T the random functions (t) can be expressed through 
(f) or by z_ (f) with equal probabilities. Using Eq. (9.17) we thus can rewrite 
the memory functional (9.27) in terms of the functionals ip±, Eq. (9.32): 

V'lAi] = J (9.37) 



Erom Eqs. (9.37,9.35) follows the differential equation for r/)[/3, f]: 






-h 



dfi 

with initial conditions 



dln/3(f) . 

27 ^ - iv(5{t) 



dt 



d-ip± 

dt 



— iv^ip = 0 






t=o 



= i/3(-0)-. 



(9.38) 



(9.39) 



Below we use this equation to analyze decay of the free induction and echo 
signals. Note that Eq. (9.38) is the Ei/T 0 limit of equation derived in 
Ref. [25] for arbitrary Ei/T. 

Eor the free induction signal (5{t > 0) = 1 and /3(—0) = 0. Eor this /3- 
function Eq. (9.38) with initial conditions (9.39) yields the following phase 
memory functional 






= -7* 

4/r 



q=±lp=±l 



(9.40) 



where fi = 1 — (u/ 27 ) . This solution is the Ei/T 0 limit of the result 
obtained in Ref. [17]. At short times, 'yt <C 1, Eq. (9.40) can be approximated 
as 

, / , / smvt\ 

i’pmit) = 1 - 7 ( f . (9.41) 
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However fpm given by Eq. (9.40) does not describe the free induction decay, 
exp \iv Jq C(t') dt'] , even within our simplified model. We have to consider 



= exp 




4’+ + ^- 

2 



(9.42) 



rather than because the latter neglects the dispersion of Eq, (9.17), 

which is due to the term f.^(0). From Eqs. (9.35) and (9.36) it follows that 

cosh7^f + sinh7^f) . (9.43) 

This expression is the Ei/T 0 limit of the result obtained in Ref. [10]. 





Figure 9.2. Comparison of the phase 
memory function (1,1a) with the free in- 
duction signal (2,2a). v/2y = 5 (1,2), and 
0.5 (2,2a). Time is measured in units of 
( 27 -'). 



Figure 9.3. Two-pulse echo signal for 
v/2'y = 5 (1) and 0.8 (2). Time is mea- 
sured in units of ( 27 “^). 



Comparison of the free induction decay (9.43) with decay of the phase memory 
is presented in Fig. 9.2. This difference is especially important for the case of 
1 / /-noise, when many fluctuators contribute. 

The calculation of the echo decay can be done in a similar way. The results 
for 2- and 3-pulse echo are, respectively (cf. with Ref. [17]): 



3-27T12 



V’e2(2ri2) = I [(1 + ± 






V’e3('Tl2 + ns) = V^e2(2ri2) + - 



2|/i|7 

- COs2piTl2) (1 - g-27Ti2 _ 



(cos 2fi2Tl2 



(9.44) 



(9.45) 
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Here ri3 is the time between first and third pulse, + 1^2 = \/l — {v/2^Y. 
The funetion V'e2(2ri2) is shown in Fig. 9.3. Note that at n > 27 the time 
dependence of the echo signal shows steps similar to what was experimentally 
observed for the charge echo [2]. The expressions for the echo signal have a 
simple form at n 7. In particular, the expression for the two-pulse echo 
acquires the form 

^^62(2x12) = ([1 + (27/u) sinuTi2] • 

Consequently, the plateaus occur at vt \2 = /c7r/2 — arctan(27/u) and their 
heights exponentially decay with the number k. 

3. Summation over many fluctuators 

To average over a set of the fluctuators we assume that dynamics of different 
fluctuators are not correlated, i.e., = 0, unless i = j. Under this 

condition the generating functional is a product of the partial functionals, 
Hence, the generating functional can be presented as 

i 

Since logarithm of the product is a self-averaged quantity, at large number 
of fluctuators, M ^ 1, one can replace the sum by 

where ■ -)f denotes average over the fluctuators interlevel spacings Ei, their 
interaction strength, Vi, and tunneling parameters, sin^j. Furthermore, for 
AA » 1 one can employ the Holtsmark procedure [31], i. e., to replace {\mp)F 
by {ip — 1)f, assuming that each of ip^'^'> is close to 1. Thus, for large Af the 
approximate expression for IC{t) is 

IC{t) ~ (1 - ^P\t)) =M{1- iP{t))F • (9-47) 

i 

To evaluate /C (f) one has to specify the distributions of the parameters Ei, Vi, 
and 0i that characterize the fluctuators. Taking into account only the fluctuators 
with Ei < T we can write the number of fluctuators per unit volume as PqT. 
It is natural to assume that the density of states, PoisaT -independent constant 
as it is in structural glasses [14]. 

The conventional estimation of the distribution function of relaxation rates 
is based on the fact that the tunneling splitting A depends exponentially on 
the distance in real space between the positions of the two-state lluctuator (on 
the distance between the charge trap and the gate), as well as on the height 
of the barrier between the two states Assuming that parameters like distances 
and barrier heights are distributed uniformly, one concludes that A-distribution 
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is oc A Since 7 is parameterized according to Eq. (9.20), this implies 
V{6) = 1/ sin6<. As a result, cf. with Ref. [14], 

V{E,e) = Po/sine. (9.48) 

The coupling constants, Vi, determined by Eq. (9.13), contain cos 9i and thus 
are statistically correlated with It is convenient to introduce an uncorrelated 
random coupling parameter, Ui as 

Ui = g{ri)A{rii) , Vi = m cos 6i . (9.49) 



It is safe to assume that direction, n*, of a fluctuator is correlated neither 
with its distance from the qubit, r*, nor with the tunneling parameter 6i and thus 
to replace A(n) by its angle average, (|A(n)|)n. It is likely that the coupling 
decays as power of the distance, r: g{r) oc g/r^. If the fluctuators are located 
near a d-dimensional surface, then 



v{u,e) 




sin0 



u-d/b-i 




rp 



ImW 



(9.50) 



Here Ud is a dimensionless constant depending on the dimensionality d while 
rp is a typical distance between the fluctuators with Ei < T. In the following 
we will for simplicity assume that 



^min <C rr <C ^max ; 



(9.51) 



where (?'max) are distances between the qubit and the nearest (most remote) 

fluctuator. Under this condition g oc is the typical constant of the qubit - 
fluctuator coupling. As soon as the inequality (9.5 1) is violated the decoherence 
starts to depend explicitly on either r^ain or rmax> i- become sensitive to 
mesoscopic details of the device. This case will be analyzed elsewhere. In the 
following we assume that d = 6, as it is for charged traps located near the gate 
electrode, see Eig. 9.1. 

The dependences of the generating functional y)(/3, t\u, 7 ) on the coupling 
constants u and transition rates 7 of the fluctuators are determined by Eq. (9.27). 
Substituting equations (9.20) and (9.49) into (9.27) and the result - into (9.47) 
one obtains K,{t) in the form: 

y I 1 - V’ [/?,i|^^cos0,7osin^ 0] I . (9.52) 

This expression allows one to calculate the dephasing rate in the case of many 
surrounding fluctuators for various qubit manipulations. 

To start with consider the phase memory functional with P{t') = i. e., 

free induction signal will ^i(O) = 0. At small times, t <C 7 (]'^, one can use 
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Eq. (9.41) for ippm{t)- The integration over u yields 

du 7T 2 -2/1 

/ ^ [1 - '^pm (^)] = T ^ 70 sm^ e . 

Jo u 4 

Performing the following integral over 6 one obtains KLpm oc 

It is slightly trickier to estimate ICpm{t) at large times, ygf 1. One 
can show that the decoherence in this limit is due to the fluctuators, which 
coupling with the qubit is atypically weak: rt ~ <C 7o- Asa result, in the 
leading in 1/ (yof) approximation V’pm(f) = cos ut/2. This asymptotics can be 
interpreted in the following way. At f I/70 a typical fluctuator had flipped 
many times and its contribution to the qubit phase, which is proportional to 

(/ (xt, 



and does not depend on 7 and, hence on 0. Therefore the integral over 9 in (9.52) 
diverges logarithmically. The proper cut-off is determined by the condition 
'yt ss 1, i. e., is the value of 0 = 6min{t), which allows approximately one flip 
during the time t. Using Eq. (9.20) we estimate 9min{t) as (70^)“^/^). This 
cut-off reflects the fact that the fluctuators with too low tunneling rates do not 
change their states during the measurement time t. 

The estimate for ICpm{t) can be then summarized as (cf. with Ref. [17]), 






7of^ for 7of <C 1 ; 
fln7of for 7of » 1 . 



(9.53) 



Now we can define the dephasing time Tip by the condition K,{Tip) = 1. Using 
Eq. (9.53), we get 

Tip = max ln"^(7o/7), (770)“^'^^} • (9.54) 

The echo decay can be calculated in a similar way, cf. with Ref. [17]: 



/Ce2(2ri2) ~ 7T • min{l,7oTi2} , (9.55) 

/Ce3(Ti2 + Tia) ~ 7ri2min{l,lnri3/ri2} . (9.56) 



The dephasing time for the two-pulse echo decay is then 

Tp = max| 7 "^ (770)“^'^^} • 



(9.57) 



Let us discuss the physical meaning of the results (9.53)-(9.57). If there is 
no flips of the fluctuators, then the contribution of a given fluctuator to the total 
phase gain during the observation time is ^(0) /q /J(t') dt' . During the time 
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interval t <C 7 q ^ each fluctuator can flip only once. If it flips at time t\ , the 
accumulated relative phase is ±2 P{t') dt' . To obtain the total phase gain 

one has to average over all possible moments of flips: 



\6p{t)\ ~ 70 / dti 



P{t') dt' 



Since v oc r~^, nearest neighbors are important, and typical value of v is rj. 
Thus we immediately obtain }C{t) ~ ry 7 of^. It can be shown [13] that in this 
case the random process is Markovian. Consequently in this case the situation 
can be characterized by a pair conditional probability K{E, t\EQ) to find the 
spacing E at time t under condition that at t = 0 it was Eq. It has the Lorentzian 
form, 



K{E,t\Eo) 



1 m 

7T {E-Eoy + r^t) ’ 



(9.58) 



where T(x) ~ Vlot- This time dependence can be easily understood in the 
following way. The nearest region of r, where at least one fluctuator flips during 
the time interval t gives the maximal contribution. The size of this region can 
be estimated from the condition PoTr^jot ^ 1 that yields r~^ ss PoTjot. 
The corresponding change in the qubit’s interlevel spacing is then given by the 
interaction strength at this distance, ?? 7 of. 

During a time interval t ^ a substantial contribution comes from the 
fluctuators with <C 7 “^ <C t, which experience many flip-flops. Since a 
fluctuator having .^ = 1 can flip only to the state with ^ = 0 the contributions of 
successive hops are not statistically independent. The density of most impor- 
tant fluctuators is of the order PfTr^ ln 7 of, and the substantial region of r is 
determined by the relation PfTr^ ln 7 of ~ 1. As a result T(t) ~ This 

dependence holds until t < 7 min> where 7 min is the minimal relaxation rate in 
the system. At f > 7 “;^^^ the quantity T {f) saturates at the value of the order of 
Too ~ 7 ln( 7 o/ 7 min)- The random process in this case is non-Markovian and 
cannot be fully characterized by the pair correlation function (9.58). 

The above estimates do not describe decay of the free induction signal due 
to beats between contributions of different fluctuators. For t <C 7 (]"^ this decay 
can be evaluated in the same way as influence of the static inhomogeneous 
broadening [12, 17]. Averaging Eq. (9.26) weget/Cy(f) = Toot. At large time, 
t 3 > 7 (]'^, one can assume that the probability to find a fluctuator in a given 
state is just the equilibrium one. Thus 



^fit) ^l-no + = 1 - no (l - . 



Averaging this solution over the hopping rates and positions of the fluctuators 
we arrive at the same result. Consequently, the free induction signal decays 
much more rapidly than the phase memory. 
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The important point is that at large observation time, t 3> there are 
optimal fluetuators responsible for deeoherenee. The distanee ropt(T), between 
the optimal fluetuators and the qubit is determined by the eondition 

^^(r-opt) ~ 7 o(r) . (9.59) 

If the coupling decays as 1/r^ and the fluetuators are distributed in a d-dimen- 
sional space, then dr V{v) oc From this one concludes 

that at d < b the decoherence is controlled by optimal fluetuators located at 
the distance ropt provided they exist. At d > b the decoherence at large time 
is determined by most remote fluetuators with v = Umin- If d < 6, but the 
closest fluctuator has Umax ^ 7o> then it is the quantity Umax that determines 
the decoherence. In both last cases /C(f) oc and one can apply the results 
of Ref. [10], substituting for u either Umin or Umax- Since Uopt depends on the 
temperature there can exist a specific mesoscopic behavior of the decoherence 
rate. A similar mesoscopic behavior of the decoherence has been discussed for 
a microwave-irradiated Andreev interferometer [9]. 

4. Simulations 

The procedure outlined above leaves several questions unanswered. First, 
how many experimental runs one needs to obtain the ensemble- averaged result 
for a single fluctuator? Second, when the contributions of several fluetuators 
can be described by averages over the fluetuators’ parameters? 

The second question is the most delicate. The situation with a qubit interact- 
ing with environment in fact differs from that of a resonant two-level system in 
spin or phonon echo experiments. In the first case the experiment is conducted 
using a single qubit surrounded by a set of fluetuators with fixed locations, 
while in the second case many resonant TLSs participate the absorption. Con- 
sequently, one can assume that each TLS has its own environment and calculate 
the properties averaged over positions and transition rates of the surrounding 
fluetuators. How many surrounding fluetuators one needs to replace the set of 
fluetuators with fixed locations (and transition rates) by an averaged fluctuating 
medium? 

4.1 One fluctuator 

To answer these questions we have made a series of simulations. First, using 
Eq. (9.27) we have calculated the two-pulse echo decay for a qubit with a single 
neighboring fluctuator. The random switching between the ^ = 0 and C = 1 
states of this fluctuator was modeled by the Poisson process with time constant 
7. The result of simulations for tt/27 = 5 are shown in Fig. 9.4. The left 
panel presents the average over 100 random runs, while the right one shows 
the average over 1000 runs. Ultimate averaging over infinite number of runs 
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would give the analytical result (9.44) shown by the curve 1 in Fig. 9.3. One 





Figure 9.4. Two-pulse echo decay (in logarithmic scale) for the case of a single neighboring 
fluctuator, u/2y = 5. The left panel corresponds to 100 realizations of the random switching 
process, while the right one corresponds to 1000 realizations. 

can see that averaging over 1000 runs is sufficient to reproduce the analytical 
result with good accuracy, in particular, to observe the characteristic plateau 
around. Note that the plateau is qualitatively similar to experimentally observed 
for the charge echo in Josephson qubits. [2] Note also that with only 100 runs 
made, the dispersion of the signal indicated by the error bars is huge. Therefore, 
experimentally one needs at least many hundred runs to obtain reliable averages. 

4.2 Check of the Holtsmark procedure 

To check the validity of the summation over different fluctuators using the 
Holtsmark procedure, we perform simulations for many fluctuators. The fluc- 
tuators are assumed to be uniformly distributed in space at distances smaller 
than some rmax- Then, the normalized distribution function of the coupling 
constants and relaxation rates, V{u, 9) can be specified as 

V{u,9) = (ffurain/u^) [sin 0 ln(tan 0min/2)]~^ (9.60) 

with u G {ttminjOo}, while 6 G {^min, tt/ 2}. Here small 6 correspond to 
slow fluctuators, 7 = 7o sin^ 6. The quantity rj (9.50) that characterizes the 
fluctuator density is given now as ry = / ln(tan6*min/2). 

The results of simulations for small times are shown in Fig. 9.5. For sim- 
plicity, in these simulations the transition rate was assumed to be the same, 
7 = 7 o, for all fluctuators. In order to check the analytical result (9.53) for 
the free induction signal, it is convenient to plot }C{t)/r]t versus 2'yt. One can 
see that the predicted asymptotic behavior works rather well for 7 ^ <C 1. By 
substituting (9.44) into (9.52) it can be easily shown that the two-pulse echo 
signal has a similar asymptotic for small t, K oc , only the coefficient is twice 
that for the free induction signal. This result is also perfectly reproduced by 
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the simulations, which justifies the use of the Holtsmark procedure for <C 1, 
i. e. when K is small. The results for large times are shown in Fig. 9.6. Here 





Figure 9. 5. Short-time phase memory de- 
cay of two-pulse echo (1) and free induction 
(2) for timin = 27 . Lines (3) and (4), cor- 
respond to analytically calculated slopes: 

7t/4 and tt/S, respectively. The results are 
averaged over 25000 realizations of random 
telegraph noise in A/” = 10 fluctuators ran- 
domly distributed in space. 

it was important to take into account scatter in values of 7 because behavior at 
large t is controlled by numerous fluctuators that flip very seldom, i. e. have 
small 7 . One observes fhaf analyfically predicfed behavior of fhe phase memory 
for fhe free induction signal, K oc f Inf af f ;§> 7 (j“^ is fully confirmed by fhe 
simulafions. The analyfical resulf was obfained by making a rough cutoff of 
slow flucfualors atO = ( 7 of)~^^^ fhaf led to K,pm{t) ~ see Eq. 9.53. 

From simulations we can see fhaf a more accurafe expression af large limes is 
ICpm{t) ^ {pt/2) ln 27 of, which corresponds to fhe slraighl line in Fig. 9.6. 

4.3 Many fluctuators with fixed locations 

The curves presenfed in Figs.9.5 and 9.6 were calculated by averaging over 
many random sels of llucluafors. This allowed us fo make a reliable check of 
fhe analytical resulls based on fhe Hollsmark procedure. The nexl sfep is lo 
check whefher if is appropriate fo average over fhe llucluafors positions Ihough 
in a real system fhe llucluafors’ paramelers are fixed. For Ihis purpose we 
compare fhe resulls for Ihree differenl sels of fixed flucfualors wilh differenl 
coupling conslanfs dislribuled again according lo Eq. (9.60), however wilh 
fixed 6. For each sel of llucluafors, we find fhe average signal over 1000 runs 
and show if in Fig. 9.7. The resulls sfrongly depend on fhe fluclualor densily 



Figure 9. 6. Long-time phase memory de- 
cay of the free induction for Mmin = 0 . 027 . 
Solid line corresponds to (1/2) ln( 27 ot). 
The results are averaged over 5000 realiza- 
tions of random telegraph noise in A/” = 10 
fluctuators randomly distributed in space. 
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Figure 9. 7. Two-pulse echo decay for three different fluctuators sets Umin = Sy, A/” = 10 (left 
panel), and 300 (right panel). 

?7 = Mumin- For ry = 300, the right panel, different sets of fluetuators lead 
to similar behavior of K{f), rather close to the “expected” behavior obtained 
by averaging over 5000 different sets. For larger densities the reproducibility 
is even better. However for ry = 10, the left panel, each set of fluctuators is 
characterized by a very specific type of the signal. The function K{t) for a 
given set usually differs dramatically from the “expected” behavior that we 
obtained by averaging over 5000 sets. For such a low fluctuator density, it is 
hopeless to fit the experimental data with our analytical formulas obtained by 
averaging over fluctuator ensemble, like Eq.(9.53). Note that small error bars 
on the plot mean only that the measured signal is reproducible if it is averaged 
over 1000 experimental runs. However, even a slightly different arrangement 
of fluctuators in the gate can produce a very different signal 



'T 




Figure 9.8. Two-pulse echo signal for the case of a Af = 10 neighboring fluctuators with the 
same transition rate , 7 . It is assumed that Umin = 7 - 
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If the fluctuator density is low, or, in other words if we are in the mesoscopic 
limit, the signal should be essentially determined by one, the most important 
fluctuator. To check this we have calculated the echo signal in the presence of 
J\f fluctuators, and compared it with the signal in the absence of the strongest 
fluctuator. The results are shown in Fig. 9.8. One can see that one needs really 
many fluctuators to avoid strong mesoscopic fluctuations. More detailed studies 
of mesoscopic fluctuations are planned for future. 



5. Comparison with the noise in the random frequency 
deviation 



The conventional way is to express the environment-induced decoherence 
through the noise spectrum, Sx{uj) = 2 {{X{t)X{Q))^)p. Using 

Eq. (9.17) we get 



Sx{(^) = 2cos^ 



UJ‘ 



27i 

+ ( 27 * 



Let us start averaging over fluctuators by integration over 0*. Since we are 
interested in small frequencies, we can replace sin 9^9, cos 9^1 and 
replace the upper limit tt/ 2 of the integration by infinity. In this way we get 
Sx{^) = 7r77iimax/2ti;. Here we have taken into account that the summation 
over the fluctuator strength, u, is divergent at the upper limit corresponding 
to the minimal distance, rmin, between the fluctuator and the qubit. Thus, the 
closest fluctuators are most important. We observe that our model leads to 1 // 
noise in the random force acting upon the qubit. However, the noise is mainly 
determined by the nearest fluctuators, while decoherence (at long times) is 
dominated by the fluctuators at the distance ropt given by Eq. (9.59). Since 
^’opt ^ rrain, the dccoherence cannot, in general, be expressed only through 
5a- ( w). 

Now we can compare our result given by Eq. ( 9.53). Erom Eq. (9.5) one 
obtains (cf. with Ref. [5]) 



K{t) = (l/2)?7rtmaxf^| 



where ojir is the so-called intrinsic infrared cutoff frequency for the 1// noise. 
[3] It is clear that the results differ significantly. Even in the case when 7of <C 1 
when the random process is Markovian, results differ both by order of magnitude 
and temperature dependence. The reason for this discrepancy is that dephasing 
and l//-noise are determined by different sets of fluctuators. 



6. Applicability range of the model 

Let us discuss the applicability range for the used approach. Eirstly, random 
fields acting on the qubit were assumed to be classical. This is correct provided 
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the typical hopping rate of a fluctuator, 70 , is much less than its typical interlevel 
spacing, S ~ T. This is the case, indeed, for fluctuator interaction with both 
with phonons and electrons because of weak coupling. Secondly, we did not 
discuss the mechanism of decoherence due to direct translation of excitation 
from the qubit to fluctuators. The most important part of such interaction can 
be written as 

Wtr = X] > 

i 

where a± = ax ^ iay, and t± = Tx iTy. One can expect that the coupling 
constant If is of the same order of magnitude as vi, i. e. ~ g/r^- Assuming 
the constant fluctuator density of states Pq we can estimate the typical energy 
defect for translation of an excitation to the fluctuator at the distance r as 
m r\j (Rr^) The effect of the above off-diagonal interaction can be 
then estimated as U / {6 E) ^ Pog g/T. This ratio should be small within 
the applicability range of our theory. Indeed, qubit will not be useful if its 
characteristic decay rate. Tip ss g, exceeds its interlevel spacing Eq, which 
should be, in turn, much less than the temperature. However, at very low 
temperatures and at not too long observation times the above processes could 
be important [32]. 

Another issue, which has not been analyzed, it the decoherence near the 
degeneracy points where cos 9q ^ 0. These points are of specific importance 
since linear coupling between the qubit and the fluctuators vanishes. The con- 
ventional way, see, e. g.. Ref. [33]) is to introduce the model coupling as 
V 2 = AA’^(f) az- We believe that the model still needs a careful derivation. 

7. Conclusions 

The simple model discussed above reproduces essential features of the de- 
coherence of a qubit by “slow” dynamical defects - fluctuators. This model is 
valid for qubits of different types. The main physical picture is very similar to 
that of the spectral diffusion in glasses. 

The phase memory decay is due to irreversible processes in the fluctuator 
system. In the case on ensemble-averaged measurements it can be directly 
determined from the echo-type experiments. In the experiments of the free- 
induction type the decay of the signal is due both to the finite phase memory 
and to the beats between different values of the qubit eigenfrequency. 

The effective rate of the phase memory decay depends on the relation between 
the typical interaction strength, g{T), and the typical fluctuator relaxation rate 
7 o(r). The first quantity is just a typical deviation of the qubit eigenfrequency 
produced by a thermal fluctuator (with the inter-level spacing of the order of 
temperature T) located at a typical distance. The second quantity is the maximal 
flip-flop rate for the thermal fluctuators. 
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The estimates for the phase memory time in the limiting eases r] ^ jq and 
?? <C 7o are summarized in Eq. (9.54). In the first limiting ease during the 
deeoherenee time only few fluetuators flip. Consequenfly, fhe deeoherence is 
governed by Markovian processes. In fhe opposife limiting case, fypical fluclu- 
afors experience many flip-flops during fhe decoherence lime, fhe subsequenl 
devialions in fhe qubil frequency being statistically-dependent. As a resull, fhe 
decoherence process is essenlially non-Markovian. 

The delails of fhe decoherence depend slrongly on fhe concrete lype of fhe 
flucluafors, namely on fhe dislribulion of Iheir flip-flop rales, on fhe range of Iheir 
effeclive field acting upon fhe qubil, and on fhe dislribulion of Ihe flucluafors 
in real space. 
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Chapter 10 

ENTANGLEMENT PRODUCTION 
IN A CHAOTIC QUANTUM DOT 
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Abstract It has recently been shown theoretically that elastic scattering in the Fermi sea 
produces quantum mechanically entangled states. The mechanism is similar to 
entanglement by a beam splitter in optics, but a key distinction is that the electronic 
mechanism works even if the source is in local thermal equilibrium. An experi- 
mental realization was proposed using tunneling between two edge channels in 
a strong magnetic field. Here we investigate a low-magnetic field alternative, 
using multiple scattering in a quantum dot. Two pairs of single-channel point 
contacts define a pair of qubits. If the scattering is chaotic, a universal statistical 
description of the entanglement production (quantified by the concurrence) is 
possible. The mean concurrence turns out to be almost independent on whether 
time-reversal symmetry is broken or not. We show how the concurrence can 
be extracted from a Bell inequality using low-frequency noise measurements, 
without requiring the tunneling assumption of earlier work. 



Keywords: entanglement. Bell inequality, quantum chaos, quantum dot 



1. Introduction 

The usual methods for entanglement production rely on interactions be- 
tween the particles and the resulting nonlinearities of their dynamics. A text 
book example from optics is parametric down-conversion, which produces a 
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polarization-entangled Bell pair at frequeney uj out of a single photon at fre- 
queney 2a; [1]. In eondensed matter the sehemes proposed to entangle eleetrons 
make use of the Coulomb interaetion or the supereondueting pairing interaetion 
[ 2 ]. 

Photons ean be entangled by means of linear opties, using a beam splitter, but 
not if the photon source is in a state of thermal equilibrium [3-5]. Remarkably 
enough, this optical “no-go theorem” does not carry over to electrons: It was 
discovered recently [6] that single-particle elastic scattering can create entan- 
glement in an electron reservoir even if it is in local thermal equilibrium. The 
existence of a Fermi sea permits for electrons what is disallowed for photons. 
The possibility to entangle electrons without interactions opens up a range of 
applications in solid-state quantum information processing [7-10]. 

Any two-channel conductor containing a localized scatterer can be used to 
entangle the outgoing states to the left and right of the scatterer. The particular 
implementation described in Ref. [6] uses tunneling between edge channels in 
the integer quantum Hall effect. In this contribution we analyze an alternative 
implementation, using scattering between point contacts in a quantum dot. 
We then need to go beyond the tunneling assumption of Ref. [6], since the 
transmission eigenvalues Ti, T 2 through the quantum dot need not be <C 1. 

The multiple scattering in the quantum dot allows for a statistical treatment of 
the entanglement production, using the methods of quantum chaos and random- 
matrix theory [11-13]. The interplay of quantum chaos and quantum entan- 
glement has been studied extensively in recent years [14-20], in the context 
of entanglement production by interactions. The interaction-free mechanism 
studied here is a new development. 

The geometry considered is shown in Fig. 10.1. A quantum dot is connected 
at the left and at the right to an electron reservoir. The connection is via point 
contacts connected to single-channel leads. (Spin degeneracy of the channels 
is disregarded for simplicity.) There are two leads at the left (LI, L2) and two 
leads at the right (Rl, R2). A current is passed through the quantum dot in 
response to a voltage difference V between the two reservoirs. We consider the 
entanglement between the left and right channels in the energy range eV above 
the Fermi energy Ep. 

The degree of entanglement is measured through the violation of a Bell 
inequality [21] for correlators of current fluctuations [22, 23]. Violation of the 
Bell inequality requires mixing of the two outgoing channels at each end of the 
quantum dot (described by 2 x 2 unitary matrices Ul and Up). In order not 
to modify the degree of entanglement, this inter-channel scattering should be 
local, meaning that it should not lead to backscattering into the quantum dot.^ 
This might be done by making the barrier that separates lead LI from L2 (and 
Rl from R2) partially transparent and tunable by a gate [23] (c/ Fig. 10.1, 
shaded rectangles). 
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Figure 10. 1. Sketch of the quantum dot entangler described in the text. An electron leaving 
the quantum dot at the left or right represents a qubit, because it can be in one of two states: it is 
either in the upper channel (L1,R1) or in the lower channel (L2,R2). An example of a maximally 
entangled Bell pair is the superposition (|L1, Rl) + |L2, R2))/ \/2- 



2. Relation between entanglement and transmission 
eigenvalues 

The incoming state, 

l^in) = (10-1) 

Ep<C£<CFyp-\-eV 

factorizes into two occupied channels at the left and two empty channels at 
the right, so it is not entangled. Here j(e) is the creation operator for an 
incoming excitation at energy e in channel i at the left and |0) represents the 
Fermi sea at zero temperature (all states below Ep filled, all states above Ep 
empty). There is a corresponding set of creation operators ^ at the right. We 

collect the creation operators in a vector = {a\ i, al, 2 > 2 )- With 

this notation we can write the incoming state in the form 

iT-in) = • cr • o^|0), CJ = (10.2) 

where the product over energies is implicit. 

Multiple scattering in the quantum dot entangles the outgoing state in the 
two left channels with that in the two right channels. The vector of creation 
operators for outgoing states is related to that of the incoming states by a 
unitary 4x4 scattering matrix: b = S-a<^b^-S = a^. Therefore the outgoing 
state has the form 



^out) = 6t-5-<7-5^-6t|0). 



( 10 . 3 ) 
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There are two methods to quantity the degree of entanglement of the outgoing 
state: 

A. One can use the entanglement of formation T of the full state |'hout)- 
The entanglement of formation of a pure state is defined by [24] 

^ = -TripilogpL, PL = Tr/j |4'out)(^out|, (10.4) 

with TVi or Tr/j the trace over the degrees of freedom at the left or 
right. (The logarithm has base 2.) The entanglement of formation of the 
outgoing state is given in terms of the transmission eigenvalues by [6] 

T = -(eF//i)[riiogri(i-T2) + r2iogT2(i-ri) 

+ (1 - Ti - T 2 ) log(l - Ti)(l - T 2 )]. (10.5) 

For T\ = T 2 = 1/2 the rate of entanglement production is maximal, 
equal to 2eV/h (bits per second). 



B. Alternatively, one can project |'Fout) onto a state I'I'out) with a single 
excitation at the left and at the right, and use the concurrence C of this 
pair of qubits as the measure of entanglement. The (normalized) projected 
state is 



1^/ V _ (1 - nL,inL,2)(l - nfipnR,2)|^out) 

('I'outKl — nL,inL,2){l — ’ 



with number operator nx,i = ■ (for X = L, R). The concurrence 

[25] is a dimensionless number between 0 (no entanglement) and 1 (a 
fully entangled Bell pair).^ The transmission formula for the concurrence 



is [6] 



2[ri(i-ri)r2(i-r2)]V" 

Ti + T 2 - 2T1T2 



(10.7) 



Full entanglement is reached when T\ = T 2 , regardless of the value of 
the transmission. 



Notice that in both methods A and B the degree of entanglement depends 
only on the transmission eigenvalues Ti, T 2 , and not on the eigenvectors of the 
transmission matrix. Eqs. (10.6) and (10.7) hold irrespective of whether time- 
reversal symmetry (TRS) is broken by a magnetic field or nof. In Ref. [6] fhe 
expressions were simplified by specializing fo fhe funneling regime Ti , T 2 <C 1. 
Here we will nof make fhis funneling assumpfion. 

In whaf follows we will concenfrafe on fhe concurrence C of fhe projected 
sfafe since fhaf is fhe quantify which is measured by correlating currenf 

lluclualions. The enfanglemenf of formalion T of fhe full sfafe |'Fout) confains 
also confribufions involving a differenl number of excifafions af fhe lefl and af 
fhe righf. Such confribufions are nof measurable wifh defecfors fhaf conserve 
particle number [26]. 




Entanglement production in a chaotic quantum dot 



171 



3. Statistics of the concurrence 



The statistics of C is determined by the statistics of the transmission eigenval- 
ues. For chaotic scattering their distribution is given by random-matrix theory 
[ 11 ], 

P{Ti,T 2) = cp\Ti - ( 10 . 8 ) 

with normalization constants ci = 3/4, C 2 = 6. We obtain the following values 
for the mean and variance of the concurrence in the case /3 = 1 (preserved TRS) 
and (3 = 2 (broken TRS): 



(C) 

(C^) - (C)2 



0.3863 if (3 = 1, 

0.3875 if (3 = 2, 

0.0782 if (3 = 1, 

0.0565 if (3 = 2. 



(10.9) 

( 10 . 10 ) 



The effect of broken TRS on the average concurrence is unusually small, 
less than 1%. In contrast, the conductance G = /h)Titt^ oc Ti -|- T 2 
increases by 25% upon breaking TRS. The main effect of breaking TRS is to 
reduce the sample-to-sample fluctuations in the concurrence, by about 15% in 
the root-mean-square value. 



4. Relation between Bell parameter and concurrence 

The Bell parameter £ is defined by [22, 23] 

£: = max [E{Ul, Ur) + E{Ul Ur) + E{Ul, U'r) - E{U'r, U'r)] , 

( 10 . 11 ) 

where the maximization is over the 2x2 unitary matrices Ur, Ur, (//, U'^ that 
mix the channels at the left and right end of the system. For given Ur, Ur the 
correlator E has the expression 

P ^ - 5Il,2){5Ir,i - SIr, 2 )) no 121 

mR,l+SlR,2){5lR,l+5lR,2))' ^ ^ 

Here 5lR^i = Ir^i — {iR^i) is the low-frequency current fluctuation in the out- 
going channel i at the left^ and 5Irj is the same quantity for outgoing channel 
j at the right. The average (• • • ) in this equation is over a long detection time 
for a fixed sample. (We will consider ensemble averages later.) 

In the tunneling regime Ti , T 2 <C 1 there is a one-to-one relation £ = 
2\/l + between the Bell parameter £ and the concurrence C. Here we can 
not make the tunneling assumption. The Bell parameter (10.11) can then be 
larger than expected from the concurrence. The relation is [6] 

£ = 2y/l + k2c2, 

^1 (Ti-T2)^ 

ri(i-ri) + T2(i-T2)' 



K 



(10.13) 

(10.14) 
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The amplification factor k > 1 approaches unity if either T\ T 2 or Ti , T 2 <C 

1 . 

Since S gives the amplified concurrence kC rather than the bare concurrence 
C, it is of interest to compare the moments of kC with those of C. By averaging 
with distribution (10.8) we find the mean and variance in a chaotic quantum 
dot: 



{kC) 

(k^C^) - {KCf 



0.7247 if P = l, 

0.8393 if P = 2, 

0.0838 if P = l, 

0.0393 if P = 2. 



(10.15) 

(10.16) 



The amplification by k amounts to about a factor of two on average. 



5. Relation between noise correlator and concurrence 



For a different perspective on the relation between noise and entanglement, 
we write the correlator (10.12) of current fluctuations in a form that exposes 
the contribution from the concurrence. 

Low-frequency correlators can be calculated with the help of the formula 
[27] 

lim {6lL,i{co)SlRj{co')) = —{e^V/h)2ir6{uj + Lo')\{rt^)ij\‘^ . (10.17) 



The reflection and transmission matrices r, t are to be evaluated at the Fermi 
energy. We decompose these matrices in eigenvectors and eigenvalues, 



v = Ul 



0 

0 



Uo, t = Ur 



v/tT 0 
0 



Uo, 



(10.18) 

with 2x2 unitary matrices Ur, Ur, Uq. The matrix r contains the reflection 
amplitudes from left to left and the matrix t contains the transmission amplitudes 
from left to right.^ 

Substitution into Eq. (10.12) gives 



E = (l-2|[/i,n|2)(l-2|[/^j,nP)+4KCReC7i,nt^R,iit^l,i2C^/?,i2- (10-19) 



We see that the entire dependence of the correlator E on the transmission 
eigenvalues is through the product kC of concurrence and amplification factor. 
This is the same quantity that enters in the Bell parameter (10. 13). The correlator 
E is less useful for the detection of entanglement than the Bell parameter S, 
because it depends also on the matrices of eigenvectors Ur , Ur — which the 
Bell parameter does not. 

In a chaotic quantum dot the two matrices Ur and Ur are independently 
distributed in the circular unitary ensemble (a socalled “isotropic” distribu- 
tion [11]). Averages over these matrices can be done conveniently in the 
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Figure 10.2. The quantum dot of Fig. 10.1 has been replaced by a disordered wire (dotted 
rectangle). Although the distribution of transmission eigenvalues is different, the relation (10.23) 
between noise correlator and concurrence still applies. This relation only relies on the isotropy 
of the eigenvector distribution. 



parametrization 



Y — e“*^sin7 e“*‘^cos7 J ’ 

7 G (0,7t/2), e (0,27t). 



(10.20) 

( 10 . 21 ) 



The isotropic distribution implies that all four angles 7, a, 4>, il> are independent. 
The distribution of a, (j), ip is uniform while the distribution of 7 is P{'y) oc 
sin 27 . 

With this parametrization Eq. (10.19) takes the form 

E = cos2'yLCOs2jR + K.Csm2'yLsm2-fRCOs{(pL-'ipL-4'R + 'P^R)- (10.22) 



Upon averaging over the angles we find 

{E) = 0, {E^) = ^ + ^{k^C^). (10.23) 

The significance of this equation is that it applies generally to 2 x 2 transmission 
matrices with an isotropic distribution of eigenvectors, even if the distribution 
of eigenvalues differs from Eq. (10.8). Eor example, it applies to the disordered 
conductor shown in Eig. 10.2. 



6. Bell inequality without tunneling assumption 

The Bell parameter £ is no longer directly related to the concurrence C if 
the transmission probabilities are not small compared to unity [ 6 ] : The rela- 
tion (10.13) between £ and C contains a spurious amplification factor k > 1, 
which approaches unity in the tunneling regime. The same amplification factor 
appears in the correlator (10.19). In this section we show how one can avoid 
the amplification factor, by calculating the violation of the Bell inequality with- 
out making the tunneling assumption. The same problem was studied, from a 
different perspective, in Ref. [9]. 
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As described in Ref. [22], the Bell inequality is formulated in terms of the 
correlator Kij of the number of outgoing electrons detected in a time r in 
channel i at the left and channel j at the right: 

Kij = f dt [ dt' {lL,i{t)lR,j{t')) 

Jo Jo 

= (/«)(/«.,)+ r <4- (10.24) 

J — oo TT\U)T ) 

Here Cij{uj) is the frequency dependent correlator of current fluctuations, 



/ oo 

-OO 



(10.25) 



In the tunneling limit it is possible to neglect the product of averages (/ L,i){lR,j ) 
and retain only the second term in Eq. (10.24), proportional to the current 
correlator Cij. Both terms are needed if one is not in the tunneling limit. 

We assume that V is small enough that the energy dependence of the scat- 
tering matrix may be neglected in the range {Ep,Ep + eV). (That requires 
eV small compared to the mean level spacing of the quantum dot.) Then the 
frequency dependence of Cij{uj) is given simply by^ 



Cij{uj) = Cij{D) X 



1 — \hjj/eV\ if \tvjj/eV\ < 1, 
0 if \hjj/eV\ > 1. 



(10.26) 



For short detection times r <C h/eV one may take the limit 
2 sin^(u;r/2) 



lim 

r^O 



doj 



7r(tur)^ 



^-Cij{io) = r pCijiio) = ^Cij{0). (10.27) 

J — OO ^ 



In view of Eq. (10.17), the zero-frequency limit of the current correlator 
(10.25) is given by 

Cij{D) = ~{e^V/h)\{rt%\\ (10.28) 

The mean outgoing currents are given by {Iij) = /h){r a and {I p^j) = 

{e^V/h){tt^)jj. Substitution into Eq. (10.24) gives the short-detection-time 
limit 



WraKij 

T^O 



{lL,i){lR,j) + {eV/h)Ci,{0) 



{e^Vjhf 



jj 




(10.29) 



We now define the correlator E in terms of the short-time Kij, 

^ _ Kn + K22 - K \2 - K21 
~ Kii + K22 + Ki2 + K21 ■ 



(10.30) 
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Notice that this definition of E corresponds to definition (10.12) of E if Kij is 
replaced by Cij{Q). Substitution of Eq. (10.29) leads to 

E = -{1- 2\Ulm\^){1 - 2|C/k,ii| 2) - 4C Re 

(10.31) 

where we have used the parametrization (10.18). Apart from an overall mi- 
nus sign, Eq. (10.31) is the same as Eq. (10.19) — but without the factor n 
multiplying the concurrence. 

The maximal violation S of the Bell inequality is defined in fhe same way as 
in Eq. (10.11), wifh E replaced by E. The resulf 

8 = 2y/l+C2 (10.32) 

is fhe same as Eq. (10.13) — buf now wifhouf fhe factor k. 

Since shorf-fime defecfion experimenfs are very difficulf in fhe solid sfafe, 
fhe usefulness of Eq. (10.32) is fhaf if allows one to defermine fhe concurrence 
using only low-frequency measuremenfs. If generalizes fhe resulf of Ref. [23] 
fo sysfems fhaf are nof in fhe funneling regime and solves a problem posed in 
Ref. [6] (foofnofe 24). 

7. Conclusion 

We have invesfigafed fheorefically fhe producfion and defecfion of enfangle- 
menf by single-elecfron chaofic scaffering. Much is similar fo fhe funneling 
regime sfudied earlier [6], buf fhere are some inferesfing new aspecfs: 

■ The degree of enfanglemenf, quanfified by fhe concurrence C, is sam- 
ple specific. The sample-fo-sample flucfuafions become smaller if fime- 
reversal symmefry is broken, while fhe average concurrence is almost 
unchanged. 

■ The low-frequency current correlator Cij and the Bell parameter 8 con- 
structed from it give the concurrence times an amplification factor n. In 
the tunneling regime k ^ 1. One also has k = 1 if the two transmission 
eigenvalues T\ , T 2 are equal. The factor k can become arbitrarily large if 
Ti ^ 1 and T 2 ^ 0 (or vice versa). On average, the amplification factor 
in an ensemble of chaotic quantum dots is about a factor of two. 

■ The bare concurrence, without the amplification factor, is obtained by 
adding to the low-frequency current correlator the product of average 
currents times h/eV . 

■ The concurrence gives the maximal violation of the Bell inequality for 
detection times r short compared to the coherence time hjeV . In Ref. 
[22] the opposite limit r hleV was taken, which is appropriate in the 
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tunneling regime, but does not allow to violate the Bell inequality outside 
of that regime. A similar eonelusion was reaehed in Ref. [9]. 

From an experimental point of view, the missing building bloek in Fig. 10.1 
is the local mixer at the left and right end of the quantum dot. These mixers 
are needed to isolate the contribution to the noise correlator that is due to the 
concurrence. In optics, a simple rotation of the polarizer suffices. The electronic 
analogue is a major challenge. 
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Notes 

1 . The mixers have no effect on the incoming state, because both incoming channels are either filled or 
empty at any given energy. 

2. The concurrence C of the qubit pair is related to the entanglement of formation T' of the projected 

state |T'out) logx — (1 — a;) log(l — x) with x = ^ + |\/l — C^. 

3. The total current in channel i at the left (incoming minus outgoing) is jh — 

4. In the presence of TRS one has Uq = but this constraint is irrelevant because anyway Uq drops 

out ofEq. (10.17). 

5. The cross-correlator Cij(uj) vanishes for \ huj\ > eV because we are correlating only the outgoing 
currents ; the correlator of incoming plus outgoing currents contains also a voltage-independent term oc | hio \ , 
cf. Ref. [28]. 
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CREATION AND DETECTION OF MOBILE AND 
NON-LOCAL SPIN-ENTANGLED ELECTRONS 



Patrik Recher, Daniel S. Saraga and Daniel Loss 

Department of Physics and Astronomy, University of Basel, Klingelbergstrasse 82, CH-4056 
Basel, Switzerland 



Abstract We present electron spin entanglers-devices creating mobile spin-entangled elec- 
trons that are spatially separated-where the spin-entanglement in a superconduc- 
tor present in form of Cooper pairs and in a single quantum dot with a spin 
singlet groundstate is transported to two spatially separated leads by means of a 
correlated two-particle tunneling event. The unwanted process of both electrons 
tunneling into the same lead is suppressed by strong Coulomb blockade effects 
caused by quantum dots, Luttinger liquid effects or by resistive outgoing leads. 
In this review we give a transparent description of the different setups, including 
discussions of the feasibility of the subsequent detection of spin-entanglement 
via charge noise measurements. Finally, we show that quantum dots in the spin 
filter regime can he used to perform Bell-type measurements that only require 
the measurement of zero frequency charge noise correlators. 

Keywords: Entanglement, Andreev tunneling, quantum dots, Luttinger liquids. Coulomb 

blockade. Bell inequalities, spin filtering 



1. Sources of mobile spin-entangled electrons 

The extensive seareh for meehanisms to create electronic entanglement in 
solid state systems was motivated partly by the idea to use spin [1] or charge 
[2] degrees of freedom of electrons in quantum confined nanostructures as a 
quantum bit (qubit) for quantum computing. In particular, pairwise entangled 
states are the basic ingredients to perform elementary quantum gates [1]. Fur- 
thermore, exploiting the charge of electrons allows to easily transport such 
entangled states along wires by means of electric fields, leading fo mobile and 
non-local enfangled sfafes. These are required for quanfum communicafion 
profocols as well as in experimenfs where nonlocalify and enfanglemenf are 
defecfed via fhe violation of a Bell inequalify suifably formulafed for massive 
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particles in a solid state environment. We will turn to this issue in Section 4. One 
should note that entanglement is rather the rule than the exception in solid state 
systems, as it arises naturally from Fermi statistics. For instance, the ground 
state of a helium atom is the spin singlet |t|) — |||). Similarly, one finds a 
singlet in the ground state of a quantum dot with two electrons [3]. However, 
such “local” entangled singlets are not readily useful for quantum computation 
and communication, as these require control over each individual electron as 
well as non-local correlations. An improvement in this direction is given hy 
two coupled quantum dots with a single electron in each dot [1], where the spin- 
entangled electrons are already spatially separated hy strong on-site Coulomb 
repulsion (like in a hydrogen molecule). One could then create mobile entan- 
gled electrons by simultaneously lowering the tunnel barriers coupling each dot 
to separate leads. Another natural source of spin entanglement can be found 
in superconductors, as these contain Cooper pairs with singlet spin wave func- 
tions. It was first shown in Ref. [4] how a non-local entangled state is created in 
two uncoupled quantum dots when they are coupled to the same superconduc- 
tor. In a non-equilibrium situation, the Cooper pairs can be extracted to normal 
leads by Andreev tunneling, thus creating a flow of entangled pairs [5-10]. 

A crucial requirement for an entangler is to create spatially separated entan- 
gled electrons; hence one must avoid whole entangled pairs entering the same 
lead. As will be shown below, energy conservation is an efficient mechanism 
for the suppression of undesired channels. For this, interactions can play a 
decisive role. For instance, one can use Coulomb repulsion in quantum dots 
[5], [11], in Luttinger liquids [7], [8] or in a setup where resistive leads give rise 
to a dynamical Coulomb blockade effect [10]. Finally, we mention other entan- 
gler proposals using leads with narrow bandwidth [12] and/or generic quantum 
interference effects [13, 14]. 

In the following sections we present our theoretical proposals towards the 
implementation of a solid-state entangler. 

2. Superconductor-based electron spin-entanglers 

Here we envision a non-equilibrium situation in which the electrons of a 
Cooper pair can tunnel coherently by means of an Andreev tunneling event from 
a superconductor to two separate normal leads, one electron per lead. Due to an 
applied bias voltage, the electron pairs can move into the leads thus giving rise 
to mobile spin entanglement. Note that an (unentangled) single-particle current 
is strongly suppressed by energy conservation as long as both the temperature 
and the bias are much smaller than the superconducting gap. In the following 
we review three proposals where we exploit the repulsive Coulomb charging 
energy between the two spin-entangled electrons in order to separate them so 
that the residual current in the leads is carried by non-local singlets. We show 
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that such entanglers meet all requirements necessary for subsequent detection of 
spin-entangled electrons via charge noise measurements discussed in Section 4. 

2.1 Andreev Entangler with quantum dots 

The proposed entangler setup (see Fig. 11.1) consists of a superconductor 
(SC) with chemical potential ps which is weakly coupled to two quantum dots 
(QDs) in the Coulomb blockade regime [15]. These QDs are in turn weakly 
coupled to outgoing Fermi liquid leads, held at the same chemical potential 
pi. Note that in the presence of a voltage bias between the two leads 1,2 an 
(unentangled) current could flow from one lead to the other via the SC. A bias 
voltage p = ps — Pi is applied between the SC and the leads. The tunneling 
amplitudes between the SC and the dots, and dots and leads, are denoted by 
Tsd and respectively (see Fig. 11.1). The two intermediate QDs in the 




Figure 11.1. The entangler setup. Two spin-entangled electrons forming a Cooper pair tunnel 
with amplitude Tsd from points ri and T 2 of the superconductor, SC, to two dots, Di and 
D 2 , hy means of Andreev tunneling. The dots are tunnel-coupled to normal Fermi liquid leads 
Li and L 2 , with tunneling amplitude Tdl- The superconductor and leads are kept at chemical 
potentials fis and m, respectively. Adapted from [5]. 

Coulomb blockade regime have chemical potentials ei and C 2 , respectively. 
These can be tuned via external gate voltages, such that the tunneling of two 
electrons via different dots into different leads is resonant for ei 4-62 = 2ps [16]. 
As it turns out [5], this two-particle resonance is suppressed for the tunneling 
of two electrons via the same dot into the same lead by the on-site repulsion U 
of the dots and/or the superconducting gap A. Next, we specify the parameter 
regime of interest here in which the initial spin-entanglement of a Cooper pair 
in the SC is successfully transported to the leads. 

Besides the fact that single-electron tunneling and tunneling of two electrons 
via the same dot should be excluded, we also have to suppress transport of 
electrons which are already on the QDs. This could lead to effective spin-flips 
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on the QDs, which would destroy the spin entanglement of the two electrons 
tunneling into the Fermi leads. A further source of unwanted spin-flips on 
the QDs is provided by its coupling to the Fermi liquid leads via particle-hole 
excitations in the leads. The QDs can be treated each as one localized spin- 
degenerate level as long as the mean level spacing Se of the dots exceeds both 
the bias voltage ^ and the temperature ksT. In addition, we require that each 
QD contains an even number of electrons with a spin-singlet ground state. A 
more detailed analysis of such a parameter regime is given in [5] and is stated 
here 

A,U,5e > > 'ji,kBT, and -fi > 'js- (11.1) 

In Eq. (11.1) the rates for tunneling of an electron from the SC to the QDs 
and from the QDs to the Fermi leads are given by 75 = 2tti's\Tsd\‘^ and 
'yi = 2 tti'i\T£il\‘^, respectively, with vs and vi being the corresponding electron 
density of states per spin at the Fermi level. We consider asymmetric barriers 
'yi > 7s in order to exclude correlations between subsequent Cooper pairs 
on the QDs. We work at the particular interesting resonance ei,e2 — 
where the injection of the electrons into different leads takes place at the same 
orbital energy. This is a crucial requirement for the subsequent detection of 
entanglement via noise [17]. In this regime, we have calculated and compared 
the stationary charge current of two spin-entangled electrons for two competing 
transport channels in a T-matrix approach [18]. 

As a result, the ratio of the desired current for two electrons tunneling into 
different leads {I\) to the unwanted current for two electrons into the same lead 
ih) is [5] 



h _ 

h 7 ^ 

where 7 = 71 -|- 72- The current I\ = {Ae'y'g / 'y){s\n{kF5r) / kp^rY 
becomes exponentially suppressed with increasing distance Sr = |ri — F2| 
between the tunneling points on the SC, on a scale given by the superconducting 
coherence length ^ which determines the size of a Cooper pair. This does not 
pose a severe restriction for conventional s-wave materials with ^ typically 
being on the order of ^m. In the relevant case Sr < ^ the suppression is only 
polynomial oc 1/ {kpSr)^, with kp being the Fermi wave number in the SC. On 
the other hand, we see that the effect of the QDs consists in the suppression factor 
fllSY foi" tunneling into the same lead [19]. Thus, in addition to Eq. (11.1) 
we have to impose the condition kpSr < S which is well satisfied for small 
dots with <5/7 ~ 100 and for Sr ~ Inm. As an experimental probe to test if the 
two spin-entangled electrons indeed separate and tunnel to different leads we 
suggest to join the two leads 1 and 2 to form an Aharonov-Bohm loop. In such 
a setup the different tunneling paths of an Andreev process from the SC via the 



sin{kpSr) 

kpSr 



25r/7T^ 



1 

£ 



1 1 

^ ^ c7’ 



( 11 . 2 ) 
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dots to the leads can interfere. As a result, the measured current as a function 
of the applied magnetic flux f threading the loop contains a phase coherent part 
Iab which consists of oscillations with periods h/e and /?,/2e [5] 

/as ~ s/Shhcosif/fo) + /2Cos(2(/)/(/)o), (11.3) 

with (j)Q = hje being the single-electron flux quantum. The ratio of the two 
contributions scales like sjh/h which suggest that by decreasing I 2 (e.g. by 
increasing U) the /i/2e oscillations should vanish faster than the hje ones. 

We note that the efficiency as well as the absolute rate for the desired in- 
jection of two electrons into different leads can be enhanced by using lower 
dimensional SCs [7] . In two dimensions (2D) we find that 1\ oc l/kpSr for 
large kpSr, and in one dimension (ID) there is no suppression of the current 
and only an oscillatory behavior in kpdr is found. A 2D-SC can be realized by 
using a SC on top of a two-dimensional electron gas (2DEG) [20, 21], where 
superconducting correlations are induced via the proximity effect in the 2DEG. 
In ID, superconductivity was found in ropes of single-walled carbon nanotubes 
[ 22 ]. 

Einally, we note that the coherent injection of Cooper pairs by an Andreev 
process allows the detection of individual spin-entangled electron pairs in the 
leads. The delay time Tdeiay between the two electrons of a pair is given by 1 / A, 
whereas the separation in time of subsequent pairs is given approximately by 
Tpairs ~ 2e//i ~ 7;/7| (up to geometrical factors). Eor 75 ~ 7«/10 ~ l^ueV 
and A ~ ImeV we obtain that the delay time Tdeiay ~ 1/ A ~ Ips is much 
smaller than the average delivery time Tpairs per entangled pair 2e//i ~ 40ns. 
Such a time separation is indeed necessary in order to detect individual pairs of 
spin-entangled electrons. We return to this issue in Section 4. 

2.2 Andreev Entangler with Luttinger liquid leads 

Next, we discuss a setup with an s-wave SC weakly coupled to the center 
(bulk) of two separate one-dimensional leads (quantum wires) 1 ,2 (see Eig. 11.2) 
which exhibit Luttinger liquid (EL) behavior, such as carbon nanotubes [23-25] 
or in semiconducting cleaved edge quantum wires [26] . The leads are assumed 
to be infinitely extended and are described by conventional LL-theory [27]. 

Interacting electrons in one dimension lack the existence of quasi particles 
like they exist in a Eermi liquid and instead the low energy excitations are 
collective charge and spin modes. In the absence of backscattering interaction 
the velocities of the charge and spin excitations are given hy Up = vp / Kp for 
the charge and = vp for the spin, where vpi^, the Eermi velocity and Kp < 1 
for repulsive interaction between electrons {Kp = 1 corresponds to a 1 D-Eermi 
gas). As a consequence of this non-Eermi liquid behavior, tunneling into a EL 
is strongly suppressed at low energies. Therefore one should expect additional 
interaction effects in a coherent two-particle tunneling event (Andreev process) 




184 



FUNDAMENTAL PROBLEMS OF MESOSCOPIC PHYSICS 




Figure 11.2. Two quantum wires 1,2, with chemical potential /i; and described as inhnitely long 
Luttinger liquids (LLs), are deposited on top of an s-wave superconductor (SC) with chemical 
potential /rg. The electrons of a Cooper pair can tunnel by means of an Andreev process from 
two points ri and V 2 on the SC to the center (bulk) of the two quantum wires 1 and 2, respectively, 
with tunneling amplitude to- Adapted from [7]. 



of a Cooper pair from the SC to the leads. We find that strong LL-eorrelations 
result in an additional suppression for tunneling of two eoherent electrons into 
the same LL compared to single electron tunneling into a LL if the applied bias 
voltage F between the SC and the two leads is much smaller than the energy 
gap A of the SC. 

To quantify the effectiveness of such an entangler, we calculate the current 
for the two competing processes of tunneling into different leads (/i) and into 
the same lead {I 2 ) in lowest order via a tunneling Hamiltonian approach. Again, 
we account for a finite distance separation 5r between the two exit points on the 
SC when the two electrons of a Cooper pair tunnel to different leads. For the 
current Ii of the desired pair-split process we obtain, in leading order in /r/A 
and at zero temperature [7] 
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(11.4) 



where F(x) is the Gamma function and A is a short distance cut-off on the order 
of the lattice spacing in the LL and 7 = 47rz^5t';|foP is the dimensionless tunnel 
conductance per spin with to being the bare tunneling amplitude for electrons 
to tunnel from the SC to the LL-leads (see Fig. 11.2). The electron density 
of states per spin at the Fermi level for the SC and the LL-leads are denoted 
by Us and ui, respectively. The current Ii has its characteristic non-linear 
form Ii oc with 7^ = {Kp -T iT“^)/4 — 1/2 > 0 being the exponent 

for tunneling into the bulk of a single LL. The factor Fd{Sr) in Eq. (11.4) 
depends on the geometry of the device and is given here again by Fd{5r) = 
[sm.{kF5r) / kpSr] exp(— Jr/vr^) for the case of a 3D-SC. In complete analogy 




Creation and detection of spin-entangled electrons 



185 



to Section 2. 1 the power law suppression rnkplir is weaker for lower dimensions 
of the SC. 

This result should be compared with the unwanted transport channel where 
two electrons of a Cooper pair tunnel into the same lead 1 or 2 but with 5r = 0. 
We find that such processes are indeed suppressed by strong LL-correlations if 
p < A. The result for the current ratio h/h in leading order in p/ A and for 
zero temperature is [7] 



Y = Pd (x) ’ ^ “ ^p)/2, 

^ b=±i ^ ^ 

(11.5) 

where At is an interaction dependent constant [28]. The result (11.5) shows 
that the current I 2 for injection of two electrons into the same lead is suppressed 
compared to Ii by a factor of {2p/ A)‘^'^p+, if both electrons are injected into 
the same branch (left or right movers), or by {2p/ A)‘^'^p- if the two electrons 
travel in different directions [29]. The suppression of the current /2 by 1/A 
reflects the two-particle correlation effect in the LL, when the electrons tunnel 
into the same lead. The larger A, the shorter the delay time is between the 
arrivals of the two partner electrons of a Cooper pair, and, in turn, the more 
the second electron tunneling into the same lead will feel the existence of the 
first one which is already present in the LL. This behavior is similar to the 
Coulomb blockade effect in QDs, see Section 2.1. Concrete realizations of 
LL-behavior is found in metallic carbon nanotubes with similar exponents as 
derived here [24, 25] . In metallic single-walled carbon nanotubes iTp ~ 0.2 [23] 
which corresponds to 27 ^ ~ 1.6. This suggests the rough estimate {2p/ A) < 
l/kpSr for the entangler to be efficient. As a consequence, voltages in the 
range kpT < p < lOO^eV are required for (5r ~ 1 nm and A ~ ImeV. In 
addition, nanotubes were reported to be very good spin conductors [30] with 
estimated spin-flip scattering lengths of the order of pm [ 8 ]. In GaAs quantum 
wires Kp ~ 0.66 — 0.82 [26] which suggests that interaction is also pronounced 
in such systems. 

We now briefly address the question of spin and charge transport in a LL. 
Let’s suppose that two electrons of a pair tunnel to different LLs (desired pair- 
split process). We assume that an electron with spin s = ±1/2 tunnels into a 
given lead ( 1 or 2) as a right-mover and at point x. We then create the state | a) = 
V^l(x)|0) where |0) denotes the ground state of the LL. We now consider the 
time evolution of the charge density fluctuations p{x') = Yls • {x')'4^s{x') '■ 

and the spin density fluctuations a^{x) = ■ where : : 

denotes normal ordering. We then obtain for the charge propagation 

{a\p{x' ,t)\a) = ^{l-\-Kp)S{x' -x-Upt)-\-^{l-Kp) 6 {x' -\-x-\-Upt) (11.6) 
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and for the spin propagation 



{a\(j^{x' , t)\a) = s5{x' — x — Uat). (11-7) 

The shape of the function is unchanged with time due to the linear spectrum of 

the LL model. In reality, carbon nanotubes show such a highly linear spectrum 
up to energies of ~ 1 eV. Therefore, we expect that the injected spin is locally 
accessible in carbon nanotubes but carried by the collective spin modes rather 
than by a single electron. Another interesting feature characteristic for a LL is 
the different propagation velocities for the charge and for the spin (u^ / Up) 
which is known as spin-charge separation. 

2.3 Andreev Entangler with resistive leads 

Here we consider resistive normal leads weakly coupled to the SC. This 
gives rise to a dynamical Coulomb blockade (CB) effect with the consequence 
that in a pair tunneling process into the same lead the second electron still 
experiences the Coulomb repulsion of the first one, which has not yet diffused 
away. Such a setup is presumably simpler to realize experimentally than the 
setups introduced above. Natural existing candidates for such a setup with 
long spin decoherence lengths (~ 100 /um [31]) are semiconductor systems 
tunnel-coupled to a SC, as experimentally implemented in InAs [32], InGaAs 
[33] or GaAs/AlGaAs [34]. Recently, 2DEGs with a resistance per square 
approaching the quantum resistance Rq = /i/e^ ~ 25.8 kfl could be achieved 
by depleting the 2DEG with a voltage applied between a back gate and the 
2DEG [35]. In metallic normal NiCr leads of width ~ 100 nm and length ~ 10 
^m, resistances of = 22 — 24 kfl have been produced at low temperatures. 
Even larger resistances R = 200 — 250 kfl have been measured in Cr leads 
[36]. 

The SC is held at the (electro-)chemical potential ^5 by a voltage source V, 
see Eig. 1 1.3. The two electrons of a Cooper pair can tunnel via two junctions 
placed at points ri and F2 on the SC to two separate normal leads 1 and 2 with 
resistances R\ and i?2, resp. They are kept at the same chemical potential 
so that a bias voltage fx = ps ~ Pi applied between SC and leads. The 
system Hamiltonian decomposes into three parts H = + Henv + Ht- 

Here = Hs + 2 ^in describes the electronic parts of the isolated 

subsystems consisting of the SC and Eermi liquid leads n = 1,2. 

To describe resistance and dissipation in the normal leads we use a phe- 
nomenological approach [37], where the electromagnetic fluctuations in the 
circuit (being bosonic excitations) due to electron-electron interaction and the 
lead resistances are modeled by a bath of harmonic oscillators which is linearly 
coupled to the charge fluctuation Qn of the junction capacitor n (induced by 
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Figure 11.3. Entangler setup: A BCS bulk superconductor (SC) with chemical potential /rg is 
tunnel-coupled (amplitude to) via two points ri and V 2 of the SC to two Fermi liquid leads 1,2 
with resistance Rig- The two leads are held at the same chemical potential /r; such that a bias 
voltage /i = ps — p; is applied between the SC and the two leads via the voltage source V. The 
tunnel-junctions 1,2 have capacitances Cig. Adapted from [10]. 



the tunneling eleetron). This physies is described by [37, 38] 

TT Qu I {(pn ~ ‘Fnj') 

Flenv,n ~ TfFT + 2^ o „2 r . 



(11.8) 



The phase cpn of junction n is the conjugate variable to the charge satisfying 
[(pm Qm] = ie6n,m- As a conscquence reduces Qn by one elemantary 
charge e. As long as the cross capacitance C \2 between the two leads 1 and 
2 is much smaller than the junction capacitances Cip the charge relaxations 
of both tunnel junctions occur independently of each other. As a result we 
have Henv = Xln=i 2 ^env,n- Tho tunucl Hamiltonian Hp now contains an 
additional phase factor due to the coupling of the tunneling electron to the envi- 
ronment, i.e. Hp = to YPju a + h.c. This phasc factor obeys 

the following correlation function (exp(i(/)„(f)) exp(— i(/>„(0))) = exp[J(t)] 
with J(t) = 2 {duo /(jj)(ReZp{uj) / RQ){exp{—iujt) — 1). Here we intro- 
duced the total impedance Zp = {itoC + with a purely Ohmic lead 

impedance Zn{(jj) = R, which we assume to be the same for both tunnel- 
junctions and leads. 

We first consider the low bias regime /x <C A, lor, or equivalently small 
resistances R, with lor = 1 / RC being the bath frequency cut-off. We then 
obtain for the current R for the tunneling of two spin-entangled electrons into 
separate leads 




h = eFpT^FiiSr) 



2p 

^R 
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(11.9) 
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In Eq. (11.9) we introduced the Gamma function r(x) and the dimensionless 
tunnel-conductance E = A7rusi^i\to\‘^ with us and ui being the DOS per spin of 
the SC and the leads at the Fermi level ^5 and ni, resp. Here 7 = 0.5772 is 
the Euler number. The exponent A/ g in Eq. (11.9) with g = Rq/R is just two 
times the value for single electron tunneling [37] via one junction since the two 
tunneling events into different leads are uncorrelated. 

In the large bias regime (and/or large resistances R) A ^ — Ec\ ^ lor 

we obtain 

h = e7Tr^F^{5r)e{g - E,){gi - E,), (11.10) 

where small terms F^{5r)ujR[0{ujR/ g) + 0 {u;r/\ij, - Ec\)] have been 

neglected. This shows a gap in R for g < Ec and R ^ 00 with Ec = ^ j2C 
the charging energy which is a striking feature of the dynamical CB. 

We now turn to the case when two electrons coming from the same Cooper 
pair tunnel to the same lead 1 or 2 and first concentrate on the low bias case 
g <C u)R^ A. When A w/j, Ec the process appears as a tunneling event of a 
charge q = 2e into the same lead with the result 



h 



WI^) UJ 



( 11 . 11 ) 



The exponent S/g shows that a dynamical CB effect due to a charge (7 = 2e is 
formed. The exponent of the power law decay in Eq. (11. 1 1) reacts quadratically 
with respect to the tunneling charge which is not surprising since the change of 
the junction capacitor’s charging energy due to tunneling of a charge q is q^ j2C. 
As a result, we obtain the ratio Rjix oc (2gjLOR)^l^ . For values A <C lor, e.g 
for small R, we obtain a similar result as in a Euttinger liquid, see Eq. (11.5) 
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( 11 . 12 ) 



with A{g) = (2e '>')^/^r^(l/p + l/2)/7r^r(8/5f + 2). Here the relative sup- 
pression of the current R compared to R is given essentially by (2/x/A)^/ ^ and 
not by {2glujR)‘^l9 as in the case of an infinite A. 

In the large voltage regime A, g ^ lor we expect a Coulomb gap due to 
a charge q = 2e. Indeed, in the parameter range \g — 2Ec\ /?> (jJr and A ^ 
I — i^c I we obtain for R again up to small contributions eTTT‘^0jR[O{ujR/g) + 

0{iUR/\g-2Ec\)] 

R = eTrT‘^e{g-2Ec){g-2Ec). (11.13) 

This shows that R is small (oc — 2Ec\) in the regime Ec < g < 2Ec, 

whereas R is finite (oc F^{6r){g — Ec)). We now give numerical values for 
the current magnitudes and efficiencies of fhis enfangler. We firsf discuss fhe 
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Figure 11.4. Current ratio I 2 /I 1 (entangler efficiency) and current li in the low bias regime, 
gL <C A,u!r and A Ec,u>r, as a function of4/gi = 4R/ Rq . Chosen parameters : Ec = 0.1 
meV, kpSr — 10, F = 0.1, and — 5 /leV (left plot), /r = 15 /leV (right plot). In the case of 
a 2D SC, 7i and I 1 /I 2 can be multiplied by 10. Adapted from [10]. 



low bias regime p <C In Fig. 11.4 we show the ratio I 2 /I 1 (entangler 

effieieney) and Ii for A » Ec,ujr as a funetion of 4/ g for realistie system 
parameters (see figure caption). The plots show that a very efficient entangler 
can be expected for lead resistances R ~ Rq. The total current is then on the 
order of R ~ 10 fA. In the large bias regime p )§> ajp and for Ec < g < 2Ec 
we obtain R/h oc {kF5rY~^uj\/ {2Ec — R){ii — Ec), where we assume that 
2Ec — R and r — Ec^ top. For r ~ l.5Ec and using utp = gEcjTTVie obtain 
approximately R/h oc {kFSr)'^~^g‘^. To have R/R < 1 we demand that 
g^ < 0.01 for d = 3, and g“^ < 0.1 for d = 2, d being the effective dimension 
of the SC. Such small values of g have been produced approximately in Cr leads 
[36]. For Ii we obtain Ii ~ e{kFSry~‘^{R — Ec)T'^ e{kFdr)^~'^EcT‘^ ~ 2.5 
pA for d = 3 and for the same parameters as used in Fig. 11.4. This shows 
that R is much larger than for low bias voltages, but an efficient entangler 
requires high lead resistances R ~ WRq. Our discussion shows that it should 
be possible to implement the proposed device within state of the art techniques. 

3. Triple dot entangler 

In this section we describe another scheme for the production of spin-entangled 
electrons pairs based on a triple dot setup [1 1]. We shall use here an approach 
based on perturbation theory that is quite transparent — although it is less rig- 
orous than the master equation technique used in Ref. [11]. The simple idea 
behind this entangler is described in Fig 11.5. First we use the spin-singlet state 
occurring naturally in the ground state of an asymmetric quantum dot Dc with 
an even number of electrons [39]. Secondly, we use two additional quantum 
dots Dp p as energy filters; this provides an efficient mechanism to enforce the 
simultaneous propagation of the singlet pair into two separate drain leads -very 
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Figure 11.5. (a) Setup of the triple quantum dot entangler. The central dot Dc has a singlet 

ground state when 2 electrons are present, and is coupled coherently to the secondary dots Dl 
and Dr with tunneling amplitudes T. The dots are each coupled incoherently to a different 
lead, with rate a and 7. (b) Energy level diagram for each electron. The single-electron 
currents Ii, I[ and II are suppressed by the energy differences \Ec, E'q — cl,r, £l\, while the 
simultaneous transport of the singlet pair from Dc to Dl and Dr is enhanced by the resonance 
Ec + E'c = f-L + CR. Adapted from [11], 



much like the Andreev Entangler discussed in Section 2.1. An important point 
is that the spin is conserved throughout the transport from Dc to the drain lead 
(until the spin decoherence time is reached), so that we only need to check the 
charge transport of the singlet state. 

We assume that the chemical potential of the leads are arranged so that 
only 0, 1 or 2 (excess) electrons can occupy Dc, while 0 or 1 electron can 
occupy Dl r. To simplify notations, we assume a ‘symmetric’ situation for 
the charging energy in Dc, namely that Uc{‘2) = (7c(0) = 0, (7c(l) = 
—e^l2CY, =: U with Uc{N) the total Coulomb charging energy for N excess 
electrons in Dc, and Cs the total capacitance of Dc- It is crucial that Dc has 
an even number of electrons when = 0 in order to have a singlet ground 
state III — It) when N = 2. The total energies are Ec{0) = 0,Ec{l) = 
ec — U, and£'c'(2) = 2ec, where ec is the lowest single -particle energy 
available for the first excess electron. Therefore, the energy of the first and 
second electron are Ec = ec — U and E'^j = ec + U, respectively. Similarly, 
we define El^h{0) = 0 and El,r{1) = The transport is dominated by 

sequential tunneling, and we describe the incoherent tunneling from the central 
source lead and Dc by a tunneling rate a, while 7 is the rate of tunneling 
between Dl and Dr to their respective drain leads. 

In the following, we shall show that it is possible to enhance by resonance 
the simultaneous transport of the singlet across the triple-dot structure, and to 
suppress single-electron transport carrying no entanglement. In Ref. [11] we 
considered the quantum oscillations between Dc and Dl,r — described by the 
tunneling amplitude T — exactly, i.e., in infinite order. Here we shall restrict 
ourselves to the lowest order. The first type of single-electron transport I\, 
shown in Fig 1 1.5(b), corresponds to the sequence 
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IVi 



0 , 



(11.14) 



where 0 denotes the situation with no excess electrons, C denotes one electron 
in Dc, and L one electron in Dp. (We do not describe here the situation 
obtained by replacing L by R). In the right hand-side we have approximated 
the coherent oscillations (T) and the incoherent tunneling (7) to the drain leads 
(shown within the square brackets) by a single rate Wi. To find this rate, we 
consider that the finite escape rate 7 to the drain leads broadens the discrete 
energy level in the secondary dot Dp, described by a Lorentzian density of 
state 
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Then W\ is given by the Fermi Golden rule 



ITi = 2tt\T\^pp{Ec) 



47T2 
4A| -|- 72 



(11.16) 



We have introduced the difference Ai = Ec — ep = ec — U — ep between ep 
and the energy Ec of the first electron of the singlet state in Dq. The diagram 
(11.14) corresponds to a 2-population problem, with the stationary current 
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We can proceed similarly for the second process involving one-electron trans- 
port: 
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The current /[ is given by the same expression as Eq. (1 1. 17), with Ai replaced 
by A/ = E'^ — ep = ec + U — ep (the difference between e p and the energy 
E'^ of the second electron of the singlet state CC). Therefore, R and /( are 
suppressed by the energy differences Ai and A^ For simplicity, we now take 
an almost symmetric setup ~ e/j ~ ec ^ Ai ~ — A'^ ~ U, so that I\ ~ /(. 

The joint (simultaneous) transport of CC into LR propagates the entangle- 
ment from Dc to the drain leads. We describe it by the transition 
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0, (11.19) 



We approximate the double tunneling T and the escape to the drain lead by a 
rate Wp given by a 2°'^ order Fermi Golden rule: 



We 
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with the two-particle energy difference A^; = Ecc ~ Elr = 2ec — — 

eR. Note that VFe is also suppressed by A'^, which enters here as the energy 
difference between the initial state CC and the virtual state LC. We broadened 
the final state LR with a rate 27 as the electrons can first escape either to 
the left or to the right drain lead (i.e., LR {L or R} 0). Taking 
into account the additional channel involving the virtual state CR (which gives 
approximately the same contribution We), the transition diagram is 



Ie ■■ 0 ^ C ^ CC 0 



( 11 . 21 ) 



and yields the stationary current 

2oiW E 



Ie = e 
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We now compare Ie /“I to the single electron currents I\ and /(. The entangler 
quality R, defined by 

(11.23) 

21 1 

gives fhe rafio of fhe number of singlefs fo uncorrelafed elecfrons found in fhe 
drain leads. If yields fhe condifions [40] 



T <U 
7, Ae < 

which correspond fo Eqs. (7) and (8) of Ref. [11]. We note fhaf fhe sequence 
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AjR’ 


(11.24) 
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(11.25) 



CC ^ LC ^ LR ^ L ^ LC, 



(11.26) 



should nof damage fhe enfanglemenf shared by LR. Indeed, fhe fransifion 
LC ^ CRis off-resonance, so fhaf fhe second elecfron in Dl quickly escapes 
fo fhe lead before if could funnel back fo Dc (which could create a new singlel 
wifh fhe elecfron already presenf in Dq ). Finally, we find fhaf fhe currenf Ie 
safurafes fo ea if / 8. 

So far we have assumed fhaf no excited sfafe could parficipafe in fhe fransporf. 
This is correcf if fhe energy level spacings are large, dec,L,R > 2C ; in fhis case 
fhe single-elecfron fransporf via fhe excifed levels is suppressed even more 
fhan for R and I[. Unforfunafely, fhis condifion is nof safisfied in laterally- 
defined quanfum dofs, which are promising candidates for an experimenfal 
implemenfion [41]. Below we estimate fhe single-elecfron currenf R going 
via fhe excifed sfafes of one given dof, e.g. Dr. For simplicify we assume fhe 
symmefric sefup ec = gr = €r. 
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We consider the excited state with the energy e\ that is closest to the energy 
E'fj of the second electron in the singlet state in Dc- The non-entangled current 

is given by Eq. (11.17), with Ai replaced by the energy difference = 
E'c - el- Introducing the ratio R* = Ie/2II, we find the condition A^ > 
Ai For sufficiently large ii(e.g. R = 100 as in [11]), one can consider 

a reduced quality R* ~ 10, which yields A^ > (7/3. This corresponds to the 
minimal energy difference found for a constant energy level spacing Sep = 
2(7/3 [42]. (In general, for odd N with 5ep = 2U/N we get A^ = U/N.) If 
A] is too small, one should move the excited state away from the resonance by 
increasing the energy level spacing 5ep, which for example could be achieved 
by applying a magnetic field B perpendicular to the 2DEG, thus adding to the 
confinement energy the Eandau magnetic energy proportional to B. 

Finally, we comment on the validity of this perturbative approach. It gives 
good results for the two-particle resonance defined by A^; = 0 (where fhe 
entangled current dominates), as well as for the one-electron resonance for /(. 
However, it greatly overestimates the resonance for R (at Ai ~ 0), because 
it naively neglects the two-electron channel by arguing that We ^ W\. The 
rate for the single-electron loop is given by Ii/e ~ a <C W\, which allows 
the arrival of a second electron into Dc (with rate a) and from there con- 
tributions from the two-electron channel. One can consider a more complex 
Markovian chain including both transition diagrams for R (Eq. (11.14)) and 
Ie (Eq. (11.21)) - however, in this case the approximation underestimates the 
corresponding current. To obtain an accurate result for this resonance, one must 
therefore follow the master equation approach used in Ref. [11]. 

4. Detection of spin-entanglement 

In this section we present schemes to measure the produced spin-entanglement 
in a transport experiment suitable for the above presented entangler devices. 
One way to measure spin-singlet entangled states is via shot noise experiments 
in a beamsplitter setup [17]. 

Another way to detect entanglement is to perform an experiment in which 
the Bell inequality [43] is violated. The Bell inequality describes correlations 
between spin-measurements of pairs of particles within the framework of a local 
theory. The Bell inequality measurement requires that a nonlocal entangled pair, 
e.g. a singlet, produced by the spin-entanglers, can be measured along three 
different, not mutually orthogonal, axes defined by unit vectors a, b and c. In a 
classical (local) theory the joint probabilities P{i, j) satisfy the Bell inequality 
[47] 

T*(a-|-, b-|-) < H(a-|-, c-|-) -|- b-f). (1 1.27) 

For example, P(a-|-, b-|-) is the probability that in a spin-correlation mea- 
surement between the spins in leads 1 and 2, see Fig. 11.6, the measure- 
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Figure 11.6. The setup for measuring Bell inequalities: The entangler delivers a current of 
nonlocal singlet spin-pairs due to a bias voltage jj, — gLs — ■ Subsequently, the two electrons 

in leads 1 and 2 pass two quantum dots D1 and D2, respectively, which act as spin filters [44] 
so that only one spin direction, e.g. spin down, can pass the dots. The quantization axes for the 
spins are defined by the magnetic fields applied to the dots, which are in general different for 
D1 and D2. Since the quantum dot spin filters act as a spin-to-charge converter, spin correlation 
measurements as required for measuring Bell inequalities can be reduced to measure current- 
current fluctuation correlators {SHit) SI\ (0)) in reservoirs R1 and R2 [45, 46]. 

ment outcome for lead 1 is spin up when measured along the a-axis and the 
measurement in lead 2 yields spin-up along the b-axis. For a singlet state 
|5') = (|T)i| i )2 - I i)i I T) 2)/\/2 the joint probability P(a+, b+) becomes 
P(a+,b-|-) = (1/2) sin^(0afe/2). Here 1/2 is just the probability to find parti- 
cle 1 in the a, + state, and 9ab denotes the angle between axis a and b. Similar 
results hold for the other functions in Eq. ( 1 1 .27). Therefore the Bell inequality 
for the singlet reads 

sin" (^) < sin" (^) +sin" (^) . ( 11 . 28 ) 

For a suitable choice of axes a, b and c and range of angles Oij, this inequality 
is violated. For simplicity, we choose a, b and c to lie in a plane such that c 
bisects the two directions defined by a and b: 

9ab = 2e, 9ac = 9,b = 9. (11.29) 

The Bell inequalify Eq. (11.28) is fhen violated for 

0<9<^. (11.30) 

To measure fhese join! probabilifies P{i,j) one can use spin filters in fhe 
oufgoing leads of fhe enfangler, see Fig. 11.6. Such filters acf as spin-lo-charge 
conveners where fhe spin informalion is Iransferred info fhe ability for fhe 
elecfrons fo pass fhe fillers. The (charge) currenl fluclualions of fhe measured 
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electrons can then be detected in a reservoir placed after the spin filter. Such 
spin filters can be implemented by quantum dots in the spin filter regime as 
described theoretically in Ref. [44] and verified experimenfally wifh a filfering 
efficiency up to 99.9 % [48]. In the following we qualitatively describe the 
Bell measurement using the quantum dot spin filters. We have seen that all we 
require are the probabilities P{i,j). The directions a, b and c are defined with 
a magnetic field along these axes [49] applied to the dots 1 and 2, see Fig. 1 1.6. 
The principle of spin-measurement can be formulated in the following way. 

Let us suppose we inject electrons into Fermi liquid leads via the entangler. 
We have shown in the entangler setups containing quantum dots (Sections 2.1 
and 3) that pairs of electrons can be resonantly injected within some level width 
7e around the energies £\^2 for leads 1,2. Therefore, the energies of electrons 
injected into leads 1,2 are well defined. In the case where the entangler is based 
on the Luttinger liquid (Section 2.2) or the finite resistance setup (Section 2.3), 
the injection is not resonant and therefore not peaked in energy around some 
level £i above the Fermi energy. In this case, the quantum dot spin filters in 
the leads themselves produce a resonance with width jd, where is the level 
broadening of the dot levels due to the coupling to the leads. 




Figure 11.7. The quantum dot as a spin to charge converter: The electrons are injected with 
energy Si in lead i = 1, 2 above the chemical potential fii. Since these energies can be tuned, 
with the entanglers or with the filters itself (see text), such that Ei= Es the transmission amplitude 
is very close to one if the spin is down (resonant transmission) with respect to direction h and 
strongly suppressed if the spin is up (cotunneling process). Therefore the dot can act as a spin 
to charge converter where the spin information is converted to the possibility for the electron to 
pass the dot. 

The quanfum do! in lead z = 1, 2 is in the cotunneling regime {Eg — pi) > 
ksT^^D- Note that no voltage bias is applied to the quantum dot filters, see 
Fig. 11.7. The quantum dot contains an odd number of electrons with a spin 
up ground state [50]. The injected electron has energy ei that coincides with 
the singlet energy Eg (counted from E^^ = 0). The electron can now tunnel 
coherently through the dot (resonant tunneling), but only if its spin is down. If 
the electron spin is up, it can only pass through the dot via the virtual triplet state 
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|r+) which is strongly suppressed by energy conservation if Et^ — Es > 7d 
and 7e < 7 d- In addition, the Zeeman splitting should be larger than 
Es — Pi in order to prevent excitations (spin down state, see Ref. [44]) on the 
dot induced by the tunnel-injected electron. Concisely, the regime of efficient 
spin-filtering is 

le<lD < {Es - Pi),Et+ - Es, and ksT < {Es - pi) < A^. (11.31) 

In general, the incoming spin is in some state \a) and will not point along the 
quantization axis given by the magnetic field direction, i.e. |a) = A+| |)-|-A_| | 
). This means that by measuring many electrons, all in the same state |a), only 
a fraction |A_p will be in the down state and |A+p = 1 — |A_p in the up 
state. To be specific: The probabilify fhaf an elecfron passes fhrough fhe fiber 
is I A_ p, provided fhaf fhe transmission probability for a spin down electton is 
one (and zero for spin up), which is the case exactly at resonance ei = Es and 
for equal tunneling barriers on both sides of the dot [51]. So in principle, we 
have to repeat this experiment many times, i.e. with many singlets to get |A+p 
or |A_p. But this is automatically provided by the entangler which exclusively 
delivers (pure) singlet states, one by one and such that there is a well defined 
(average) time befween subsequenf pairs which is much larger fhan fhe delay 
lime wilhin one pair (see previous sections). Therefore we can resolve single 
single! pairs. 

How do we measure fhe successful passing of fhe election fhrough fhe dol? 
The join! probabilify P{i,j) quantifies correlations befween spin measuremenls 
in lead 1 and 2 of fhe same enfangled pair. Thus, fhis quantify should be direcfly 
related fo fhe currenf-currenf flucfualion correlator dt {dl- 2 {t) <i/i(0)) mea- 
sured in fhe reservoirs Ri and R 2 if fhe fibers are operated in fhe regime where 
only fhe spin direcfion to be measured can pass fhe dof. The currenl lluc- 
lualion operator in reservoir i = 1,2 is defined as 5Ii{t) = Ii{t) — {li). 
This quanfiliy can be measured via fhe power speclrum of fhe shol noise 
S{oj) = dt { 6 I 2 {t) SIi (0)) al zero frequency u. Indeed, if was shown 
in Ref. [9] fhaf P(ar/, br/') oc ,,/(a, b) where fhe zero frequency cross cor- 
relafor is 

/ -I- 00 

dt{SI^,i,{t)SI,^^{0)). (11.32) 

-00 

Wifh r] and r/' we denofe fhe spin directions (rj, rj' =| , i) wifh respecf to fhe cho- 
sen axes a and b, respecfively. The proporfionalily faclor befween R(a ry, b rj') 
(fhe quantify of inleresl) and fhe cross correlalor (a, b) can be eliminaled 
by deviding 5^ ,,/ (a, b) wifh 5^^^/ (a, b) [9]. If was furlher pointed ouf 

in Ref. [9] fhaf fhe correlator {dl^,f^{t)51f^a{0)) is only finite wilhin fhe cor- 
relation time [52] Tc = l/7e? i-e. for |f| ~ Tc- This sels some additional 
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requirements to our entangler setups. The average time between subsequent ar- 
rivals of entangled pairs should be larger than this eorrelation time. This leads 
to the constraint 



2e/I > l/ 7 e, (11.33) 

where I denotes the current of entangled pairs, i.e. the pair-split current calcu- 
lated for various entangler systems in this review. The requirement Eq. (11.33) 
is always satisfied in our entanglers due to the weak tunneling regime. 

We conclude that the zero frequency correlator 5^ (a, b) can be measured 
by a coincidence counting measurement of charges in the reservoirs Ri and 
R 2 that collects statistics over a large number of pairs, all in the same singlet 
spin-state. 

5. Electron-holes entanglers without interaction 

The entangler proposals presented in previous sections rely on entanglement 
sources which require interaction, e.g. Cooper pairs are paired up in singlet 
states due to an effective attractive interaction (mediated by phonons) between 
the electrons forming a Cooper pair. It was pointed out recently in Ref. [53] 
and also in Refs. [54-56] that electronic entanglement could also be created 
without interaction. In this section we would like to comment on two of the 
recent proposals describing the production of electron-hole entanglement with- 
out interaction. In the first one [53], quantum Hall edge states are used as ID 
channels enabling the creation of entanglement via the tunneling of one elec- 
tron leaving a correlated hole behind it. The entanglement is then dependent 
on how close the tunneling amplitudes between different channels are; these 
depend exponentially on the corresponding tunneling distances, and are there- 
fore different. Another problem lies in the random relative phases acquired 
by the final slate Ylaa' I e) after averaging over the 

energy bias, which could also degrade the entanglement. 

In the second one [55], it was shown that Bell inequalities could be violated 
in a standard Y-j unction at short times. The authors attribute the related entan- 
glement to the propagation of a singlet pair originating from two electrons in 
the same orbital state. However, a short-time correlator can only probe single- 
electron properties as it takes a finite average time e/I to transfer two electrons; 
thus 2-electron singlets are not relevant (in accordance with [56]). Rather, the 
entanglement is shared by electron-hole pairs across the two outgoing leads u 
and d: \e,u,^) \h,d,'\) \e, u, |) |/i, d, |), very much like in Ref. [53]. As the 

electron and the hole are created by definition simultaneously, they are corre- 
lated at equal times and, as a result, the Bell inequality is only violated for short 
times [55, 56]. On the other hand, at longer times 2-electron correlations can 
appear in this setup. Then, both singlets and triplets contribute, but the singlets 
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from the same orbital state, e = e', have measure zero in the correlator which 
involves a double integral over the energies e, e' of the two electrons. 

6. Summary 

We have presented our theoretical work on the implementation of a solid 
state electron spin-entangler suitable for the subsequent detection of the spin- 
entanglement via charge transport measurements. In a superconductor, the 
source of spin-entanglement is provided by the spin-singlet nature of the Cooper 
pairs. Alternatively, a single quantum dot with a spin-singlet groundstate can 
be used. The transport channel for the tunneling of two electrons of a pair 
into different normal leads is enhanced by exploiting Coulomb blockade effects 
between the two electrons. For this we proposed quantum dots, Luttinger liquids 
or resistive outgoing leads. We discussed a possible Bell-type measurement 
apparatus based on quantum dots acting as spin filters. 
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Abstract The quantum XY model shows a Berezinskii-Kosterlitz-Thouless (BKT) tran- 
sition between a phase with quasi long-range order and a disordered one, like 
the corresponding classical model. The effect of the quantum fluctuations is to 
weaken the transition and eventually to destroy it. However, in this respect the 
mechanism of disappearance of the transition is not yet clear. In this work we 
address the problem of the quenching of the BKT in the quantum XY model 
in the region of small temperature and high quantum coupling. In particular, 
we study the phase diagram of a 2D Josephson junction array, that is one of 
the best experimental realizations of a quantum XY model. A genuine BKT 
transition is found up to a threshold value g* of the quantum coupling, beyond 
which no phase coherence is established. Slightly below g* the phase stiffness 
shows a reentrant behavior at lowest temperatures, driven by strong nonlinear 
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quantum fluctuations. Such a reentrance is removed if the dissipation effect of 
shunt resistors is included. 

Keywords: Dissipation, Reentrance, Josephson Junction Arrays 



1. Introduction 

Two-dimensional (2D) arrays of Josephson junction (JJA) are one of the 
best experimental realizations of a model belonging to the XY universality 
class and permit to check and study a variety of phenomena related to both the 
thermodynamics and the dynamics of vortices. In these systems a Berezinskii- 
Kosterlitz-Thouless (BKT) transition [1] separates low-temperature supercon- 
ducting (SC) state from the normal (N) state, the latter displaying no phase 
coherence [2]. At nanoscale size of the junctions, the quantum fluctuations of 
the superconducting phases cause new interesting features. These appear to be 
the consequence of the non-negligible energy cost of charge transfer between 
SC islands. Indeed small capacitances are involved and the phase and charge are 
canonically conjugate variables. A relevant effect is the progressive reduction 
of the SC-N transition temperature, an example of which is shown in Fig. 12.1, 
where experimental data [3] are compared with semiclassical results [4]. 
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Figure 12.1. Experimental phase diagram for a JJA on triangular (left panel) and square (right 
panel) lattice [2]. The lower temperatures refer to the superconducting phase. The lines report 
the semiclassical result of the PQSCHA [4], in the limit Rs S> Rq = hj{2ef' with r] = 10“^ 
(solid), and for strong dissipation, Rq/Rs = 3 (dashed). 
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Recently, fabricated arrays of nanosized junctions, both unshunted [3] and 
shunted [5], have given the opportunity to experimentally approach the quantum 
(zero-temperature) phase transition. However, the mechanism of suppression 
of the BKT in the neighborhood of the quantum critical point and its connection 
with the observed reentrance of the array resistance as function of the temper- 
ature is not yet clear [2, 3, 6]. In this paper we study the SC-N phase diagram 
by means of path-integral Monte Carlo (PIMC) [7, 8] simulations focusing the 
attention on the region of strong quantum fluctuations, in order to investigate 
their role in suppressing the BKT transition. 

2. The model 

The Josephson junction two-dimensional array (JJA) on the square lattice is 
modeled by a quantum XY model with the following action: 



hi3 

0 ' ^3 









cos Pij{u] 
(ij) 



( 12 . 1 ) 



where ipij = ipi — (pj is the phase difference between the Josephson phases 
on the ith and the jfth neighboring superconducting islands. The capacitance 
matrix reads 



Cij = C 



7] Sij + [z Si 









( 12 . 2 ) 



where Cq = rjC and C are, respectively, the self- and mutual capacitances of the 
islands, and d runs over the vector displacements of the z = 4 nearest-neighbors. 
The standard samples of JJA are well decribed by the limits r/ <C 1, while for 
the granular films the opposite limits 77 1 is more appropriate. The quantum 

dynamics of the system is determined by the Coulomb interaction between the 
Cooper pairs. This is described by the kinetic term through Josephson relation 
Pi = 2eVi. The Josephson coupling is represented by the cosine term, the 
latter favoring Cooper-pair tunneling across the junctions. 

The quantum fluctuations are ruled by the quantum coupling parameter 
g = E^, where = (2e)^/2C is the characteristic charging energy (for 

g <C 1). In the following we use the dimensionless temperature t = k^T/E^. 
In our model Eq. (12.1) we assume the presence of very weak Ohmic dissipa- 
tion due to the currents flowing to the substrate or through shunt resistances [5], 
which reflects into the prescription to consider the phase as an extended vari- 
able [2]. Apart from this, dissipative effects are negligible provided that the 
shunt resistance g‘^ /{27tt), where R^ = hj{2e)‘^ is the quantum 

resistance; for smaller R^ an explicit dissipative contribution should be added 
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t 

Figure 12.2. Fitting parameter A{t) for different values of g ranging from 0.5 to 3.0. The BKT 
transition temperature is obtained by the condition ~ 1- 



to the action (12.1), e.g. in the form of the Caldeira-Leggett term [2, 4], 



hp np 

-S'cl[(/^] = [^ [ du' ^ Kij{u-u')(pi{u)(pj{u') , (12.3) 



2h 
b b 



•>■3 



resulting in a decrease of quantum fluctuations. The two situations are the cases 
of the experiments in Ref. [3] and Ref. [5], respectively, where an increasing of 
the BKT transition temperature was found for increasing dissipation. This can 
be easily understood taking into account that the dissipative term (12.3) results 
from the coupling of the phase (pi with environmental variables (the degrees of 
freedom of the dissipative bath), constituting an implicit measurement of ipi . 



3. Numerical simulations 

The numerical data for the BKT transition temperature are obtained using 
PIMC simulations on L x L lattices (up to L = 96) with periodic boundary 
conditions. Thermodynamic averages are obtained by MC sampling of the par- 
tition function after discretization of the Euclidean time u C [0, ph] in P slices 
hp/P , where P is the Trotter number. However, the actual sampling is made 
on imaginary-time Fourier transformed variables on a lattice using the algo- 
rithm developed in Ref. [7]. The move amplitudes are independently chosen 
and dynamically adjusted for each Fourier component; this procedure turns out 
to be very efficient to reproduce the strong quantum fluctuations of the paths in 
the region of high quantum coupling g. Indeed, test simulations with the stan- 
dard PIMC algorithm showed serious problems of ergodicity, though eventually 
giving the same results. The approach through Fourier PIMC becomes more 
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and more suitable and effective when dissipation is inserted, because the non- 
local action (12.3) becomes local in Fourier space. Additional details about the 
numerical method are given in the Appendix. An over-relaxation algorithm [9] 
over the zero-frequency mode has also been implemented in order to effectively 
reduce the autocorrelation times. 

A very sensitive method to determine the transition temperature is provided 
by the scaling law of the helicity modulus T (a quantity proportional to the 
phase stiffness), 





fco=0 



(12.4) 



which measures the response of the free energy F (per unit volume) when a 
uniform twist ko along a fixed direction u is applied to the boundary conditions 
(i.e., ipi + kou-i, with the unitary vector u). 

The PIMC estimator for T is easily obtained, in analogy to that of Ref. [10], 
by derivation of the path-integral expression of the partition function (see Ap- 
pendix). Kosterlitz’s renormalization group equations provide the critical scal- 
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Figure 12.3. Size scaling of the helicity modulus Ti, at the transition temperature. Symbols are 
PIMC data and the dashed-lines are the one-parameter fit with Eq. (12.5), i.e. with A{t) — 1. 
Left panel: g = 0 and t = 0.892 [Lq = 0.456(6)]; right panel: g = 3.4 and t = 0.25 
[I/O = 3.32(3)]. The insets show A{t) for different temperatures, using the two-parameter fit 
(see text). 
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Figure 12.4. Helicity modulus T l divided by the best fit with the expression (12.5) for g = 3.4 
and different temperatures: A, Q> D correspond tot = 0.2, 0.25, 0.3, respectively. 



ing law for the finite-size helicity modulus T l ■ 

T^L(tBKT) = 2 / 1 

W ^ V 21n(L/Lo)y 



(12.5) 



where Lq is a non-universal constant. Following Ref. [11], the critical temper- 
ature can be found by fitting Ti(f)/f vs L for several temperatures according 
to Eq. (12.5) with a further multiplicative fitting parameter A{t). In this way, 
the critical point can be determined by searching the temperature such that 
A(tgj^T) = l> illustrated in Figs 12.2 and 12.3. Using this procedure the 
critical temperature can be determined with excellent precision. For instance in 
the classical case we get = 0.892(2), in very good agreement with 

the most accurate results from classical simulations [12]. Also in the regime 
of strong quantum coupling, g = 3.4, the PIMC data for =0.25) 

are very well fitted by Eq. (12.5), as shown in Fig. 12.4. Moreover, this fig- 
ure poinfs ouf fhe sensifivify of fhis mefhod fo idenfify : at temperature 
higher (lower) than the critical one the helicity modulus decreases (increases) 
much faster with L than At higher values of the quantum coupling, 

g > g*, the helicity modulus scales to zero with L — > oo and P ^ oo at any 
temperature [8]. 



4. Results 

We have found significant differences with the standard BKT theory. In 
the regime of strong quantum fluctuations, a range of coupling values, 3.2 < 
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Figure 12.5. Temperature behavior of the helicity modulus T8(^) on a 8 x 8 lattice, for different 
values of g. The data are results from the Trotter extrapolation. 



g < g*, is found in which the helicity modulus displays a non-monotonic 
temperature behavior. 

In Fig. 12.5, Ti(f) is plotted for different values of g on the 8x8 cluster: up 
to g = 3.0 it shows a monotonic behavior similar to the classical case, where 
thermal fluctuations drive the suppression of the phase stiffness. In contrast, for 
S' = 3.4, the helicity modulus is suppressed at low temperature, then it increases 
up to f ~ 0.2; for further increasing temperature it recovers the classical- 
like behavior and a standard BKT transition can still be located at f ~ 0.25 
(Figs. 12.3 and 12.4). A reentrance of the phase stiffness was already found 
for a related model in Ref. [10], but the authors concluded that the drop of the 
helicity modulus at lowest temperatures was probably due to the finiteness of 
the Trotter number P . 

Systematic extrapolations in the Trotter number and in the lattice size have 
been done, and presented in Figs. 12.6 and 12.7 for g = 3.4, in order to 
ascertain this point. In particular, we did not find any anomaly in the finite-P 
behavior: the extrapolations in the Trotter number appear to be well-behaved, 
in the expected asymptotic regime 0(1/P^) [13], for P > 60 (Fig. 12.6). 
Moreover, the extrapolation to infinite lattice-size shown in Fig. 12.7 clearly 
indicates that T p scales to zero at f = 0.1, while it remains finite and sizeable at 
t = 0.2. therefore, the outcome of our analysis is opposite to that of Ref. [10], 
i.e., we conclude that the reentrant behavior of the helicity modulus appears to 
be a genuine effect present in the model, rather than a finite-Trotter or finite-size 
artifact. 
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Figure 12.6. Trotter-number extrapolation of Tl for g = 3.4. Two series of data for t = 0.1 
(•) and 0.2 (■) are reported, for four different lattice sizes: from the top to the bottom L — 
8, 10, 12, 14. The lines are weighted quadratic fits. 
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Figure 12. 7. Finite-size scaling of the helicity modulus T l for g = 3.4 at fixed P = 101. The 
lines are guides for the eye. 

In order to understand the physical reasons of the reentrance observed in the 
phase stiffness, we have studied the following two quantities: 

^ ( cos (fij{u)) , (12.6) 

, ( 12 . 7 ) 

with 

1 

= duipijiu) 



t = 0.2 



^ t = 0.1 



( 12 . 8 ) 
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Figure 12.8. Top panels: vs t\ bottom panels: (cos ipij{u)) vs t. The quantum coupling 

is gr = 1.0 in the left panels and g = 3.4 in the right panels. The circles are PIMC data and the 
dashed lines are PQSCHA results. 



and ij nearest-neighbor sites. The first quantity ^ , is a measure of the total 
(thermal plus quantum) short-range fluctuations of the Josephson phase and 
its maximum occurs where the overall fluctuations are lowest. The second 
quantity represents instead the pure-quantum spread of the phase difference 
between two neighboring islands and has been recently studied in the single 
junction problem [14]; more precisely, measures the fluctuations around 
the static value (i.e., the zero-frequency component of the Euclidean path), it is 
maximum at f = 0 and tends to zero in the classical limit, i.e., {g/t) 0. 

The quantities (12.6) and (12.7) on a 8 x 8 lattice are compared in Fig. 12.8 
for two values of the quantum coupling, in the semiclassical {g = 1.0) and in 
the extreme quantum {g = 3.4) regime. In the first case A = {cos pij{u)) 
decreases monotonically by increasing t and the pure-quantum phase spread 
shows a semiclassical linear behavior which is correctly described by the 
PQSCHA. At variance with this, at g = 3.4, where the reentrance of T(t) 
is observed, A = {cos ipij{u)) shows a pronounced maximum at finite tem- 
perature. Besides the qualitative agreement with the mean-field prediction of 
Ref. [15], we find a much stronger enhancement of the maximum above the 
t = 0 value. This remarkable finite-f effect can be explained by looking at 
A^(p=3.4) (Fig. 12.8, top-right panel). In fact its value is an order of mag- 
nitude higher than the one in the semiclassical approximation and, notably. 
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Figure 12.9. Qualitative picture of the behavior of the total mean square fluctuation of the 
nearest-neighbor phase difference. The straight line refer to the classical fluctuations. The lower 
(dashed) curve refers to the low-coupling case. The upper curve represents strongest couplings. 

{tD- 

it is strongly suppressed by temperature in a qualitatively different way from 
A‘^{g=l.O): i.e., the pure-quantum contribution to the phase fluctuations mea- 
sured by decreases much faster than the linearly rising classical (thermal) 
one resulting in a global minimum of the total fluctuations. The qualitative 
behavior of the total mean square fluctuation of the nearest-neighbor phase dif- 
ference vs. temperature is sketched in Fig. 12.9. This single-junction effect, 
in a definite interval of the quantum coupling (3.2 < 5 < 3.4), is so effective 
to drive the reentrance of the phase stiffness. As for the transition in the re- 
gion of high quantum fluctuations and low temperature, the open symbols in 
Figs. 12.10 and 12.11 represent the approximate location of the points {t,g) 
where T(f) becomes zero within the error bars: in their neighborhood we did 
not find any BKT-like scaling law. This fact opens two possible interpretations: 
(i) the transition does not belong to the XY universality class; (ii) it does, and 
in this case the control parameter is not the (renormalized) temperature, but a 
more involute function of both t and g. 

5. The phase diagram 

Let us now describe our resulting phase diagram [8], displayed in Fig. 12. 10 
together with the semiclassical results valid at low coupling [4] and in Fig. 12. 1 1 
together with the experimental data [3] and our first PIMC outcomes including 
the dissipation effect. 

At high temperature, the system is in the normal state with vanishing phase 
stiffness and exponentially decaying phase correlations, (y?i(/?j). By lowering 
t, for g < ~ 3.4, the system undergoes a BKT phase transition at t^y^rp{g) 

to a superconducting state with finite stiffness and power-law decaying phase 
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Figure 12.10. Phase diagram for a square lattice Josephson junction arrays in the limit Rs 
Rq = hjijlef' with 77 = 10~^ . The symbols are our PIMC results and the line reports the 
semiclassical result of the PQSCHA [4]. 







Figure 12.11. Phase diagram for a square lattice Josephson junction arrays. Crossed circles 
are the experimental data [2], The other filled symbols are our PIMC results, in the limit Rs ^ 
Rq — hj{2e)'^ (diamonds), for Rq/Rs ~ 0.25 (squares) and Rq/Rs = 0.5 (circles), all with 
ri = 10“^. The solid line reports the semiclassical non dissipative result of the PQSCHA [4]. 
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correlations. When g is small enough (semiclassical regime), the critical tem- 
perature smoothly decreases by increasing g and it is in remarkable agreement 
with the predictions of the pure-quantum self-consistent harmonic approxima- 
tion (PQSCHA) [4]. For larger g (but still g < g*) the semiclassical treatment 
becomes less accurate and the curve shows a steeper reduction, but 

the SC-N transition still obeys the standard BKT scaling behavior. Finally, 
for g > g* a. strong quantum coupling regime with no sign of a SC phase is 
found. Surprisingly, the BKT critical temperature does not scale down to zero 
by increasing g (i.e., (g*) / 0): by reducing the temperature in the region 

3-2 ^ g ^ g*, phase coherence is first established, as a result of the quenching 
of thermal fluctuations, and then destroyed again due to a dramatic enhance- 
ment of quantum fluctuations near f = 0. This is evidenced by a reentrant 
behavior of the stiffness of the system, which vanishes at low and high t and 
it is finite at intermediate temperatures. The open symbols in Fig. 12.10 mark 
the transition between the finite and zero stiffness region when t is lowered. 

When the interaction with a heat bath given by Eq. (12.3) is present through 
a variable shunt resistance, the quantum phase fluctuations are decreased by the 
dissipation so that the BKT transition temperature rises. This is well reproduced 
by PQSCHA approach [4] and turns out to be in qualitative agreement with re- 
cent experiments [5]. As shown in Fig. 12.11, the presence of intermediate 
(Rq/Rs = 0.25) and high (Rq/Rs = 0.5) dissipation causes the disappear- 
ance of the reentrance, in agreement with the experiments of Takahide et al. [5] . 
Their data do not show any anomalous reentrant behavior like those ones of the 
experiments on unshunted samples in Ref. [3] . Further investigations are needed 
to answer the question about the nature of the transition in the reentrance zone 
and to determine at which values of the dissipation the reentrant behavior is 
washed out. 



6. Summary 

In summary, we have studied a model for a JJA in the quantum-fluctuation 
dominated regime by means of Fourier path-integral Monte Carlo simulations. 
The BKT phase transition has been followed increasing the quantum coupling 
p up to a critical value ~ 3.4 where ~ 0.25; above g* no traces of BKT 

critical behavior have been observed. Remarkably, in the regime of strong 
quantum coupling (3.2 < <7 < 3.4) phase coherence is established only in a 
finite range of temperatures, disappearing at higher T, with a genuine BKT 
transition to the normal state, and at lower T, due to a nonlinear quantum 
mechanism. This effect is destroyed by the presence of a relevant dissipation. 
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Appendix: PIMC in the Fourier space for JJA 

In this appendix we derive the discretized expressions of the observables to be measured by 
means of the simulations based on the Metropolis algorithm. The first step is to discretize the 
Euclidean time in P slices, ui = {h(3/P)l, and to perform a discrete Fourier transform 

1 ^ . 2 , 

‘•Pi, a = p'^ P^i,i e" ^ , (I2.A.1) 

^ 1=1 

where ipi^i = pi{ui), and satisfies the conditions of periodicity, i.e. = Pi,a+p, 

and reality of pi,i, i.e. pi^a = Pp-a- Thus the discretized path can be written as a sum over 
different frequency components 



N 

Pi, I = <^i + 2 ^ 

a = l 
N 

= pi + 2 ^ 
a = l 

where pi is the zero-frequency component of the Euclidean path Eq. (12.8), and we choose an 
odd Trotter number P = 2N + 1. The advantage of using expression (12.A.2) is twofold. On 
the one hand the dissipative term of the action (12.3) that is non-local in time becomes diagonal. 
On the other hand the sampling can be performed independently on each frequency component, 
dynamically adjusting each move amplitude. This method make the sampling very effective 
especially in the region of strong quantum fluctuations, where the main contribution to the path 
comes from {ai,a} and 

Using expression (12.A.2), the JJA action (12.1) plus the dissipative term (12.3) reads 

N 

^ ^ ^ ^ 'I'ij,a(,a,i,cttlj,a “i” 

ij q :=1 

p 

+ • (12.A.3) 

(ij) *=1 



2-Kla , 

0,i,a cos — p h bi,, 



27rtol 



(12.A.2) 



where Pij,i = pi,i~pj,i, and the “kinetic” matrix is 

Tij,a — ^^2 ~j5 ^ [dKij,a , (12. A. 4) 

and Kij,a is the discrete FT of the dissipative kernel matrix Kij (u—u'). All the macroscopic 
thermodynamic quantities are obtained through the estimators generated from the discretized 
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action (12.A.3). For instance the estimator of the helicity modulus T is obtained applying the 
definition (12.4) to the discretized free energy per unit volume 



F=il„2 = il„ 



7 



C Fife 



-S[¥>] 



with the normalization constant C. Eventually we get 



\ZOKo ko=oJ Z OKq ko^O 



1 

p 



p 

EE cos <Pij,l 

{ij) * = 1 



1 

tP^ 



EE sin 

(ij) * = 1 



(12.A.5) 



(12.A.6) 
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Abstract We report low temperature transport measurements on suspended single walled 
carbon nanotubes (both individual tubes and ropes). The technique we have 
developed, where tubes are soldered on low resistive metallic contacts across 
a slit, enables a good characterization of the samples by transmission electron 
microscopy. It is possible to obtain individual tubes with a room temperature 
resistance smaller than 40 kfl, which remain metallic down to very low temper- 
atures. 

When the contact pads are superconducting, nanotubes exhibit proximity in- 
duced superconductivity with surprisingly large values of supercurrent. We have 
also recently observed intrinsic superconductivity in ropes of single walled carbon 
nanotubes connected to normal contacts, when the distance between the normal 
electrodes is large enough, since otherwise superconductivity is destroyed hy 
(inverse) proximity effect. These experiments indicate the presence of attractive 
interactions in carbon nanotubes which overcome Coulomb repulsive interactions 
at low temperature, and enables investigation of superconductivity in a ID limit 
never explored before. 

Keywords: Carbon nanotubes, phase coherent transport, superconductivity 



1. Introduction 

The hope to use molecules as the ultimate building blocks of electronic 
circuits motivates the quest to understand electronic transport in molecular 
wires. However most molecules with delocalized electronic orbitals undergo 
a structural Peierls transition to an insulating state at low temperature[l]. Few 
systems are exceptions to this rule. Carbon nanotubes are one of them [2], 
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Single wall carbon nanotubes are constituted by a single graphene plane 
wrapped into a cylinder. The Fermi surface of graphene is very particular, it 
is reduced to six discrete points at the corners of the first Brillouin zone. As 
a result, depending on their diameter and their helicity which determine the 
boundary conditions of the electronic wave functions around the tube, SWNT 
can be either semiconducting or metallic. When metallic they have only two 
conducting channels [2]. 

It has been shown that these two conduction modes of carbon nanotubes are 
only very weakly coupled by electron interactions. SWNT are thus expected 
to exhibit electronic properties similar to systems presenting ID conducting 
ladders with very small transverse coupling . 

Electron-electron interactions in ID systems have been shown to determine 
their low temperature properties, with a non-Fermi liquid behavior characteristic 
of a Luttinger liquid state (LL) [3, 4] with collective low energy plasmon-like 
excitations giving rise to anomalies in the single particle density of states, but 
no long range order. Proof of the validity of LL description with repulsive 
interactions in SWNT was given by the measurement of a resistance diverging 
as a power law with temperature down to 10 K [5] with an exponent depending 
on whether contacts are taken on the end or in the bulk of the tube. From these 
exponents it was possible to deduce the LL parameter g measuring the strength 

of the interactions g = 0.25 H 0.05. This value which is much smaller 

than 1 indicates dominant repulsive interactions. The extrapolation of this 
power law behavior down to very low temperature would indicate an insulating 
state. However, these measurements were done on nanotubes separated from 
measuring leads by tunnel junctions. Because of Coulomb blockade [6], the 
low temperature and voltage transport regime could not be explored. 

We have developed a technique in which measuring pads are connected 
through low resistance contact to suspended nanotubes [7]. It is then possible 
to obtain individual tubes with a resistance at room temperature no larger than 
40 kQ, that increases only slightly at low temperatures (typically a 20% resis- 
tance increase between RT and 1 K. The current versus voltage (IV) curves 
also exhibit logarithmic non-linearities at low temperature. This weak tem- 
perature dependence has also recently been measured in samples where good 
contact to electrodes was achieved by burying the tube ends over a large dis- 
tance under metallic electrodes fabricated with electron beam lithography [8]. 
It is on the other hand in stark contrast with the T dependence of tubes with 
tunnel contacts [5] , which exhibit power laws with much larger exponents (of 
the order of 0.3) at high temperature, and exponentially increasing resistance 
at lower temperature because of Coulomb blockade. It is not surprising that in 
addition to the intrinsic conducting properties of tubes (interactions, band struc- 
ture, disorder), the way they are contacted should determine the temperature 
dependence of the resistance. For instance extrapolating the results obtained 
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on Luttinger liquids between normal reservoirs [10], the resistanee of a ballistie 
tube on perfect contacts is expected to be insensitive to interactions and to be 
given by Rq/2 = /i/2e^ = 6.5 kQ at all temperatures. 

2. Proximity induced superconductivity in carbon 
nanotubes as a probe of quantum transport 

We have performed transport experiments on individual carbone nanotubes 
(SWNT)connected to superconducting electrodes 0.5 fim apart. Such an ex- 
periment does not only probe the conduction of SWNT but also the coherent 
nature of the transport from the observation proximity induced superconduc- 
tivity below the superconducting transition temperature of the electrodes. A 
way to probe phase coherence in a quantum mesoscopic wire is to investigate 
proximity induced superconductivity when connected to superconducting reser- 
voirs which impose a phase shift on boundary conditions analogous with the 
Aharonov Bohm flux through a ring made from the same wire. 

The proximity effect (PE), i.e. the penetration of superconducting correla- 
tions in a non superconducting (normal) conductor connected to it, has been 
extensively measured in metallic multilayers [11], mesoscopic wires made of 
noble metals [12]. A normal metal (N) in good contact with a macroscopic 
superconductor (S) is in the proximity effect regime: superconducting correla- 
tions will enter the normal metal over a characteristic length L jy which is the 
smallest of either the phase coherence length in the normal metal or the 
thermal length Lp- Both lengths, of the order of a few p,m, can be much longer 
than the superconducting coherence length ^ = hvp/ A or ^JhD/ A where A 
is the energy gap of the superconducting contacts. 

If the normal metal’s length is less than Ljy and if the resistance of the NS 
interface is sufficiently small, a gap in the density of states is induced in the 
normal metal that is as large as the gap of the superconductor in the vicinity of the 
interface and decreases on the length scale Ljv . Consequently, a normal metal 
shorter than Lyj between two superconducting electrodes (a SNS junction) can 
have a critical temperature equal to that of the superconductor alone and exhibit 
a Josephson effect like tunnel junctions, i.e. a supercurrent at zero bias. The 
maximum low temperature value of the supercurrent (critical current) in such 
SNS junctions of normal state resistance Rjy is : TtA/eRN in the short junction 
limit L << or A << £'c[13], and aEc/eRpf , with a a numerical factor 
of the order of 10, in the limit of long junctions L » ^ or Ec « A [14]. 
Probing the proximity effect in a normal wire connected to superconducting 
electrodes and in particular the existence of a Josephson current constitutes 
a powerful tool for the investigation of phase coherent transport through this 
normal wire. 
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We have observed proximity induced superconductivity in the three different 
isolated SWNT ST1,ST2 and ST4 . These samples are mounted on Ta/Au elec- 
trodes which are a bilayer (5 nm Ta, 100 nm An) with a transition temperature 
of the order of 0.4 K. This value is strongly reduced compared to the transition 
temperature of bulk tantalum (4K) due to the large thickness of gold relative to 
tantalum. 

For these three samples the temperature dependence of the zero bias resis- 
tance exhibits a broad transition around the superconducting transition tem- 
perature of the contacts and becomes zero at lower temperature except for the 
highest resistance sample ST4 (Rn = 70 kCl) which has a residual resistance 
of 800 n. The transition is shifted to lower temperature when a magnetic field 
is applied in the plane of the contacts and perpendicular to the tube axis. Above 
2 Tesla the resistance becomes field independenf and slighfly increases when 
fhe femperafure is lowered below 0.2 K as already menfioned in fhe previous 
secfion . The crifical field, which can be also exfracfed as fhe inflecfion poinf of 
fhe magneforesisfance depicfed in fig. 13.1, is surprisingly high (of fhe order of 
1 Tesla for all samples) and is fen times larger fhan fhe measured crifical field 
of fhe confacf (0.1 T). If is possible fhaf fhese high values of crifical field are 
due fo local modificafions of fhe bilayer Ta /Au film in fhe confacf region due 
fo fhe laser pulse, in particular fhe melfed upper gold film is probably much 
fhinner fhan fhe original one. If is however imporfanf fo nofe fhaf fhese values 
of crifical field are nearly fhe same for fhe various samples measured. They all 
vary linearly wifh femperafure up fo Tc . 

The mosf sfriking signafure of induced superconducfivify, is fhe exisfence of 
Josephson supercurrenfs fhrough fhe samples [15]. The exisfence of a super- 
currenf shows up in fhe volfage vs. currenf curves and differential resisfance, as 
show in Fig. 13.2. For sample STi, fhe fransifion befween fhe superconducting 
sfafe (zero volfage drop fhrough fhe sample) and fhe dissipative (resisfive) sfafe 
is quife abrupf and displays hysferesis af low femperafure. If is characferised by 
a crifical currenf ic = 0.14^ A near zero femperafure. The value of fhe producf 
f?Aric af T = 0, for fhe 3 samples, varies befween 1.6 and 3.5 mV. We find 
fhaf fhe producf is more fhan 10 times larger fhan fhe maximum expecfed value 
{'K/S.je = 0.06 mV), where we deduce A from fhe Tc of fhe superconducf- 
ing elecfrodes. (We find also fhaf all samples are in fhe shorf junction limit 
Ec > A). It may me interesting to compare the energy Riqic to the gap of 
pure tantalum IS.Ta = 0.7mV. However it is difficult to understand why the 
induced gap could be the gap of pure tantalum while the resistance drop of the 
tube follows the transition of the bilayer. 

Somewhat unexpectedly and uncharacteristic of metal SNS junctions, the 
normal state resistance is not recovered above the critical current, but the V(I) 
curve shows further hysteretic jumps at higher currents. 
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Figure 13.1. Temperature dependence of the resistance of 3 different single tubes STl, 2, 4. 
mounted on TaAu measured for different values of the magnetic field perpendicular to the tube 
axis in the plane of the contacts. (The labels on the curves correspond to the value of magnetic 
field in Tesla). The arrow indicates the temperature below which the contact resistance is zero. 
Top Inset: Transmission electronic microscopy picture of the nanotube STl suspended between 
the two TaAu contacts . Bottom inset: Field dependence of the transition temperature (defined 
as the inflection point of R(T)). 
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These features also appear in the differential resistance dV/dl measured with 
a small ac current superimposed to the dc one. The superconducting state 
corresponds to the zero differential resistance measured at low dc current. At 
the critical current the differential resistance displays a sharp peak followed by 
smaller ones at higher current. Each peak corresponds to a hysteretic feature in 
the dc V-I curve . The peaks are linearly shifted to lower current when increasing 
magnetic field and all disappear above 2T. The field dependence of fhe critical 
currenf is found fo be precisely linear for all samples, wifh disappearance of 
crifical currenf above a field equal fo 1 T. 

If is very difficull fo undersfand fhese resulfs in fhe framework of conven- 
fional proximify induced superconducfivify. In parficular we have also shown 
fhaf IV characferisfics exhibif non linearities fogefher wifh persisting signs of 
superconducfivify af very large bias, i.e. much larger fhan fhe gap of fhe Ta/Au 
confacfs (and even fhe gap of pure fanfalum!). This behavior, which is nol 
expected in proximify induced superconducfivify, is similar fo fhaf observed 
in long superconducfing filamenfs [16]: Above ic, small normal regions of 
size comparable fo fhe inelasfic lengfh L at are nucleated around defecls in fhe 
sample (phase slip centers). 

Observation of sfrong proximify effecf indicates fhaf phase coherenf frans- 
porf fakes place in carbon nanolubes on fhe micron scale, however in fhe case 
of single wall lubes fhe surprisingly high values of crifical currenls cannol be 
described by fhe Iheory of SNS junclions where N is a LL wifh repulsive inler- 
aclions [17, 18]. 

Our dala could indeed be explained by fhe existence of superconducting lluc- 
lualions inlrinsic fo SWNT [19, 20]. For an infinite nanolube, because of ifs ID 
characfer, fhese fluclualions are nol expecled fo give rise fo a superconducfing 
slafe al finite lemperalure. However, fhe superconducfing slale could be slabi- 
lized by fhe macroscopic superconducfivify of fhe confacfs. In such a silualion, 
if is conceivable fo expecl fhe critical currenf fo be enhanced compared fo ifs 
value in a convenlional SNS junction and fo be idenlical wifh fhe critical currenf 
of a superconducting filamenl which reads ic = (4e^//i)At determined by fhe 
value of fhe superconducfing pairing amplilude At inside fhe wire and indepen- 
denl of fhe normal slafe resislance of fhe nanolube (in fhe limil where fhe mean 
free palh is larger fhan fhe superconducfing coherence lengfh). The exislence 
of superconducfing fluclualions inlrinsic fo nanolubes may also help fo explain 
fhe posilive magnelo-resislance observed in all our samples where fhe normal 
slale resislance is recovered al fields much higher fhan fhe crifical field of fhe 
confacfs. We see in fhe nexl seclion fhaf fhese sfalemenls are corroboraled by 
fhe observation of inlrinsic superconducfivify in ropes of SWNT. 
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Figure 13.2. A) Upper curve, V(I) characteristics for the individual SWNT STl , from which 
the critical current is deduced. Lower curve, the same data on a wider current scale showing the 
existence of voltage steps for currents higher than i^. B) Differential resistance measured with a 
small ac modulation of the current for various values of the magnetic field. It is clear from this 
data that the normal resistance Rn = 2bkFl is only recovered at currents much higher than ic. 
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3. Intrinsic superconductivity in ropes of SWNT on 
normal contacts 

Ropes of SWNT contacted using the same technique present a much wider 
range of resistance values than individual tubes: the resistances vary between 
less than 100 Q and 10^ Cl at 300 K. There is also no systematic relation between 
the diameter of a rope and the value of its resistance. This may indicate that 
in certain cases only a small fraction of the tubes are connected. In contrast to 
individual nanotubes, the ropes seem to verify the Thouless criterion [21]: they 
strongly localize when their resistance is above 10 kCl at room temperature and 
stay quasi-metallic otherwise. This behavior is very similar to what is observed 
in quasi ID metallic wires. The temperature dependence of these ropes is also 
very weak. But for low resistance ropes {R < 10/c D) it is not monotonous, in 
contrast to individual tubes: The resistance decreases linearly as temperature 
decreases between room temperature and 30 K indicating the freezing-out of 
phonon modes, and then increases as T is further decreased, as in individual 
tubes. 

In the following we discuss the low temperature transport (below IK) of 
suspended ropes of SWNT connected to normal electrodes. The electrodes are 
trilayers of sputtered Al^Oz/ Ptj Au of respective thickness 5, 3 and 200 nm. 
They do not show any sign of superconductivity down to 50 mK. 

As shown in figure 13.3, different behaviors are observed for the tempera- 
ture dependence of the zero bias resistance. The resistance of some samples 
(RSptAu and RUtptAu) increases weakly and monotonously as T is reduced, 
whereas the resistance of others {Rl, 2, 4, 5ptAu) drops over a relatively broad 
temperature range, starting below a temperature T* between 0.4 and 0.1 K 
(T^ = 140 mK, T 2 = 550 mK, T| = 100 mK). The resistance of Rl ptAu is 
reduced by 30% at 70 mK and that of RAptAu by 75% at 20 mK. In both cases 
no inflection point in the temperature dependence is observed. On the other 
hand the resistance of R2 ptAu decreases by more than two orders of magnitude. 
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10.5 kQ 
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0.1 pA 


0.36 pA 


R‘^PtAu 
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4.2kfl 


9.2kfl 
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0.075 pA 


3 pA 


R^PtAu 
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* 


* 


* 


RlptAu 


1pm 


45 


620 fl 


620 fl 


120 mK 


* 


0.1 pA 


R 5 ptAv, 


2 pm 


300 


16 kfl 


21 kfl 


130 mK 


20 nA 


0.12 pA 


RGptAu 


0.3 pm 


200 


240 fl 


240 fl 


* 


* 


* 







Table 13.1. Summary of the characteristics of six ropes mounted on Pt/Au contacts. T* is 
the temperature below which the resistance starts to drop, R is the current at which the first 
resistance increase occurs, and I A is the current at which the last resistance jump occurs. 
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Figure 13.3. Resistance as a function of temperature for the six samples described in table VI, 
both in zero fields and large fields. 



and reaches a constant value below 100 mK Rr = 74 Q. This drop of resis- 
tance disappears when increasing the magnetic field. For all the samples we 
can define a crifical field above which fhe normal sfafe resisfance is recovered. 
As shown on Fig. 13.4 fhis critical field decreases linearly wifh femperafure, 
very similar fo whaf is seen in SWNT and ropes connecfed fo superconducfing 
confacfs. We define a zero femperafure crifical field He as fhe exfrapolafion of 
Hc{T) fo zero femperafure (see Fig. 13.4). 

Above fhe crifical field, fhe resisfance increases wifh decreasing femperafure, 
similarly fo ropes 3 and 6, and becomes independenf of magnefic field. Fig. 13.5 
and Fig. 13.6 show fhaf in fhe femperafure and field range where fhe zero-bias 
resisfance drops, fhe differenfial resisfance is sfrongly currenf-dependenf, wifh 
lower resisfance af low currenf. These dafa suggesf fhaf fhe ropes 1, 2 and 4 are 
superconducfing. Alfhough fhe experimenfal curves for RlptAu look similar 
fo fhose of SWNTs connecfed fo superconducfing confacfs [15], fhere are major 
differences. In particular fhe V{I), dV/dI{I) do nol show any supercurrenf 
because of fhe exisfence of a finile residual resisfance due fo fhe confacfs being 
normal. 
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Figure 13.4. Resistance as a function of temperature for samples Rl,2,5ptAu showing a 
transition. The resistance of R1 is measured in magnetic fields of jj,oH= 0, 0.02, 0.04, 0.06, 
0.08, 0. 1 , 0.2, 0.4, 0.6, 0.8 and 1 T from bottom to top. The resistance of R2 is taken at noH=0, 
0.05, 0.1, 0.2, 0.4, 0.6, 0.8, 1, 1.25, 1.5, 1.75, 2, 2.5 T from bottom to top. That of R5 at /io7T=0, 
0.1, 0.2, 0.3, 0.5, 1.4 T from bottom to top. Bottom right: Tc{H) for R2. 




I (mA) T(mK) 



Figure 13.5. Differential resistance of R2ptAu and R4ptAu, at different temperatures. Right 
panel: Temperature dependence of R* , the current at which the last resistance jumps occur in 
the dV/dl curves. 
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Figure 13.6. Differential resistance as a function of current for samples _R1, 2, 4, SptAti in 
different applied fields. Sample R1 : Fields are 0, 0.02, 0.04, 0.06, 0.08, 0. 1 , 0.2 and 1 T. Sample 
R2: Fields are 0, 0.2, 0.4, 0.6, 0.8, 1, 1.25, 1.5, 1.75, 2, and 2.5 T. Sample R5: Fields are 0.02, 
0.04, 0.06, 0.08 T. Sample R4: Fields are 0, 0.02, 0.06, 0.1, 0.15, 0.2 and 0.4 T. Bottom: Field 
dependence of Jc for samples R2ptAu and R4:ptAu. Note the linear behavior. 

Before analyzing the data further we wish to emphasize that this is the first 
observation of superconductivity in wires having less than one hundred con- 
duction channels. Earlier experiments in nanowires [23-25] dealt with at least 
a few thousand channels. We therefore expect a strong ID behavior for the 
transition. In particular, the broadness of the resistance drop with temperature 
is due to large fluctuations of the superconducting order parameter in reduced 
dimension starting at the 3D transition temperature T*. In the following we 
will try to explain the variety of behaviors observed taking into account several 
essential features: the large normal contacts, together with the finite length of 
the samples compared to relevant mesoscopic and superconducting scales, the 
number of tubes within a rope, the amount of disorder and intertube coupling. 
We first assume that all ropes are diffusive conductors but we will see that this 
hypothesis is probably not valid in the more ordered ropes. 

3.1 Normal contacts and residual resistance 

We first recall that the resistance of any superconducting wire measured 
through normal contacts (an NSN junction) cannot be zero : a metallic SWNT, 
with 2 conducting channels, has a contact resistance of half the resistance quan- 
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turn, Rq(2 (where Rq = h/{2e^)-l2.9 kJ2), even if it is supereondueting. 
A rope of Nm parallel metallie SWNT will have a minimum resistance of 
RQ/{2Nm)- Therefore we use the residual resistance Rr to deduce a lower 
hound for the number of metallic tubes in the rope Nm = Rq/2Rr. From the 
residual resistances of 74 Cl in sample R2ptAu, and less than 170 12 in RAptAu 
we deduce that there are at least 90 metallic tubes in R2 ptAu and ss 40 in 
R'^PtAu- In both cases that means that a large fraction of tubes participate to 
transport and justifies a posteriori the hypothesis that ropes are diffusive con- 
ductors. In the other samples we cannot estimate the number of conducting 
tubes because we do not reach the regime where the resistance saturates to its 
lowest value. 

3.2 Estimate of the superconducting coherence length. 

Assuming that the BCS relation holds we get for the superconducting gap 
A = 1.76 kpT* : A 85 ixeV for R2ptAu- We can then deduce the super- 
conducting coherence length along the rope in the diffusive limit : 



\/hvple/ A. (13.1) 

This expression yields ^2 ~ 0.3 /um where vpis the longitudinal Fermi velocity 
8 X 10^ m/s. (Consistent with ID superconductivity, ^2 is ten times larger than the 
diameter of the rope). We now estimate the superconducting coherence length 
of the other samples, to explain the extent or absence of observed transition. 
Indeed, investigation of the proximity effect at high-transparency NS interfaces 
has shown that superconductivity resists the presence of normal contacts only if 
the length of the superconductor is much greater than ^ [27]. This condition is 
nearly fulfilled in R2ptAu (^2 ~ ^2/8). Using fhe high femperafure resisfance 
values and assuming a gap equal fo fhaf of R2ptAu we find ^1 Li/2 , ^4 
2/4/2, ^3 ~ 2L3, and 2Lg. These values explain qualifafively fhe reduced 
fransifion femperafure of R1 ptAu and RA ptAu and fhe absence of a fransifion 
for RSptAu and RQptAu- Moreover we can argue fhaf fhe superconducting 
fransifions we see are nof due fo a hidden proximify effecf : if fhe A/2O3/ Pt/Au 
confacfs were made superconducting by fhe laser pulse, fhe shorfesf ropes (3 and 
6) would become superconducting af femperafures higher fhan fhe longer ones 
(1, 2, 4). If is however nof possible fo explain fhe behavior of fhe sample 5 wifh 
fhe same kind of argumenf, since fhe same expression yields a coherence lengfh 
^5 much shorter fhan fhe lengfh of fhe sample, and nonefheless no complefe 
fransifion is seen. We believe fhaf fhis is due fo fhe sfrong disorder in fhis 
sample which is very close fo fhe localizafion limif. Fig. 13.4 shows fhaf fhe 
fransifion even disappeared affer fhermal cycling when an increase of room 
femperafure resisfance led fo complefe localizafion af low femperafure. 
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3.3 Role of the number of tubes. 

Another a priori important parameter is the number of tubes in a rope: the 
less tubes in a rope, the closer the system is to the strictly ID limit, and the 
weaker the transition. If we compare the two ropes in Fig. 13.7, it is clear that 
the transition both in temperature and magnetic field is much broader in the rope 
R4:ptAu with only 40 tubes than in the rope R2ptAu with 350 tubes. Moreover 
there is no inflexion point in the temperature dependence of the resistance in 
the thinner rope, typical of a strictly ID behavior. We also expect a stronger 
screening of e-e interactions in a thick rope compared to a thin one, which could 
also favor superconductivity as we will discuss below. 





Figure 13.7. Resistance as a function of temperature (continuous line) and magnetic field 
(scatter points) for samples R2ptAu and R4ptAu. Insets: TEM micrographs of the samples. 
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3.4 Role of disorder and intertube coupling 

As is clear from expression (13. 1) for the superconducting coherence length, 
disorder is at the origin of a reduction of the superconducting coherence length 
in a diffusive sample compared to a ballistic one and can in this way also 
decrease the destructive influence of the normal contacts. More subtle and 
specific to the physics of ropes, we have seen that disorder also enhances the 
intertube coupling, so it can increase the dimensionality of the superconducting 
transition: weakly disordered ropes like R1 and R4 will be more ID -like than 
the more disordered rope R2. Of course disorder must always be sufficiently 
small so as not to induce localization. These considerations may explain the 
variety of behaviors observed and depicted in Fig. 13.8. 




Figure 13.8. Resistance as a function of temperature for all samples which undergo a transition, 
plotted in reduced units R/Rmax and T jT* . 

Finally, disorder is also the essential ingredient which reveals the difference 
between the normal state and the superconducting state. In a ballistic rope we 
would not expect to observe a variation of the resistance over the superconduct- 
ing transition because in both cases the resistance of the rope is just the contact 
resistance. 

To gain insight in the transport regime, we have performed shot noise mea- 
surements of the ropes Rl, 3, 4, GptAu, in the normal state (higher level of 1/f 
noise in the more resistive ropes i?2, UptAu made the analysis of shot noise 
impossible in those samples), between 1 and 15 K. We found a surprisingly 
strong reduction of the shot noise, by more than a factor 100, which is still not 
well understood, but would indicate that all the tubes in these ropes are either 
completely ballistic or completely localized [28], in strong apparent contradic- 
tion with the observation of the superconducting transition of RAptAu, with a 
60% resistance drop. 
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Figure 13.9. a Resistance of R2 ptAu plotted on a log scale as a function of the inverse temper- 
ature at H=0. We have subtracted the low temperature residual resistance (contact resistance). 
The slope yields an approximate activation energy of 0.8 K which has to be compared to the 
condensation energy of Cooper pairs in a sample of length ^ = Mn{Ef )A^^ ~ IK. 

Note that this characteristic energy is much smaller in our samples containing only one hundred 
channels than in whiskers where phase slips can only be observed very close to Tc. b- V(I) 
and ^ (/) curves showing the hysteretic behavior in V(I) at each peak in the ^ (7) curve for 
sample R2ptAu 



It would however be possible to explain a resistanee deerease in ballistie 
ropes turning supereondueting, if the number of condueting ehannels is larger 
for Cooper pairs than for individual eleetrons. In his reeent theoretieal in- 
vestigation of supereonduetivity in ropes of SWNT, Gonzalez [29] has shown 
the existenee of a finite intertube transfer for Cooper pairs, even between two 
tubes of different helieities whieh have no possibility of single eleetron inter- 
tube transfer. This Cooper pair deloealization eould lead to the opening of new 
ehannels when a rope eontaining a mixture of insulating and ballistie tubes 
becomes superconducting. 

3.5 Signatures of ID superconductivity. 

Reminiscent of measurements of narrow superconducting metal wires [23], 
we find jumps in fhe differential resisfance as fhe currenf is increased (Fig. 
13.9). For sample 2 fhe differenlial resisfance af low currenfs remains equal 
fo Rr up fo 50 nA, where if sfrongly rises buf does nol recover ifs normal 
sfafe value unfil 2.5 pA.. The jump in resisfance af fhe firsf sfep corresponds 
approximafely fo fhe normal sfafe resisfance of a lengfh ^2 of sample 2. Each 
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peak corresponds to a hysteretic feature in the V — I curve (Fig. 13.9b). These 
jumps are identified as phase slips [23, 16, 26], which are the occurrence of 
normal regions located around defects in the sample. Such phase slips can 
be thermally activated (TAPS), leading to a roughly exponential decrease of 
the resistance instead of a sharp transition, in qualitative agreement with our 
experimental observation (Fig. 13.9a). At sufficiently low temperature, TAPS 
are expected to be replaced by quantum phase slips, which, when tunneling 
through the sample, contribute an additional resistance to the zero temperature 
resistance. 

Also, in sample 2 the current at which the first resistance jump occurs (60 
nA, see Fig. 13.6) is close to the theoretical critical current of a diffusive 
superconducting wire [22] with gap A 2 = 85iJ,eV (Iq = A 2 /R^e f«20 nA), 
whereas the current at which the last resistance jump occurs (2.4 fiA, see Fig. 
13.5) is close to the theoretical critical current of a ballistic superconducting 
wire with the same number of conducting channels Ic* = A 2 /Rre ~ 1 pA 
[26]. 

We also expect this current Iq* = A 2 / RrS to be the critical current of a 
structure with this same wire placed between superconducting contacts with 
gap As even if < A 2 ), and can thus be much larger than the Ambegaokar- 
Baratoff prediction RnIc ~ As/e [31]. Intrinsic superconductivity might 
thus explain the anomalously large supercurrent measured in the experiments 
described in the previous section, where nanotubes are connected to supercon- 
ducting contacts. It is also interesting to compare the low temperature quadratic 
dependence of the critical currents which is very similar in all samples both on 
normal and superconducting contacts. 

3.6 Effect of magnetic field 

It is difficult to say a priori what causes the disappearance of superconductiv- 
ity in carbon nanotubes. The value of iFc (0) should be compared to the depairing 
field in a confined geomefry [32], and corresponds fo a flux quanfum 4>o fhrough 

a lengfh^ of an individual SWNT of diamefer(i,/ioFfc = = 1-35 

T. Buf He (0) is also close fo fhe field p^Hp = A/ps = 1.43 Taf which a para- 
magnefic sfafe becomes more favorable fhan fhe superconducting sfafe [33, 34]. 
Nofe fhaf Ibis value is of fhe same order as fhe crifical field fhaf was measured 
on SWNT conneefed befween superconduefing confaefs, i.e. much higher fhan 
fhe critical field of fhe confaefs. 

The linear dependence of fhe crifical currenf wifh magnetic field observed 
in all samples is very similar fo fhe dafa presenfed in fhe previous seefion on 
SWNT on superconducting confaefs and appears sfrongly relafed fo fhe linear 
dependence in Tc{H). This linear scaling wifh magnetic field is surprising 
since if is nol expeefed fo lake place in a ID sysfem and is more typical of 
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2D superconductivity [30]. A depairing mechanism based on spin splitting of 
the quasiparticle energy states could however provide a possible explanation. 
Experiments performed with various field directions compared to the tube are 
thus necessary for a better understanding of the influence of magnetic field on 
superconductivity in carbon nano tubes. 

4. Conclusion 

Data depicted in the previous section show the existence of intrinsic su- 
perconductivity in ropes of carbon nanotubes which number of tubes varies 
between 30 and 400. The question of the existence of superconducting correla- 
tions in the limit of the individual tube cannot be answered yet. It is of course 
tempting to consider the high supercurrent measured on superconducting con- 
tacts as a strong indication that superconducting fluctuations are present also 
in individual carbon nanotubes. However since unscreened Coulomb repul- 
sive interactions in these samples are expected to suppress superconductivity, 
precise investigations of individual carbon nanotubes on normal contacts are 
necessary. It is essential to conduct experiments on sufficiently long samples 
(like the ropes presently studied) so that intrinsic superconductivity is not de- 
stroyed by the normal contacts. Note that recent magnetization experiments 

[35] also strongly support the existence of superconducting fluctuations below 
10 K in very small diameter (0.4 nm) individual tubes grown in zeolites. 

We now discuss what could be the relevant mechanism for superconductivity 
in carbon nanotubes. Observation of superconductivity in carbon based com- 
pounds was reported a long time ago. First in graphite intercalated with alkali 
atoms (Cs,K), superconducting transitions were observed between 0.2 and 0.5 K 

[36] . Much higher temperatures were observed in alkali-doped fullerenes [37] 
because of the coupling to higher energy phonons. In all these experiments 
it was essential to chemically dope the system to observe superconductivity. 
There is no such chemical dopants in the ropes of carbon nanotubes studied 
here. As shown in previous works there is some possibility of hole doping of 
the tubes by the gold metallic contacts which electronic work function is larger 
than in the tubes [38, 39]. However, although this doping could slightly de- 
populate the highest occupied energy band in a semiconducting tube it is very 
unlikely that it is strong enough to depopulate other lower energy subbands 
for a metallic tube with a diameter in the nm range. More interesting would 
be a mechanism related to the ID electronic structure of carbon nanotubes. A 
purely electronic coupling mechanism has been indeed shown to induce super- 
conducting fluctuations in coupled double chain systems such as ladders [40]. 
The relevance of this mechanism has been considered also in carbon nanotubes 
away from half filling but the very small order of magnitude for the energy scale 
of these superconducting fluctuations is not compatible with our findings [3]. 




236 



FUNDAMENTAL PROBLEMS OF MESOSCOPIC PHYSICS 



Recent estimations of the electron phonon coupling coupling constants [29], 
[41], [42] in carbon nanotubes seem to be more promising. It is shown that the 
breathing modes specific to carbon nanotubes can be at the origin of a strong 
electron phonon coupling giving rise to attractive interactions which can possi- 
bly overcome repulsive interactions in very small diameter tubes . The possible 
coupling of these rather high energy modes to low energy compression modes in 
the nanotube have been also considered, following the Wenzel Bardeen singu- 
larity scheme initially propose by Loss and Martin where low energy phonons 
are shown to turn repulsive interactions in a Luttinger liquid into attractive ones 
and drive the system towards a superconducting phase [43]. The suspended 
character of the samples may be essential in this mechanism. 
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Abstract We discuss the behaviour of a quantum Hall system when two Lan- 
dau levels with opposite spin and combined filling factor near unity 
are brought into energetic coincidence using an in-plane component of 
magnetic field. At coincidence, the system is an Ising pseudospin ferro- 
magnet, since exchange energy is lowest when one or other Landau level 
is maximally occupied. At low temperature it has a transition between 
positive and negative pseudospin orientation which is driven by tilting 
the sample relative to the magnetic field. We focus on the interpreta- 
tion of recent experiments under these conditions [Zeitler et al, Phys. 
Rev. Lett. 86, 866 (2001); Pan et al, Phys. Rev. B 64, 121305 (2001)], 
in which a large resistance anisotropy develops at the critical tilt an- 
gle, at low temperatures. We point out that sample surface roughness 
will generate a random field that couples to pseudospins. This random 
field has spatial correlations which are intrinsically anisotropic, even if 
surface roughness is isotropic, because the in-plane magnetic field com- 
ponent selects a direction. We suggest that transport anisotropy reflects 
domain formation induced by the random field, and use a model cal- 
culation to account by this mechanism for the observed magnitude of 
resistance anisotropy. 

Keywords: quantum Hall ferromagnet, transport anisotropy, Landau level coinci- 
dence, random field Ising model, surface roughness. 
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1 . Introduction 

Two very striking experimental observations of large electronic trans- 
port anisotropy for quantum Hall systems in tilted magnetic fields have 
been reported recently [1, 2], In both cases, anisotropy appears at integer 
values of the filling factor i/ with an in-plane magnetic field component 
tuned to bring two Landau levels of opposite spin into energetic coin- 
cidence. While the in-plane magnetic field component itself defines an 
axis within the sample, the fact that large anisotropy appears in resis- 
tivity only below a characteristic temperature of about 1 kelvin suggests 
it has a cooperative origin. Our aim in this work is to develop a theoret- 
ical treatment of such systems and to discuss the source of the observed 
anisotropy. A short account of it has appeared elsewhere [3]. 

Resistance anisotropy in quantum Hall systems of a different kind 
has attracted much attention recently, and it is natural make compar- 
isons between those earlier observations and the ones that are our cur- 
rent focus. The earlier experiments involve quantum Hall systems near 
half-filling of high Landau levels [4], and the anisotropy in this case is 
attributed to the formation of a uniaxial charge density wave with a 
period set by the cyclotron radius [5]. If the two types of phenomena 
are similar, we should search for a spatially modulated phase arising in 
coincident Landau levels. Some distinctions are, however, clear. Most 
importantly, the nature of the electron states near the chemical poten- 
tial and their average occupation is quite different in the two situations: 
two separate orbital Landau levels with opposite spin and a combined 
filling factor close to unity are involved in the coincidence experiments, 
as against a single, spin-polarised and roughly half-filled Landau level 
in the other case. In this context it is desirable to examine a range of 
possible explanations for low-temperature anisotropy. 

Cooperative effects in coincident Landau levels have been studied 
quite extensively. Some of the main findings are as follows. Consider a 
system with fixed magnetic field strength perpendicular to the two- 
dimensional electron or hole gas, as a function of total field strength Htot- 
In a single-particle description there are pairs of Landau levels having op- 
posite spin orientations and orbital quantum numbers differing by AA^, 
which are separated in energy by ANHcOc — g*RBBtot, where uoc oc B± is 
the cyclotron frequency and g*PBBtot is the Zeeman contribution. This 
energy gap falls to zero at coincidence. Going beyond single-particle 
theory, the inclusion of exchange interactions leads at a combined filling 
factor of unity for the crossing levels to a first-order transition between 
two ground states in which one or other level is completely filled. Within 
a Hartree-Fock treatment, the excitation gap remains non-zero through 
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this transition [6] . Experiments provide support for such a picture. Early 
observations of a quantised plateau in Hall resistivity pxy and deep min- 
imum in diagonal resistivity pxx, both persisting through the transition 
[7] suggest an energy gap that does not close as the transition is crossed. 
Subsequent measurements of the temperature dependence of pxx allow 
explicit determination of an activation energy gap [8] as a function of Hy : 
as expected theoretically, it has a non-zero minimum at the transition, 
increasing linearly with Hy on either side of the critical point. 

Viewed more generally, this Landau level coincidence transition is one 
instance of a broad class of cooperative phenomena in quantum Hall sys- 
tems, involving ferromagnetism of either spin or pseudospin variables, 
which have been a focus for much recent work [9, 10]. In this context, 
different examples of quantum Hall ferromagnets can be distinguished 
partly by their isotropy or anisotropy in spin or pseudospin space. Two 
examples are a Heisenberg ferromagnet, realised by electron spins in 
a single Landau level with filling factor near unity, and an XY ferro- 
magnet, generated in a double quantum well at a combined filling fac- 
tor near unity, with the two pseudospin states denoting occupation of 
one or other quantum well. Turning to the systems we are concerned 
with, pseudospin states describe occupation of the two Landau levels 
involved, and interactions between pseudospins are ferromagnetic with 
Ising anisotropy [11], while Btot measured from its value at coincidence 
acts on pseudospins as a Zeeman held. 

With this background in mind, we return to a discussion of trans- 
port anisotropy. Hollowing the suggestions of Refs. [1] and [2], it is 
clear that the presence of a spin or charge density wave could poten- 
tially explain this observation. A variety of calculations, however, yield 
only spatially uniform ground states. The early Hartree-Fock calcula- 
tions of Ref. [6] considered a one-band model and examined only trial 
states with homogeneous charge density. In this framework, while there 
is indeed an instability of the pseudospin polarised state to a spin den- 
sity wave when the single-particle energy separation of Landau levels is 
sufficiently small, it is preempted by the hrst-order coincidence transi- 
tion. There is scope to ask whether a more realistic treatment of the 
problem might change this conclusion, since a one-band model is not 
strictly appropriate for the experiments under discussion. Specifically, 
the sample involved in one case is a Si/GeSi heterostructure [1], which 
has valley degeneracy, and in the other case is a wide quantum well [2], 
which has two occupied subbands. Nevertheless, recent Hartree-Fock 
calculations for bilayer and two-band systems [12] give only ferromag- 
netic pseudospin order with parameters relevant in the present context, 
although modulated states lie close by in parameter space. Similarly, 
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calculations for one-band models in which more general Hartree-Fock 
solutions with both spin and charge density modulations are considered 
[13] lead only to ferromagnetic pseudospin order. Alternatively, it might 
be that calculations which go beyond the Hartree Fock approximation 
would yield a stripe phase as the true ground state near coincidence, 
but in fact exact diagonalisation of the Hamiltonian for small numbers 
of electrons with realistic interaction potentials [14] again yields only 
ferromagnetic ground states. 

2. Domain formation and the random field Ising 
model 

The observations of Refs [1] and [2] therefore present a puzzle, which 
we argue in the following can be understood in terms of domain forma- 
tion, with a characteristic size much larger than the relevant scale for 
stripe phases, the cyclotron radius. Our account involves three distinct 
ingredients. First, we suggest that domains are induced by a random 
Zeeman field acting on the pseudospins, which arises from the interplay 
between isotropic sample surface roughness and the in-plane component 
of magnetic field. Second, we show that a random field generated by 
this mechanism is intrinsically endowed with anisotropic correlations, 
and that the correlation anisotropy is large enough to explain the ob- 
served anisotropy in resistivity. Third, we argue that transport in a 
multi-domain sample occurs along domains walls, via the processes dis- 
cussed recently in Refs. [15-17]. The onset temperature for transport 
anisotropy arising by this mechanism is the Curie temperature of the 
Ising quantum Hall ferromagnet, and we note that the reported [1, 2] 
onset temperature of about 1 K is similar to the value for the Curie 
temperature expected [11] and observed elsewhere [18]. 

As a starting point for a more detailed discussion, consider an energy 
functional for the system. Introducing coherent state creation opera- 
tors c|(r) and cj(r) for the two Landau levels involved, correlations are 

characterised by the expectation value of pseudospin, S(r) = (ca<T„^c^), 
where a is the vector of Pauli matrices. The order parameter has mag- 
nitude ]S(r)j = S, where 5 = 1 at a combined filling factor of unity for 
the two Landau levels and is smaller otherwise. For variations of S(r) 
which are smooth on the scale of the cyclotron radius, one expects the 
energy functional to have the form 



E = 



{-DSl + + 5J 15nS(r)]2 - hS,) (fv . 



(14.1) 
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Here D > 0 represents Ising anisotropy, J is the spin stiffness, the deriva- 
tive = h • V acts in the direction of the in-plane magnetic field, de- 
noted by n, and 6J represents spatial anisotropy in the spin stiffness 
(for simplicity, we omit anisotropy in spin-space from the stiffness). The 
effective Zeeman field acting on pseudospins is h. In experiment, the 
strength of this field varies through zero as the tilt angle 9 of the sample 
in the applied magnetic field is varied through the Landau level coinci- 
dence point; its strength depends also on held magnitude Htot and on 
carrier density n. 

For a homogeneous system, the ground state of Eq. (14.1) is uniform 
with Sz = sgn{h)S and = 0. Domains may arise either in metastable 
states or because they are induced by quenched disorder. We do not 
think that metastable states are important in the experiments under 
discussion, because although hysteresis is observed in some examples of 
quantum Hall ferromagnets [18], it is not reported to be an important 
aspect of observations in Refs. [1] and [2]. We therefore turn to domains 
induced by disorder. Potentially the most important source of disorder 
in Eq. (14.1) is randomness in h, and behaviour of the random held Ising 
model has been studied very extensively [19]. It is useful to distinguish 
the weak and strong disorder regimes: taking h to huctuate about mean 
value zero with amplitude A and correlation length I, and supposing I 
is greater than the domain wall width w = \J J/D^ the boundary be- 
tween the two regimes lies at US. ~ \fjD. At weak disorder, domain 
size ^ is much larger than 1. In this regime, ground state domain pat- 
terns are determined by a subtle interplay of random held and domain 
wall contributions to the total energy. Domain morphology under these 
conditions depends, among other things, on the difference in energy per 
unit length of domain walls running parallel or perpendicular to the in- 
plane magnetic held component: this energy difference is of order V 6JD. 
At strong disorder, which we shall argue is the limit relevant here, the 
situation is much simpler: the domain pattern is just that of sgn(/i). 

To apply these ideas, it is necessary to identify a microscopic origin 
for such a random held. There seem to be two obvious possibilities. One 
is that variations in carrier density n, arising either from impurity scat- 
tering or from large-scale inhomogeneities, produce changes in the value 
of h. Randomness of this kind is spatially isotropic, but may give rise 
to transport anisotropy via dependence of the domain wall energy on 
spatial orientation. A second possibility is that sample surface rough- 
ness changes the local value of 6, and hence h. Randomness of this kind 
is spatially anisotropic, as we discuss in detail below. To compare the 
likely importance of these two sources of a random held, we appeal to 
experiment. In particular, we note (for example, from Fig. 2 of Ref.[l]) 
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that while the coincidence transition has a rather small width (0.5°) in 
9, it has a much larger width (20%) in Btot; which is indicative of its 
width in n. We believe it is quite plausible that samples have surface 
roughness large enough to produce local variations in orientation on the 
scale of the transition width in 6. By contrast, we know of no reason 
to expect fluctuations in the local value of n that are on the scale sug- 
gested by the transition width in i?tot- Indeed, focussing now on sample 
surface roughness, the the existence of surface height modulations with 
an amplitude of a few nm and I ~ l;um is reported in Ref.[l] and ampli- 
tudes of up to 10 nm are well-established in a variety of other contexts, 
[20] giving gradients of at least a few tenths of a degree. Morevover, we 
estimate surface roughness of this amplitude constitutes intermediate or 
strong disorder, since the condition lA ~ V JD is met by surface height 
fluctuations of order cot{9c)e^ / ehiOc, which has a value of a few nm un- 
der the conditions of Refs. [1, 2]. In addition, domain formation by this 
mechanism can account for transport anisotropy, as we now show. 

3. Transport anisotropy arising from domain 
formation 

We examine the morphology of domains generated by surface rough- 
ness in the strong disorder limit as follows. Let z(r) denote height of 
the sample surface above an average reference plane, and let 9c be the 
critical angle at which the Landau level coincidence transition occurs. 
Then for small-angle roughness 

/i(r) = a{9 - 9c) + adnz{r) , (14.2) 

where a is a proportionality constant. Crucially, by this mechanism 
surface roughness with a correlation function 

C(r) = (z(r')z(r -|- r')) - + r')) (14.3) 

which is isotropic generates a random field with spatially anisotropic 
correlations, since 

{h{r)h{r + r')) — {h{r')){h{r + r')) = —a'^d'^C{r) . (14.4) 

To establish the characteristic degree of this anisotropy, we have car- 
ried out numerical simulations. We take z{r) to be a superposition of 
overlapping Gaussian functions of position, with centers placed at ran- 
dom points in the plane and amplitudes distributed uniformly about 
zero, as illustrated in Fig. 14.1. Setting 9 = 9c, the resulting random 
field /i(r) in a typical realisation is illustrated in Fig. 14.2. 
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Figure 14-F Greyscale plot of spatially isotropic surface roughness z{r) 

Anticipating onr discnssion of transport on domain walls, we quantify 
the anisotropy evident in this figure by following the classical dynam- 
ics of a particle that moves along contours of h{r), using methods de- 
scribed elsewhere [21]. Averaging over randomly-placed starting points, 
we expect diffusive motion in the sense that mean square displacements 
grow linearly in time. Taking n parallel to the y-axis, the quantities 
Dxx{t) = and Dyy{t) = {y‘^{t))/t should then approach the 

eigenvalues, D^x and Dyy, of the diffusion tensor, for times t which are 
large compared to the correlation time, to. Evidence that Dxx{i) and 
Dyy(t) indeed tend to a finite limit, with Dxx ~ is presented in 

Fig. 14.3. The orientation of this anisotropy, with the larger diffusion 
constant in the direction perpendicular to the in-plane magnetic field 
component, is as observed in Refs.[l, 2], and its magnitude is about the 
same as that determined at low temperature using a Hall bar sample [1]. 
The precise value of Dxx/ Dyy will be dependent on disorder distribution, 
but we see no reason to expect large variations. 

Our calculations also provide an opportunity to test the universality 
class of our anisotropic percolation problem, since diffusive growth in 
mean square displacement arises at long times from a balance between 
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Figure 14-2. Greyscale plot of the spatially anisotropic Ising model random field 
d„z{r) which results from the surface roughness shown in Fig 1. 




Figure 14-3. Simulation data used to determine diffusion coefficient anisotropy. 
Mean square displacements per unit time in directions perpendicular (Dxx{t), full 
line) and parallel (Dyy{t), dashed line) to the in-plane field direction n, averaged 
over all trajectories. Inset: averages over open trajectories only, /CC and 

{y^(t)) /CC ^ demonstrating scaling with the classical percolation exponent value. 



bounded motion on closed trajectories and super-diffusive motion on 
trajectories which remain open up to the observation time [22]. Aver- 
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aging only over open trajectories, one expects (x^(t)) oc (y^(t)) oc 
if the anisotropic problem is in the same universality class as the stan- 
dard classical percolation problem; data shown in the inset to Fig. 14.3 
support this conclusion. 

4. Transport along domain walls 

The foregoing discussion is based on the idea that transport occurs 
along boundaries between domains. In order to substantiate this, we 
next examine transport properties of domain walls between oppositely 
magnetised phases of the Ising quantum Hall ferromagnet. Recalling 
that the domain wall forms the boundary between a region on one side 
with filling factors for the coincident Landau levels of ~ 1 and <C 1 , 

and a region on the other with interchanged filling factors, <C 1 

and ~ 1, the simplest structure one might imagine is that shown in 
Fig. 14.4(a). In this picture, the wall supports two counter-propagating 
modes with opposite spin polarisation, which arise as edge states of the 
occupied Landau levels in the domains on either side. The fact that 
two counter-propagating modes arise, rather than a single chiral one, of 
course reflects the fact that the phases on either side the the domain wall 
have the same quantised value of Hall conductance. The Ising domain 
wall of Fig. 14.4(a), in which Sj_(r) = 0 everywhere and S(r) = 0 at the 
wall centre, may be stabilised by short-range scattering, which allows 
solutions with |S(r)| < 1, [23] in contrast to Eq. (14.1). For a sample 
without short-range scattering, however, Hartree-Fock theory yields [17] 
the Bloch domain wall structure shown in Fig. 14.4(b). Here, Sj_ (r)/0 
on the wall. In consequence, within Hartree-Fock theory there is mixing 
and an avoided crossing of edge states arising from occupied Landau 
levels on either side of the wall. 

At this level of approximation, for a Bloch wall the chemical potential 
lies within a quasiparticle gap. To account for transport under these 
conditions, it is necessary to consider collective excitations. These in- 
volve the orientation of (S^(r)) on the domain wall. Two apsects are 
crucial; there is a continuous symmetry for the Hartree-Fock solution 
under rotations of (Sj_(r)) about the Ising axis, and there is a connec- 
tion between textures in a spin or pseudospin configuration and electric 
charge that is standard for quantum Hall ferromagnets [9]. As a result, 
collective modes are gapless and carry current, as discussed in a related 
context in Ref. [16]. Introducing pseudospin rotation angle cp, as a func- 
tion of position coordinate x along the wall and imaginary time r, the 
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Figure 14-4- Schematic summary of domain wall structure, showing pseudospin and 
excitation energies E, as a function of position y across the wall, within Hartree-Fock 
theory: (a) for an Ising wall stabilised by short-range scattering, (b) for a Bloch wall. 



action 




f dipV 1 f 

\dx ) u'^ \ dr ) 



dx dr 



(14.5) 



is obtained for domain wall excitations [16], where in our context p ~ 
Jw ~ e^/e and u ~ e^/eh. A charge density {27t)~^ dip / dx is associated 
with these modes. This is the action for a spinless Luttinger liquid. A 
vital property for our argument is that left and right-moving excitations 
propagate independently, provided rotation symmetry about the pseu- 
dospin easy axis is exact. In short, Fig. 14.4(a) remains a useful picture 
even without short-range disorder to stabilise an Ising wall, provided 
only that there is no spin-orbit scattering. In this picture, transport in a 
multidomain sample occurs at domain boundaries, via two independent, 
counter-propagating sets of modes. Neglecting quantum interference ef- 
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fects, we arrive at the problem for which numerical results are given 
above. 

5. Concluding remarks 

In conclusion, we have argued that the observations of anisotropic 
transport reported in Refs. [1] and [2] can plausibly be attributed to for- 
mation of anisotropically shaped domains, induced as a result of sample 
surface roughness. Our numerical work demonstrates that this mecha- 
nism generates an anisotropy comparable to that found experimentally 

[1]. In addition, the onset temperature for strongly anisotropic transport 
is comparable to the critical temperature expected [11] and observed [18] 
in other Ising quantum Hall ferromagnets. These conclusions are sup- 
ported by the recent work of Rezyi et. al, in which it was demonstrated 
by exact diagonalization of the Hamiltonian with microscopically evalu- 
ated effective interactions that the ground state of the system is ferro- 
magnetic and that low energy excitations correspond to the formation 
of domain walls [14]. For future experimental work it would be interest- 
ing to investigate transport in systems with deliberately induced surface 
features. 

Acknowledgments 

We thank U. Zeitler for extensive discussions, and E. H. Rezayi for 
correspondence. The work was supported by the A. v. Humboldt 
Foundation (J. T. C.), by the Russian Fund for Basic Research, and 
by the Schwerpunktprogramm “Quanten-Hall-Systeme” der Deutschen 
For schungsgemeinschaft . 

References 

[1] U. Zeitler, H. W. Schumacher, A. G. M. Jansen, and R. J. Haug, 
Phys. Rev. Lett. 86 , 866 (2001). 

[2] W. Pan, H. L. Stormer, D. C. Tsui, L. N. Pfeiffer, K. W. Baldwin, 
and K. W. West, Phys. Rev. B 64, 121305 (2001). 

[3] J. T. Chalker, D. G. Polyakov, F. Evers, A. D. Mirlin, and P. Wdlfle, 
Phys. Rev. B 66 , 161317 (2002). 

[4] M. P. Lilly, K. B. Cooper, J. P Eisenstein, L. N. Pfeiffer, and K. W. 
West, Phys. Rev. Lett. 82, 394 (1999); R. R. Du, D. C. Tsui, H. L. 
Stormer, L. N. Pfeiffer, K. W. Baldwin, and K. W. West, Solid State 
Commun. 109 , 389 (1999). 

[5] A. A. Koulakov, M. M. Fogler, and B. I. Shklovskii, Phys. Rev. Lett. 
76, 499 (1996); M. M. Fogler, A. A. Koulakov, and B. I. Shklovskii, 




250 



FUNDAMENTAL PROBLEMS OF MESOSCOPIC PHYSICS 



Phys. Rev. B 54, 1853 (1996); R. Moessner and J. T. Chalker, Phys. 
Rev. B 54, 5006 (1996). 

[6] G. F. Giuliani and J. J. Quinn, Phys. Rev. B 31, 6228 (1985). 

[7] S. Koch, R. J. Haug, K. v. Klitzing, and M. Razeghi, Phys. Rev. B 
47, 4048 (1993). 

[8] A. J. Daneshvar, C. J. B. Ford, M. Y. Simmons, A. V. Khaetskii, M. 
Pepper, and D. A. Ritchie, Phys. Rev. Lett. 79, 4449 (1997). 

[9] S. L. Sondhi, A. Karlhede, S. A. Kivelson, and E. H. Rezayi, Phys. 
Rev. B 47, 16419 (1993). 

[10] For an introduction, see: S. M. Girvin in Ecole des Houches: Topo- 
logical Aspects of Low Dimensional Systems^ Eds. A. Comtet, T. 
Jolicouer, and S. Ouvry, (Les Editions de Physique, Paris, 1999). 

[11] T. Jungwirth, S. P. Shukla, L. Smrcka, M. Shayegan, and A. H. 
MacDonald, Phys. Rev. Lett. 81, 2328 (1998); T. Jungwirth and A. 
H. MacDonald, Phys. Rev. B 63, 035305 (2000). 

[12] E. Dernier, D.-W. Wang, S Das Sarma, and B. I. Halperin, cond- 
mat/0110126. 

[13] F. Evers and D. G. Polyakov, unpublished. 

[14] E. H. Rezayi, T. Jungwirth, A. H. MacDonald, and F. D. M. Hal- 
dane, Phys. Rev. B 67, 201305 (2003). 

[15] V. I. Falko and S. V. lordanskii, Phys. Rev. Lett. 82, 402 (1999). 

[16] A. Mitra and S. M. Girvin, cond-mat/01 10078. 

[17] L. Brey and C. Tejedor, Phys. Rev. B 66, 041308 (2002). 

[18] V. Piazza, V. Pellegrini, F. Beltram, W. Wegscheider, T. Jungwirth, 
and A. H. MacDonald, Nature 402, 638 (1999). 

[19] Y. Imry and S.-K. Ma, Phys. Rev. Lett. 35, 1399 (1975); for a re- 
view, see: Spin Glasses and Random Fields, Ed. A. P. Young, (World 
Scientific, Singapore, 1997). 

[20] C. Orme, M. D. Johnson, J. L. Sudijono, K. T. Leung, and B. 
G. Orr, Appl. Phys. Lett. 64, 860 (1994); R. L. Willett, J. W. P. 
Hsu. D. Natelson, K. W. West, and L. N. Pfeiffer, Phys. Rev. Lett. 
87, 126803, (2001); K. B. Cooper, M. P. Lilly, J. P. Eisenstein, T. 
Jungwirth, L. N. Pfeiffer, and K. W. West, Solid State Commun. 
119, 89 (2001). 

[21] F. Evers and W. Brenig, Z. Phys. B 94, 115 (1994). 

[22] R. M. Ziff, X.P.Kong and E.G.D. Cohen, Phys. Rev. A 44, 2410 
(1991). 

[23] S. Yarlagadda, Phys. Rev. B 44, 13 101 (1991). 




Chapter 15 

EXOTIC PROXIMITY EFFECTS IN 

SUPERCONDUCTOR/FERROMAGNET 

STRUCTURE 

Odd Triplet Superconductivity 

F.S.Bergeret 

Theoretische Physik III, Ruhr -Universitdt Bochum, 44780 Bochum, Germany 



A.F. Volkov 

Theoretische Physik III, Ruhr- Universitdt Bochum, 44 780 Bochum, Germany 
Institute of Radioengineering and Electronics of the Russian Academy of Sciences, 
103907 Moscow, Russia 



K. B. Efetov 

Theoretische Physik III, Ruhr -Universitdt Bochum, 44780 Bochum, Germany 

L. D. Landau Institute for Theoretical Physics, 1 17940 Moscow, Russia 



Abstract We study a possibility to obtain a new type of superconductivity (s-wave, triplet, 
odd in Matsubara frequencies) in superconductor/ferromagnet (S/F) structures. 
A special attention is paid to multilayered S/F structures with the magnetization 
vector inclined in neighboring F layers by an angle a. It is shown that not only a 
singlet, but also triplet component exists in the structure which penetrates into the 
F layers over a long distance. The long-range penetration of the triplet component 
insures the Josephson coupling. The sign of the Josephson coupling between the 
nearest S layers (S and S +i) depends on chirality of the system, i.e., on sign 
of the product a a +i. Therefore in-plane superconductivity in the structure 
is caused by the singlet component and transverse superconductivity is due to 
the triplet component (odd superconductivity). We also study ferromagnetism 
induced in the superconductor due to the inverse proximity effect. It turns out 
that the magnetization M induced in S is opposite to M in the ferromagnet and 
spreads over a distance of order of the correlation length. 

Keywords: Triplet superconductivity, Josephson effect 
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1. Introduction 

The interplay between ferromagnetism and superconduetivity in layered su- 
pereonductor/ferromagnet (S/F) struetures has attracted a great deal of interest 
in the last years (for a recent review see e.g. [1]). The interest in such sys- 
tems originates from a possibility to find new physical phenomena as well from 
the hope to construct new devices based on these structures. Although a fer- 
romagnet F attached to a superconductor S is expected to suppress the order 
parameter in S, under certain conditions superconductivity and ferromagnetism 
may coexist and exhibit interesting phenomena. 

One of them is a nonmonotonic dependence of the critical temperature Tc of 
the superconducting transition in S/F multilayered structures on the thickness 
dp of the ferromagnetic layers. Theory of this effect has been developed in 
Refs. [2], and experimental results have been presented in Refs. [3]. 

A TT— state that can be realized in SFS Josephson junctions is another inter- 
esting phenomenon. It was shown by Bulaevskii et al. [4] that for some values 
of parameters (such as the temperature T, the thickness dp, the exchange energy 
J) the lowest Josephson energy corresponds not to the zero phase difference 
ip, but to 9 ? = 7T (negative Josephson critical current Ic). Detailed theoretical 
studies of this effect have been presented in many papers [5, 6]. The vr-state 
has been observed experimentally in Refs. [7]. 

Later on it was pointed out that the critical current Ic in Josephson junc- 
tions with ferromagnetic layers is not necessarily suppressed by the exchange 
interaction and it may even be enhanced. Such an enhancement of Ic has been 
demonstrated by the present authors on a simple model of a SF/I/FS junc- 
tion, where I stands for a thin insulating layer [8]. It was shown for thin S and 
F layers that at low temperatures the critical current Icina SF/I/FS junction 
may become even larger than in the absence of the exchange field (i.e. if the 
F layers are replaced by N layers, where is a nonmagnetic metal). More 
detailed calculations of Ic (for arbitrary S/F interface transmittance) for this 
and similar junctions have been performed later in Refs. [9]. 

In most papers on S/F structures the case of collinear (parallel or antipar- 
allel) orientations of the magnetization M was considered. In this case two 
components of the condensate arise in the system: the singlet (SC) and the 
triplet component (TC). Both components decay fast in the ferromagnet [17]. 
If the magnetization vector M is not constant in space, as in a domain wall, or 
if the orientations of M in different F layers are not collinear to each other, 
a qualitatively new and interesting effect occurs. For example, if a ferromag- 
netic wire is attached to a superconductor, a domain wall in the vicinity of the 
interface can generate a long-range triplet component of the superconducting 
condensate as it was shown in Ref. [10] and later in [11]. A similar situation 
occurs if instead of a domain wall one considers a spin active interface. In 
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Ref. [12] a S/F structure consisting of a superconductor and a fully polarized 
ferromagnet was analysed. It was assumed that the S/F interface is spin active. 
This leads to the creation of a triplet component in the F region. 

The existence of the triplet component has far reaching consequences. It is 
well known that the singlet component penetrates into a diffusive ferromagnet 
over the length = ^Dpj J, where Dp is the diffusion coefficient in F. 
In contrast, it was shown that even for J >> T the TC penetrated F over a 
much longer distance Dp/2-jrT. This long-range penetration of the TC 

might lead to an increase of the conductance of the F wire if the temperature 
is lowered below Tc[ 10 , 11 ]. 

Here we consider a multilayered S/F structure. Each F layer has a constant 
magnetization M but the direction of the M vector varies from layer to layer. We 
show that, in this case, the triplet component of the superconducting condensate 
is also generated and it penetrates the F layers over the long length that 
does not depend on the large exchange energy J at all. If the thickness of the F 
layers dp is much larger than ^j, then the Josephson coupling between adjacent 
S layers and, therefore, superconductivity in the transverse direction is due to 
the TC. In the vicinity of the S/F interface the amplitudes of the SC and TC 
may be comparable but, unlike the TC, the SC survives in F only over the 
short distance from the S/F interface. In other words, in the multilayered 
F/ S structures with a non-collinear magnetization orientation, a new type of 
superconductivity arises. The non-dissipative current within the layers is due 
to the s-wave singlet superconductivity, whereas the transversal supercurrent 
across the layers is due to the s-wave, triplet superconductivity. The triplet 
component seems to be a possible reason for a long-range Josephson coupling 
between the the S layers inn S/F multilayered structure. This coupling was 
observed in a layered superconductor LCMO/YBCO [13] (LCMO stands for 
a half metallic ferromagnet Lao.rCao.sMnOs and YBCO stands for a high Tc 
superconductor YB 2 CU 3 O 7 ). 

The TC studied in this paper differs from the TC realized in the super- 
fluid He^ and, for example, in materials like Sr 2 Ru 04 [14]. The triplet-type 
superconducting condensate we analyze here is symmetric in momentum and 
therefore is insensitive to non-magnetic impurities (there is also an antisymmet- 
ric in momentum and even in frequency part of the condensate function, but it 
is small compared to the symmetric part in the considered dirty limit). It is odd 
in frequency and is called sometimes odd superconductivity. Berezinskii pro- 
posed in 1975 [15]this type of pairing as a possible candidate for the mechanism 
of superfluidity in He^. However, it turned out that another type of pairing was 
realized in He^: triplet, odd in momentum p (sensitive to ordinary impurities) 
and even in the Matsubara frequencies w. The essential difference between odd 
superconductivity studied by Berezinskii and by us is that Berezinskii assumed 
that the order parameter A is a frequency dependent quantity (A = A(tz 7 )), 
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whereas in our case A is independent of frequency and determined by the SC 
in the superconductor. 

The new type of the triplet superconductivity across the S/F layers shows 
another interesting property related to the chirality of the magnetization M. If 
the angle of the magnetization rotation 2a across the Sa layer (see Fig. 15.3) has 
the same sign as the angle of the M rotation across the Sb layer, then the critical 
Josephson current C between Sa and 5^ is positive. If these angles have differ- 
ent signs, then the critical current C is negative and vr— state is realized (in this 
case spontaneous supercurrents arise in the structure). This negative Josephson 
coupling, which is caused by the TC and depends on chirality, differs from 
that analyzed in Ref. [4]. Depending on the chirality an ’’effective” condensate 
density in the direction perpendicular to the layers may be both positive and neg- 
ative. We note that a similar dependence of the Josephson current on chirality 
has also been obtained in Ref. [16] for exotic magnetic superconductors. 

Another possible detection of the TC in the S/F structures may be achieved 
by measuring the density of states (DoS) in a F/S/F trilayer (see Fig. 2). In Ref. 
[17] it was shown that the long-range TC causes a measurable change of the 
local DoS at the outer side of the F layers even if di? is much larger than ^j. 

The plan of this paper is as follows. In the next section we make some 
preliminary remarks concerning the TC in S/F structures. We consider a three- 
layer FSF structure and presents results of the calculations for the condensate 
function in this structure [17, 18]. We show that the amplitude of the TC is 
proportional to sin a and is an odd function of the Matsubara frequency w (the 
SC is an even function of w), where ±a is the angle between the z-axis and 
the magnetization in the right (left) F layers. In the third section we present 
results for the Josephson current between adjacent S layers and discuss its 
dependence on the chirality of the magnetization variation in the system. In 
section 4 we take into account the spin-orbit interaction and study the effect 
of this interaction on the TC. In section 5 we analyze an inverse proximity 
effect, that is, the magnetization induced in the S region. This magnetization 
has the sign opposite to the magnetization in F and extends in the S region over 
a large distance of order of the coherence length ^5 [19]. In the conclusion we 
discuss the obtained results and possibilities of an experimental observation of 
the predicted effects. 

2. The condensate function in a F/S/F sandwich 

As was shown in Refs. [10, 17], the long-range TC appears in S/F structures 
if the magnetization M at different points of a S/F structure is not collinear. It 
may occur in presence of a domain wall near the S/F interface or in a multilay- 
ered S/F structure with noncollinear M in the F layers. In order to get a better 
understanding of the properties of the superconducting condensate in the pres- 
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ence of the ferromagnetic layers, we consider in this section a simple case of 
a trilayered F/S/F structure (see Fig.2). Generalization to a multilayered struc- 
tures is of no difficulties and will be done in the next section. In the most general 



-a 



a 



F 



s 



F 



“(^s + ^f) ^S + ^F 

Figure 15.1. The F/S/F trilayer. The magnetizations vectors in the F layers make an angle ±a 
with the 2 -axis, respectively 

case, when the magnetization vectors M of the F-layers are non-collinear, the 
electron Green functions are 4 x 4 matrices in the particle-hole(g)spin-space. 
The 4x4 matrix Green functions have been introduced long ago [20] and used 
in other papers[21]. 

A very convenient way for the study of proximity effects is the method of qua- 
siclassical Green’s functions [22-24]. Equations for the quasiclassical Green’s 
functions have been generalized recently to the case of a non-homogeneous 
exchange field (magnetization) M [25]. 

Following the notation of Ref. [6] we represent the quasiclassical Green func- 
tions in the form 

9 = 9sl^' = ^{r3)nn' j , (15.1) 

where the subscripts n and s stand for the elements in the particle -hole and 
spin space, respectively, and fa is the Pauli matrix. The field operators ipns are 
defined as V'ls = V’s and i() 2 s = ipt ( ^ denotes the opposite to s spin direction). 

The elements of the matrix g diagonal in the particle-hole space (i.e pro- 
portional to To and fa) are related to the normal Green’s function, while the 
off-diagonal elements (proportional to fi and T 2 ) determine the superconduct- 
ing condensate function /. In the case under consideration the matrix (15.1) 
can be expanded in the Pauli matrices in the particle-hole space (fo is the unit 
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matrix): 

9 = 9oTo + hh + f^ (15.2) 

where the eondensate (Gor’kov) funetion is given hy 

/ = fUD + ■ (15.3) 

The funetions and are matriees in the spin-spaee. In the ease under 
eonsideration the matriees /j ean be represented in the form 



hix) = fo{x)ao + f 3 {x)a 3 (15.4) 

fi(x) = fi{x)ai (15.5) 

This follows from the equation that determines the Green’s funetion (see below). 

Let us diseuss briefly properties of the eondensate matrix funetion /. Ae- 
eording to the definitions of the Green’s funetions, Eq. (15.1), the funetions 
fi{x) are related to following eorrelation funetions 

/a ~ (V’TV'f) - (V'iV’r) > 

/o ~ (V’tV'i) + (V'iV’r) > (15.6) 

fi ~ (V’tV't) ~ (V'iV’i) • 

The funetion /s describes the SC, while the functions /o and fi describe 
the TC (see for example Ref. [26]). The function /o is proportional to the zero 
projection of the triplet magnetic moment of the Cooper pairs on the z-axis, 
whereas the function /i corresponds to the projections ±1. 

It is important that in the absence of an exchange field J (or magnetization M) 
acting on spins, the SC, i.e. the function /a, exists both in the superconducting 
and normal (non-magnetic) layers. If J is not equal to zero but is uniform in 
space and directed along the z-axis, then in addition to /a the part /o of the TC 
arises in the structure. 

However, both the functions /a and /o decay very fast in the ferromagnet 
(over the length ^j). The singlet component decays because a strong magne- 
tization makes the spins of a pair be parallel to each other, thus destroying the 
condensate. The triplet component with the zero projection of the magnetic 
moment is also destroyed because it is more energetically favorable for the 
magnetic moment to be parallel to the magnetization. 

On the other hand, the structure of the matrix / (the functions /j) depends on 
the choice of the z-axis. If the uniform magnetization M is directed not along 
the z-axis (but,say, along the x-axis), terms like fiif\ inevitably appear in the 
condensate function. However, the condensate component corresponding to 
this term penetrates the F layer over the short distance only. Therefore, we 
can conclude that the presence of terms like /^iri in the condensate function 
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does not necessarily mean that the TC penetrates the F layer over the long 
distance Actually, long-range effects arise only if the direction of the vector 
M varies in space. If the magnetization has different directions in neighboring 
F layers, then not only /o but also fi arise in the system and both functions 
penetrate the ferromagnetic layer over a long distance 

In order to find the Green’s function g, we consider the diffusive case when 
the Usadel equation is applicable. This equation can be used provided the 
condition Jr <C 1 is satisfied ( r is fhe momenfum relaxation lime). Of course. 
Ibis condition can hardly be salisfied for slrong ferromagnels like Fe and in 
Ibis case one should use a more general Eilenberger equafion for a quanlifalive 
compulafion. However, fhe Usadel equafion may give qualifalively reasonable 
resulls even in Ibis case. 

The Usadel equation is a nonlinear equation for fhe 4x4 malrix Green’s 
function g and can be written as 



Ddx (gdxg) - uj [f 3 ao,g] +iJ {[hH,g] cosa(x) + [fod 2 ,p] sina(x)} 

= -i[A,g] . (15.7) 

In fhe S layer D = Dg, J = 0, A = Aif 2 CJ 3 (fhe phase of A is chosen fo 
be zero). In fhe F layers D = Dp, a{x) = Fa for fhe righl (lefl) layer and 
A = 0. Eq. (15.7) is complemented by fhe boundary conditions af fhe S/F 
inlerface[27] 



l{gdxg)p = {gdxg)s, x = ±ds (15.8) 

ibij{gdxg)p = Figs^gp], x = Fds, (15.9) 

where 7 = apjap, and as,p are fhe conductivities of fhe F and S layers, 
lb = CTFRb/Cj is a coefficienl characlerizing fhe Iransmiffance of fhe S/F 
inlerface wifh resisfance per unil area Ri,. 

If linearized, fhe Usadel equafion can be solved analytically rafher easily. 
The linearizafion may be justified in fhe Iwo limiling cases: a) T is close fo 
fhe crilical femperafure of fhe slrucfures T* (fhe latter can be differenf from fhe 
crifical femperafure of fhe bulk superconducfor Tc), and b) fhe resisfance of fhe 
S/F inferface Rb is nof small. In fhe latter case fhe condensate function in fhe 
S layer is weakly disfurbed by fhe F film. Here we presenf fhe resulls oblained 
in Refs. [18, 17] for fhe condensate function. If is assumed lhaf J » T* and 
lhal fhe Ihicknesses of fhe S and F layers salisfy fhe condifions 



ds is = y/ Ds/2pT*, dp :$> ij . 



(15.10) 




258 



FUNDAMENTAL PROBLEMS OF MESOSCOPIC PHYSICS 



In this case the condensate function have the form 



^h{x) = as cosh(/ts'x) (15.11) 

/o(x) = ao cosh(/is'a;) (15.12) 

/i(x) = ai sinh(«;5x) , (15.13) 



in the S layer, where 5/s is the correction to the function /s in Eq. (15.4) and 
Kg = 2 \/u ;2 _|_ A'^/Ds- In the right F layer 



/i(x) = hisgnu; cosh K^(x — — di?) + 



+ sgnte sin a 



-6s+e^+(^-‘^ ) + ) 



/o(x) = — tana ftisgnu; cosh K^(x — ds' — di?) + 



+ sgnte cos a 






/s(x) = 63 +e-"+("-'=') + 6s-e-"-("-‘') 



(15.14) 

,(15.15) 

(15.16) 



where k"^ = 2|a;|/i2i? and «;± = ± i). The solutions in the left F layer 

can be easily obtained recalling that the function /i (x) is odd and /o,s (x) are 
even functions of x. The coefficients in Eqs. (15. 11-15. 16) are found from the 
boundary conditions and are presented in Ref. [17]. Thus, we see from these 
equations that two completely different lengths and determine the decay 
of the condensate in the F layers. 

Now we discuss the properties of the obtained solutions (Eqs. (15.11- 
15.16)). It turns out that SC is an even function of to and decays sharply in 
the ferromagnet over the short distance ^j. In contrast, the amplitudes of the 
TC /o and /i are odd functions of to and penetrate the ferromagnet over the 
longer distance = \/Df/2ttT. The long-range part of TC determined by 
the amplitude bi has the maximum at a = tt/ 4. This value of a corresponds to 
a perpendicular orientation of the magnetizations in the F layers. For a parallel 
(a = 0) or antiparallel alignment of the magnetizations (a = 7t/2) this ampli- 
tude decays to zero. In Fig. 15.2 we plot the spatial dependence of the SC and 
the long-range part of the TC. We see that both amplitudes are comparable at 
the S/F interface but the SC decays faster than the TC. 

The long-range part of TC leads to interesting observable effects. In Refs. 
[10, 11] the conductance of a ferromagnetic wire attached to a superconductor 
was calculated. It was assumed that the F wire had a domain wall located at the 
S/F interface. This inhomogeneity of the magnetization induces a TC, which 
leads to an increase of the conductance for temperatures below Tc. In Ref. [17] 
was shown that the long-range TC may affect the DoS of a ferromagnetic film 
attached to a superconductor. In the next section we study how the Josephson 
effect in a S/F multilayered is affected by the TC. 
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3. Josephson current in a F/S/F/S/F structure 

In this section we considered the structure shown in Fig. 15.3 and calculate 
the Josephson current between the S. We assume again that the thickness of the 
F layers dp much larger than (Eq. (15.10)). In this case the Josephson 
coupling between the S layers is only due to the long range part of the TC. 

At the same time, the in-plane superconductivity is caused mainly by the 
ordinary singlet component. Therefore the macroscopic superconductivity due 
to the Josephson coupling between the layers is an interesting combination of the 
singlet superconductivity within the layers and the odd triplet superconductivity 
in the transversal direction. 

We will see that the unusual character of the superconductivity in the transver- 
sal direction leads to peculiarities of the Josephson effect. For example, if the 
bias current flows through the terminal superconducting layer So and Sa (see 
Fig. 15.3), the supercurrent is zero because of the different symmetry of the con- 
densate in So and Sa- In order to observe the Josephson effect in this structure 
the bias current has to pass through the layers Sa and Sb, as shown in Fig. 15.3. 
The supercurrent between 5 a and 5 b is non-zero because each superconductor 
has its “own” TC and the phase difference p is finite. 




-(ds-i-dF) -ds ds ds-i-dF 



Figure 15.2. The spatial dependence of Im(SC) (dashed line) and the long-range part of 
Re(TC) (solid line). We have chosen 7 = 0.2, J/T = 50, 7 = 0.05, d /D = 2, 
d / D = 0.4 and a = tt/ 4. The discontinuity of the TC at the S/F interface is because 
the short-range part is not shown in this figure. 
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Figure 15.3. F/S/F/S/F System. 



In order to obtain the Josephson eurrent Ig one has to ealeulate the eondensate 
funetion and use the expression 

Is = {LyLz)aFTr (fsdo) ^ fdxf , (15.17) 

LD 

where LyLz is the area of the interfaee and ap is the conduetivity of the F layer. 
This current was calculated for the case of small angles a in Ref. [18] and for 
arbitrary a in Ref. [17] assuming a weak coupling between the S layers, i.e. 
dp > Ct- Here we present the result for Is = Ic sin (/? obtained in Ref.[17] 

eRpIc = ±27tT ^ p,^dpb\{a) (l + tan^ a) e~‘^ , (15.18) 

LO 

where 61 (a) is a real coefficient depending on the angle a (see Ref. [17]). 
The signs “+”and correspond to possible directions of M in the F 3 : a) the 
direction of magnetization is —a (negative chirality) orb) 2 a (positive chirality). 
In the case of negative chirality the critical current is negative (yr-contact). It 
is important to emphasize that the nature of the yr-contact differs from that 
predicted in Refs. [4] and observed in Ref. [7] . In our case the negative Josephson 
coupling is due to the TC and can be realized in S/F structures with negative 
chirality. This gives a unique opportunity to switch experimentally between 
the 0 and yr-contacts by changing the angles of the mutual magnetization of the 
layers. 

In Fig. 15.4 we plot the dependence of R on the angle a. If the orientation 
of M is parallel (a = 0) or antiparallel (a = yr/2) the amplitude of the triplet 
component is zero and therefore there is no coupling between the neighboring 
S layers, i.e. R = 0. For any other angle between the magnetizations the 
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amplitude of the TC is finite. This leads to a non-zero eritieal eurrent. At 
a = 7t/4 ( perpendieular orientation of M) Ic reaehes its maximum value. 




a 



Figure 15.4. Dependence of the critical current f normalized with respect to the maximum 
value) on the angle a. 



The weak eoupling assumption (dp > ^t) leads to an exponential deeay of 
Ic with inereasing dp ( Eq. (15.18)). In the ease dp < Eq. (15.18) is not 
valid. One ean easily obtain Ic for the ease of an arbitrary d p and small a. In 
Ref.[17] was shown that in this ease Eq. (15.18) has the same form but one has 
to replaee the exponential faetor exp{—Kojdp) by cosh~‘^{Ki_jdp/2). 

In order to estimate the value of the eritieal eurrent Ic, we use Eq. (15. 18). If 
dp exeeeds the length ( for example dp/^p = 2) only the term with n = 0 
(i.e. uj = ttT*) is important in the sum. In this ease one obtains 



eRpIc 

-fi- 



4 / A 
'tt' [f* 



2 

d 



C, 



(15.19) 



where the faetor C ean be easily expressed in terms of various parameters (see 
Ref.[17]). Thus, C depends on many parameters sueh as 7, ^b, fj, etc. We 
estimate C for values of these parameters similar to those which were used in 
Ref. [29]: jb = 0.5, 7 = 0.1, dgns = 0.4, dpKi.j = 1.5, k^jIks = 3. We 
get C = 10“^ — 10“^ for Kjds = 5 — 10. The expression (15.19) for R 
also contains the parameters (A/T*)^ and ex.p{—dpKp) which are also small. 
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We note however that if dp < ^t, the exponential function is replaced by a 
numerical factor of the order of 1. The factor (A/T*)^ is also of the order 1 
if the temperature is not close to T*. Taking =60^Cl.cm {cf. Ref.[29]) 
and dp (t 200 nm we obtain Ic ~ 10*^ — 10^ A.cm that is, the critical 
current is a measurable quantity ( see experimental works[7]) and the detection 
of the TC is possible. 



4. Effect of spin-orbit interaction 

So far the only interaction we have considered in the ferromagnet is the 
exchange field J acting on the conducting electrons. However, in reality spin- 
orbit interactions that appear due to interactions of electron spins with spin 
orbital impurities may become important. We study these interaction writing 
an additional term in the Hamiltonian which describes the spin-orbit part as 

Hso = '^nsp (p X p') Scnsp , (15.20) 

^ n,5,p 

where S = (<ti, 1 T 2 , fscjs) and p and p' are the momenta before and after 
scattering at the impurities. Although in general the characteristic energy of 
the spin-orbit interaction is much smaller than the exchange energy, it can be 
comparable with the superconducting gap A and therefore this effect should be 
taken into account when describing the supercurrent. Including this term in the 
quasiclassical equations is straightforward and the resulting Usadel equation 
takes the form [30] 

-iDdr(gdrg)+i {Tsdtg + dt>gf3) + [A, g]+J [h, g]-\ — — [Sfs^fsS,^] = 0 , 

(15.21) 

where 

= -z/nvr [ ^|(7sopsin20 (15.22) 

Ts,o. 3 J Ap- 
is the spin-orbit scattering time. 

As before, one can linearize Eq. (15.21). The solution again has the form 

f{x) = IT 2 ® ifo{x)do + / 3 (a:)<T 3 ) + ifi (g) fi{x)di . (15.23) 



The functions fi{x) are given by fi{x) = exp[Kjx], where the new 

eigenvalues Kj are 




(15.24) 

(15.25) 
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We see from these equations that the singlet and triplet components are 
affected by the spin-orbit interaction making the decay of the condensate in the 
ferromagnet faster. In the limiting case d/r^o > J,Tc both the components 
penetrate over the same distance ^s.o. = V'^soDp and therefore the long-range 
effect is suppressed. In this case the characteristic oscillations of the singlet 
component are destroyed [31]. In the more interesting case d/r^o ~ 7"c < J, 
the singlet component is not affected and penetrates over distances of the order 
^j. At the same time, the triplet component is more sensitive to the spin-orbit 
interaction and the penetration length equals min(^so, ^t)> O- 

Thus, provided the spin-orbit interaction is not very strong, the penetration 
of triplet condensate over the long distances discussed in the preceding sections 
is still possible, although the penetration length is reduced. 

5. Induced ferromagnetism in the superconductor 

In the preceding sections we analyzed the ordinary proximity effect, that is, 
the condensate penetration into the ferromagnet. One can ask the same ques- 
tion about the ferromagnetism: Can the ferromagnetic order (magnetization) 
penetrate the superconductor over distances much longer than the Fermi wave 
length? Surprisingly, this question has hardly been addressed. Some indica- 
tions of the effect can be found in numerical works Refs. [32, 33]. However, 
in these works a spin polarization at a given energy was calculated. In order 
to compute the magnetization one had to integrate over the energy, which was 
not done. Therefore, neither the value of the magnetization nor its sign had 
been found. In addition the induced magnetization ( ’’magnetization leakage”) 
was calculated in Ref. [34]. However the results obtained in the latter paper 
drastically differ from ours. They found a ’’magnetization leakage”, that is the 
magnetic moment spreads into the S region over a distance of the order 
changing its sign at some distance from the S/F interface. We find completely 
different behavior which reflects different physics: For temperatures below Tc, 
the magnetization in the F layer decreases and the induced magnetization in 
the S region is negative (that is, the magnetization variation has the same neg- 
ative sign in both regions). Our analytical considerations show that no change 
of sign of the induced magnetization takes place. This behavior is in agree- 
ment with the reduction of magnetization observed in the experiments of Refs. 
[35, 36] and can be explained by the simple physical picture we present below. 
The nonmonotonic behavior of the magnetization in the S layer predicted in 
Ref. [34] is not comprehensible and might follow from an erroneous numerical 
calculation. 

In the case of F/N systems the ferromagnetic ordering penetrates over short 
distances since the exchange interaction is local. It turns out that the situation 
may be different for S'/F structures in which ferromagnetism of opposite sign 
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(with respect to that in F) is induced in the S region over long distances of 
the order of the superconducting coherence length. This effect can be called 
the inverse proximity effect. The reason why the magnetic moment pene- 
trates the superconductor can rather easily be understood qualitatively. This 
effect is due to the fact that the Cooper pairs have a large size of the order of 
— \/ Ds/‘2ttTc. Suppose that the F layer is thin (see Fig. 15.5) and let us 
assume that the Cooper pairs are rigid objects with the opposite spins of the 
electrons, such that the total magnetic moment of a pair is equal to zero. Of 
course, the exchange field should not be very strong, otherwise the pairs would 
break down. It is clear from this simple picture that pairs located entirely in 
the superconductor cannot contribute to the magnetic moment of the supercon- 
ductor because their magnetic moment is simply zero and this agrees with what 
one knows about the superconductivity. Nevertheless, some pairs are located 
in space in a more complicated manner: one of the electrons of the pair is in 
the superconductor, while the other moves in the ferromagnet. These are those 
pairs that create the magnetic moment in the superconductor. The direction 
along the magnetic moment M in the ferromagnet is preferable for the electron 
located in the ferromagnet and this makes the spin of the other electron of the 
pair be antiparallel to M. This means that all such pairs equally contribute to 
the magnetic moment in the bulk of the superconductor. As a result, a ferromag- 
netic order is created in the superconductor and the direction of the magnetic 
moment in this region is opposite to the direction of the magnetic moment M 
in the ferromagnet. Moreover, the induced magnetic moment penetrates over 
the size of the Cooper pairs ^s- Using similar arguments we can predict a 
related effect: the magnetic moment in the ferromagnet should be reduced in 
the presence of the superconductivity because some Cooper pairs are located 
entirely in the ferromagnet and do not contribute to the magnetization. 




Figure 15.5. Schematic view of the inverse proximity effect in a S/F system (for discussion see 
text). The dashed curves show schematically the magnetization which is negative in the S layer. 
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Having presented the qualitative picture, we calculate now the magnetization 
variation 

5M = (15.26) 

below Tc in both layers of the S/F system shown in Fig. 15.5. Here g is the 
Lande factor, is the Bohr magneton. We assume that the magnetic moment 
M is homogeneous in the F layer. As we have found previously (see Section 
2 ), in this case only the singlet component and the triplet one with the zero 
spin projection on the direction of M exist in the system. Both the components 
penetrate into the ferromagnet over the short distance If the S/F inter- 
face transparency is low and the thickness of the F layer is small enough, the 
suppression of the order parameter A is not essential and the superconducting 
properties remain almost unchanged. 

The quantity 5Nm can be expressed in terms of the quasiclassical normal 
Green function g 

i0=-\-OO 

SNm = ^ -iTtvT ^ Tr{&3g) (15.27) 

p L0 = — OO 

where p = ppm/ ( 27 t^) is the density of states at the Fermi level, da is the Pauli 
matrix and lo = pT{2n + 1) is the Matsubara frequency. The normal Green 
function ^ is a matrix in the spin space. In the considered case of an uniform 
magnetization it has the form g = go ■ + 93 ■ d's. This matrix is related to the 

Gor’kov anomalous matrix Green function / via the normalization condition 

g^-p = l. (15.28) 

The matrix / describes the superconducting condensate. In order to visual- 
ize how our results are obtained, we consider first the simplest case when the 
condensate function / is small in F and is close to its bulk value in the super- 
conductor. Then, the function / can be obtained from the linearized Usadel 
equation (see e.g. Ref. [ 6 ]) 

dlxf± ~ ^±/± = 0, in the F layer (15.29) 

and 

dL^fs - ns^fs = /C(x)d 3 , in the S layer. (15.30) 

HercK^ = 2 {\uj\=f iJ sgmv) / Dp, Kg = 2\/ ijF -|- A 2 /D 5 and ( 5/5 is a deviation 
of the function fs from its bulk (BCS) value fpcs = A/i\/o;2 -|- A^, i.e. 

= fs-fBCSpBCS = fBCS-^3- The functions / f± are the elements (1,1) 
and (2,2) of the matrix fp. The function /C(x) contains the correction (5A(x) 
to the order parameter A. This term is not relevant in our calculations since 
only the component of / proportional to do contributes to the magnetization 
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(see below, Eq.(15.37)). Eqs. (15.29-15.30) should be complemented by the 
boundary conditions that can be written for small fs^F as 

dx^fs = -{'^hs){-9BCS • If + gBCsfBCSSgnuj • da} (15.31) 

djp = -( 1 / 7 f )/ 5 , (15.32) 

where 'ys,F = RbO'SF’ is the S/E interface resistance per unit area, as,F is 
the conductivity of the S or E regions. Solving Eqs.(15. 29-15. 30) together with 
the boundary conditions Eqs. (15.31-15.32), we easily find 

fF±{x) = 6±exp(— K±x) (15.33) 

Sfso,3i^) = -00,3 exp(«5x) . (15.34) 



Here 

b± = Ibcs/ ( 7 fk±) , oo = gscsfFo/ (75^5) , 03 = sgnajgBscfBCs/ {'Is^s ) , 

and gssc = + A^. Therefore the functions fF0,3i^) defined by Jf = 

If 3^3 + /foOo are given by 

fF0,3(x) = ( 1 / 2 )(/ f +( x ) ± fF-{x)) • ( 15 . 35 ) 

Erom the expression for 5fs3 one can see that the approach presented above 
(small condensate functions) is valid provided the condition 'ys/Cs » 1 is 
fulfilled, where = \J Ds/^nTc. 

In order to calculate the magnetization we need to find the function g^ = 
Tr ( 0 - 35 / 2 ) (see Eq. (15.27)). The latter is related to the functions /o,s in the E 
and S region through the normalization condition Eq.(15.28) and given by 

gF3 = fFofFssgnto (15.36) 

gs3 = fBcsbfso/gBsc ■ (15.37) 

As mentioned in Ref. [17], the functions 5fso and /fo correspond to the 
triplet component of the condensate, which is an odd function of to (the singlet 
components fscs and Jfs are even functions of uj). According to Eqs. (15.36- 
15.37) the functions gF3 and 553 are even functions of cu ( gssc is odd in uj). 
This means that the sum over frequencies in Eq. (15.27) is not zero and the 
proximity effect leads to a change 5M in the magnetization of both E and S 
layer (above the magnetization in S is zero). As it is shown in Eig. 15.6, 
6M is negative, i.e the magnetization of the ferromagnet is reduced and the 
superconductor acquires a finite magnetization in the opposite direction. Notice 
that according to Eqs(15. 34,15. 37) the change of the magnetization 5M{x) 
extends over the length which may be much larger than the thickness 
of the E layer. This effect has never been discussed before and is another 
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Figure 15.6. Temperature dependence of the relative change of magnetization 5M/M for 
7 = 0.1 (solid line), 7 = 0.3 (dashed line), 7 = 0.5 (dot-dashed line) and 7 = 0.7 (doted 
line). Here 7 = 0.5, J/T = 20 and d /^o = 0.1. 

manifestation of the triplet component of /. Due to the proximity effect paired 
electrons may be located in different layers. Due to the imbalance of electrons 
with spin up and down in the F region some electrons in the S layers remain 
unpaired. Those are responsible for the finite magnetization. 

One can see that the function which is antisymmetric in spin space and 
determines the magnetization Mg in the superconductor is proportional to the 
amplitude of the triplet component 5f. The triplet component, as it was shown 
in the preceding Section, is affected by the spin-orbit interaction. In order to 
analyze this problem, one has to rederive Eq.(15.30) taking into account the 
spin-orbit interaction (see preceding Section). Doing in this way, we obtain, 
instead of Eq.(15.30), the following equations 



dljfs3-4^fs3 = IC{x), (15.38) 

dlx^fso - («L + i^D^fso = 0. (15.39) 

where = 2 ^ . It follows from Eq.(15.38) that if the spin-orbit re- 

laxation length is small enough {Kso^s » 1)^ the length of magnetization 
penetration is determined by the strength of the spin-orbit interaction. 

The results for /fo ,3 and 6 fso ,3 can be easily generalized for the case of 
finite thicknesses of the E and S layers. We analyze here another interesting 
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case which is similar to the experimental situation [36]. We assume that the 
thickness of the F layer small compared to ^ j and that the Green’s functions 

gs and fs are close to the bulk values gssc and fpcs- The latter assumptions 
is valid if the coefficient 7 = ap/crs^^ small enough. In this case all functions 
in F might not be small, but they are almost constant in space. Therefore we can 
average the exact Usadel equation over x taking into account exact boundary 
conditions. Doing in this way, we get for the diagonal elements g± and f± of 
the matrices g and / 

9f± = fp± = (-bFfBCs/C,uj± (15.40) 



where 



io± = (X + ebF9BCS =F iJ , Co;± = \J^±- {(^bFfBCsY , ^bF = Dp/ (2^pdp). 

One can see that in the limiting cases of small and large energy e^p the functions 
9f±, fp± describe a superconducting state with the energy gap equal to e^p if 
€bp << A ( a subgap in the excitation spectrum) and to A in the opposite case. 
In both cases the position of the energy gap is shifted with respect to e = 0 (the 
Matsubara frequencies are related to e via u) = —ie). It can be easily shown 
that the function gp^ which determines the magnetization (see Eqs. (15.27) and 
(15.36)) equals zero for e^p = 0 (very small S/F interface transparency) and for 
very large values of e^p (a perfect S/F contact). This dependence of 5Mp on 
Rb leads to a nonmonotonic behavior of the total change of the magnetization 
5M. We also show the temperature dependence of 6M in Fig. 15.6 for values 
of the parameters similar to those of Ref. [36]. We see that the decrease of 
the magnetization may be of the order of 10% and larger. This results are in 
agreement with the experimental data of Ref. [36] . Note that we normalized 5M 
with respect to the magnetization M of the ferromagnet above Tc assuming that 
M is determined by the free electrons (itinerant ferromagnets). In a general 
case all functions 5M/M should be multiplied by a factor (1 + A)“^, where 
A = Mioc/M and Mioc is the contribution to the magnetization due to localized 
moments. 

Equations (15.40) are valid if the correction 5fs to the bulk values of the 
matrix Green’s functions in S is small. Solving Eq.(15.30) with corresponding 
boundary conditions, we obtain for 8fs{x) the expression (15.34) with fgo = 
9BCsfFo/{lbs^^s) and fsz = - 9BCS9Fo\/{lbSi-^s)-, where /i7’o,s 

are connected with fp± via Eq.(15.35). One can show that the matrix 5fs{x) 
is small if the condition (^ 5 /dp)'y « 1 (in the case of a good S/E interface,i.e. 
when the inequality ebP » J is valid) is fulfilled. 

We also present here analytical formulae for the ratio rg^p = dMg^p/M 
using Eq. (15.40) and considering the case of low temperatures (T << A). 
dMg^P are the magnetization variations in the S and E films and M = ggp^J 
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the magnetization in the F film above Tc- We assume also that the S/F interface 
transparency is high enough so that the inequality JjehF < 1 is fulfilled. In 
fhis case we obfain 

rs ^ -i^/3V2)y/Ds/Dp^Adl/Dp (15.41) 

rp Fi —irA/ebp (15.42) 

For esfimafions one can lake of order of Ihe exchange energy J, and Iherefore 
Ihe quanlily is of Ihe order (A/J). 

If is worlh menlioning lhal Ihe problem of finding Ihe magnelizalion in a S/F 
slrucfure consisling of Ihin S {ds < ^s) and F (dp < Cj) layers is reduced lo a 
similar problem in magnelic superconduclors where ferromagnelic (exchange) 
inleracfion and superconducting correlalions coexisl. If we assume a slrong 
coupling belween Ihin S and F layers, we can average Ihe Usadel equation 
(Ihe dirly limil) over Ihe Ihickness of Ihe slrucfure and arrive al Ihe Usadel 
equation for Ihe averaged Green’s funclion wilh an effective exchange field 
J = Jdp/d and an effective order parameter A = Ads /d, where d = ds + dp 
[17]. In fhis case Ihe magnetization is given by M = gppu^/ — A^. This 
resull coincides wilh Ihe one obfained in Refs. [37, 38] in which Ihe problem 
of coexistence of superconduclivily and ilineranl ferromagnetism in magnelic 
superconductors was analyzed. The essential difference belween our syslem 
and magnetic superconductors is lhal in our case Ihe magnetization (eleclronic 
ferromagnetism) is induced in conventional superconductors over a dislance 
^S (if the spin-orbil interaction lenglh is large) which may greally exceed Ihe 
Ihickness of Ihe ferromagnel dp where Ihe exchange interaction lakes place. 

In a F/S/F slruclure, Ihe variation of magnetization 5M depends on mulual 
orienlalion of M in Ihe Iwo ferromagnetic films. In Ibis case 5M can be obfained 
using Ihe expressions for g^, obfained in Refs. [6, 29, 18]. The function g^ 
depends on Ihe angle a belween Ihe magnetizations of Ihe Iwo F layers, as il was 
shown in Refs. [29, 18]. This means lhal Ihe reduction of Ihe magnetization, and 
Iherefore Ihe energy of Ihe system, depends on Ihe angle a. Generally speaking, 
Ihere is a slrong interaction belween Ihe F layers due to Ihe inverse proximity 
effect The characteristic scale of Ihis interaction is aboul ^s^ i- e. much longer 
lhan Ihe Fermi wave lenglh as il is in Ihe case of Ihe RKKY interaction. The 
simplesl way to undersland Ihe angle dependence of 5M is Ihe case of Ihin 
layers and high S/F interface Iransparency. As il was mentioned above, in Ihis 
case one can average Ihe Usadel equation over Ihe Ihickness and oblain for Ihe 
case of parallel magnetizations Ihe value 6M = ggp^V — A^. For Ihe case 
of antiparallel orienlalion 5M = 0. 

Therefore we see lhal in S/F slruclures Ihe inverse proximity effecl arises. 
This means lhal magnetization in F is reduced and a magnetic momenl is induced 
in S below Tc- Us direction is opposite to ils direction in F and spreads over 
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the distance ^ 5 . This distance can be much larger than the F film thickness. 
The effect we have discussed may explain, at least qualitatively, the reduced 
magnetization observed in the S/F structure which may lead to a frequency shift 
of the magnetic resonance[36]. The magnetism induced in the superconductor 
may be measured as it was done in Ref. [39] where the spatial dependence of a 
magnetic field inside a superconducfor has been measured using fhe technique 
of muon spin rofafion. One can also employ fhe NMR technique which is used 
fo measure fhe Knighf shiff in superconductors (see [40]). In fhe laffer case fhe 
position of a NMR line should be shifted (in addifion fo fhe usual Knighf shiff) 
by fhe value Hs = AttSMs- 

6. Summary 

We sfudied odd, s-wave, friplef superconducfivify fhaf may arise in S/F mul- 
tilayered sfrucfures wifh a non-collinear orienfafion of magnefizafions. The 
analysis was carried ouf in fhe dirfy limif (Jr <C 1) when fhe Usadel equation 
is applicable. 

Firsf we have considered a F/S/F sandwich wifh arbifrary magnefizafion 
directions of fhe F-layers. If was shown fhaf for all values of fhe angle a 
befween fhe magnefizafions, fhe condensafe function consisfs of a singlef (SC) 
and a friplef (TC) componenfs. In Ibis case of a homogenous M, bofh fhe SC 
and fhe TC decay in fhe F layers over a shorf disfance given by = y/lNp^. 
If fhe magnetization vectors M are nol collinear a / 0, tt/ 2, projections of 
fhe TC wifh non-zero projecfion on fhe z-axis appear. In Ibis case, fhe TC 
penefrafes fhe F layer over a long disfance = ^/Dp/^iiT. In fhe presence 
of spin-orbif inferacfion Ibis penefrafion lengfh is given by min(^so, ^t), where 
iso = VdoDf- Generally, Ibis lengfh may be much larger fhan ij. 

Nexf we have sfudied fhe Josephson effecf in a F/S/F/S/F system. If fhe 
condition dp ^ ij is fulfilled fhe Josephson coupling befween neighboring S 
layers is only due fo fhe TC. Therefore in Ibis case a new fype of superconducfiv- 
ify may arise in fhe mulfilayered sfrucfures wifh non-collinear magnefizafions. 
The supercurrenf wifhin each S layer is caused by fhe SC, whereas fhe super- 
currenf across fhe layers is caused by fhe friplef condensafe, which is odd in fhe 
frequency lo and even in fhe momenfum. 

The TC in our case is complefely differenf from fhe friplef condensafe found 
in Sr 2 Ru 04 [14]. In fhe latter case one has a p-wave, even The TC we have 
considered is nol affecled by non-magnefic impurities, in conlrasl fo fhe friplef 
condensate in Sr 2 Ru 04 [14]. 

Nofe fhaf fhe TC may also arise as a resulf of fhe scattering af a spin-active 
S/F interface. This possibility was considered in Ref. [12] on fhe basis of general 
boundary condifions wifh accounf for spin-flip scattering af fhe S/F inlerface 
[41]. In principle, a domain wall near fhe S/F interface, which leads fo fhe TC 
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[10], can also be regarded as a concrete realization of a spin-active interface. 
Perhaps another possibility to induce the TC near the S/F interface is a specific 
spin-orbit interaction at the interface which is represented by a so-called Rashba 
term [42] . The possibility to create the TC due to this interaction (the type of this 
TC may differ from that considered above) was studied in Refs. [43] and [44]. In 
the latter paper it was stated that the TC has a p-wave symmetry and can penetrate 
the ferromagnet over a large distance of the order of However in Ref. [44] 
the impurity scattering was ignored which, as is well known [45], suppresses 
the p-wave TC. On the other hand, in the purely ballistic case considered in 
Ref. [44] the both condensate functions, the SC and TC, do not decay in the 
ferromagnet. The scattering by non-magnetic impurities leads to decay of the 
SC over the mean free path I = vpT if Jt » 1 [8] and over the length 
^^Dp/ J if Jr << 1. This scattering suppresses the p-wave (antisymmetric in 
momentum), even in frequency TC, but does not affect the s-wave (symmetric 
in momentum), odd in frequency TC considered in this paper. 

The triplet superconductivity in S/F structures possesses an interesting prop- 
erty: the Josephson current depends on the chirality of the magnetization M: 
If the M vector rotates in only one direction (the positive chirality) the critical 
current Ic is positive. If the direction of the M vector oscillates in space (the 
negative chirality) then Ic < 0. In the latter case spontaneously circulating cur- 
rents must arise in the structure. This result can be explained as follows: if the 
chirality is positive the averaged M vector < M > is zero and the S/F structure 
behaves as a superconductor with anisotropic properties (the singlet supercon- 
ductivity along the layers and the triplet superconductivity across them). In the 
case of the negative chirality the average in space yields a non- zero magnetiza- 
tion < M >/ 0. In such a superconductor with a build-in magnetic moment 
the circulating currents arise as they arise in superconductors of the second type 
in the mixed state. 

It would be interesting to carry out experiments on S/F structures with non- 
collinear magnetization in order to observe this new type of superconductivity. 
As follows from a semiquantitative analysis, the best conditions to observe the 
Josephson critical current caused by the TC are high interface transparency 
(small 7 fe) and low temperatures. These conditions are a bit beyond our quan- 
titative study. Nevertheless, all qualitative features predicted here (angle de- 
pendence, etc) should remain in a general case when one has to deal with the 
non-linear Usadel equation. 

We also analyzed the inverse proximity effect. The latter means that mag- 
netization in F is reduced and a magnetic moment is induced in S below Tc- 
Its direction is opposite to its direction in F and spreads over the distance ^s- 
This distance can be much larger than the F film thickness. The effect we have 
discussed may explain, at least qualitatively, the reduced magnetization oh- 
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served in the S/F structure which may lead to a frequency shift of the magnetic 
resonance [36]. 
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Abstract We compute the transport properties of one dimensional interacting electrons, 
also known as a Luttinger liquid. We show that a renormalization group study 
allows to obtain the temperature dependence of the conductivity in an interme- 
diate temperature range. In this range the conductivity has a power-law like 
dependence in temperature. At low temperatures, the motion proceed hy tun- 
nelling between localized configurations. We compute this tunnelling rate using 
a bosonization representation and an instanton technique. We find a conductivity 
o-(T) oc ^ , where /3 is the temperature. We compare this results with the 
standard variable range hopping (VRH) formula. 



Keywords: Luttinger liquid, creep, conductivity, variable range hopping, disorder 



1. Introduction 

Since the discovery of Anderson localization [1], impurity effects in elec- 
tronic systems have always been a fascinating subject. Although our under- 
standing of the properties of noninteracting disordered electronic systems is 
now rather complete [2-5], the interacting case is still largely not understood. 
Indeed the combined effects of disorder and interactions leads to a reinforce- 
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ment of both the disorder and interactions effects and complicates greatly the 
physics of the problem [6-8]. 

One dimensional systems are an extreme realization of such a situation. On 
one hand, even for noninteracting systems disorder effects are extremely strong 
and all states are exponentially localized [9, 10]. On the other hand for the pure 
system, interactions have an extremely strong impact and lead to a non-fermi 
liquid state known as a Luttinger liquid [11]. One can thus expect a maximal 
interplay of disorder and interactions there. However, in one dimension, good 
methods such as bosonization exist to treat the interactions, so one can expect 
to have a more complete solution even in presence of disorder. 

We examine here the transport properties of such Luttinger liquids. 

2. Model 

For simplicity we focuss here on spinless electrons. We consider an in- 
teracting electronic system. Using the standard boson representation [11] the 
Hamiltonian of such a system is 

H = ^ [ dxuK{7rUf + (16.1) 

27t 7 K zna J 

where ^{x) is a (complex) random potential representing the backward (i.e. 
close to 2kp) scattering on the impurities, ^(x) is taken to be gaussian and 
uncorrelated from site to site 



^(x)^*(x') = D]^5{x — x') (16.2) 

and all other averages are zero. The field (f) is related to the density of fermions 
by 

p{x) = — — V0(x) + ^_e*(2fcFa;-2</>) _|_ (16.3) 

7T zttq; 

and the current is simply J = dr4>/7T. 

In (16.1) the interaction effects among the electrons are hidden in the two 
Luttinger parameters u and K. u is the velocity of charge excitations. In the 
absence of interactions u is the Fermi velocity u = vp- K is a. dimensionless 
parameter, controlling the decay of the various correlations. K = 1 in the 
absence of interactions and iL < 1 for repulsive interactions, a is a short 
distance cutoff of the order of the lattice spacing. 

An external electric field E fhus couples as 

J dxAJ = J dxE(p{x) (16.4) 

In fhe absence of disorder, fhe elecfric field makes fhe phase (/> grow wifh lime. 
As can be seen from fhe Kubo formula, for fhe pure syslem fhe conduclivily 
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is infinite. This corresponds physically to the sliding of the electronic “charge 
density wave” (16.3). Disorder pins the electronic density. Such a pinning cor- 
responds in the electronic language to the Anderson localization of the electrons 
[12, 13]. 



3. Transport at intermediate temperatures 

The phase diagram of (16.1) has been extensively studied and we refer the 
reader to [14, 11, 15] for details. Renormalization group equations for the 
disorder D\^ can be written from the action 



S/h = J dx dr 
These equations are 



2ttK 



-{dr4>f + u{dx(f>y 

u 



2TTah 



^i2(p(x) 



+ h.c. 



(16.5) 



dK 

~df 

dPh 

dl 

du 

~di 




(3 - 2K)D^ 




(16.6) 



where 



Dh 



2D\^a 

-KV? 



(16.7) 



For iT < 3/2 the disorder is a relevant variable and leads to localization. This 
of course includes the noninteracting point K = 1. 

Using the RG, one can extract various physical quantities for the disordered 
Luttinger liquid. For example, one can extract the localization length. Let us 
renormalize up to a point where K‘^D\y{l*) ~ 1. The true localization length 
of the system is given by 



Cioc = e-'*6oc(r) (16.8) 

but if D\^{1*) ~ 1 the localization length of such a problem is of the order of 
the lattice spacing. Thus, 

^loc ~ (16.9) 

One can then integrate the flow to get I*. The result depends on the position 
in the phase diagram. When one is deep in the localized phase (far from the 
transition) one can consider K as constant and thus 

Db(0 = Db(( = 0)e(3-2^)^ 



(16.10) 
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Thus, 

/ 1 \ 3 =^ 

One can also extract the frequency and temperature dependence of the con- 
ductivity [14]. Let us here look at the temperature dependence by a very simple 
technique. The idea is simply to renormalize until the cutoff is of the order of 
the thermal length It ~ u/T corresponding to ~ It / a. At this lengthscale 
the disorder can be treated in the Born approximation. As the conductivity is a 
physical quantity it is not changed under renormalization and we have 

o-(n(0),i)b(0),0) = a{n{l),D{l),l) = = o-Q ^ 

n(0)Db(0 

where cj(n(/), D\y{l),l) = a{l) and n{l) are, respectively, the conductivity and 
the electronic density at the scale 1. tq = v‘^/2tt hD\^ is the conductivity in 

the Born approximation, expressed with the initial parameters. If one is deep in 
the localized phase, one can again retain only the RG equation for the disorder 
and consider K as constant and one has 

aiT) ~ (16.13) 

This result is schematized in Fig. 16.1. 

4. Creep 

Although one can use the RG to get the behavior of the conductivity for 
T > u/T\oc, it cannot be used below this energy scale since the flow goes 
to strong coupling. In order to determine the transport properties at lower 
temperatures, we compute the tunnelling rate between two static configurations 
of the system. The details can be found in [16], so we will recall here only the 
main steps and results. We first use the RG equations to reach a lengthscale at 
which the disorder Db becomes of order one. This lengthscale corresponds to 
having a “lattice spacing” that is now of the order of the localization length of 
the system. Writing the disorder ^(x) as 

e(x) = (16.14) 

we now see that the disorder is minimized if on each “site” the phase cj) takes 
the value 

(f){x) = C{x) + TTUx (16.15) 

where is an integer. The integer Ux have to be chosen in order to minimize 
the elastic term (Vc/>(x))^ in (16.5). Thus in the absence of the quantum term 11^ 




Transport in Luttinger Liquids 



279 




Figure 16.1. Temperature dependence of the conductivity. For K > 3/2 (top) the system is 
delocalized and the conductivity increases with decreasing temperature. For 1 < K < Z/2 
(middle) the system is localized but the conductivity starts increasing with decreasing tempera- 
ture. The renormalization of K due to disorder pushes the system to the localized side forcing 
the conductivity to decrease with decreasing temperature. For K < 1 (bottom) the conductiv- 
ity decreases with temperature even at high temperatures. Below temperatures of the order of 
w/Cioc, the system is strongly localized and the conductivity decreases exponentially (see text). 
This part (dashed line) cannot be extracted from the RG. 



in the Hamiltonian the system is completely characterized by the set of integer 
numbers nx [17]. The electric field (16.4) wants to make the phase grow. 
Thus in the presence of the quantum term in the action the phase will tunnel 
between the optimal configurations described by (16.15). This corresponds 
to an increase of Ux by one in some region of space. In order to compute 
the action corresponding to such a tunnelling process one uses an instanton 
technique as introduced in [18, 19] for the pure system and [16] in the presence 
of disorder. The size Lx in space and L^- in time of the instanton are determined 
by extremizing the action. One finds 

L°P‘ = vWe , T°P' = l/(2e) (16.16) 



where 



2K*aE n,* 

e 

Ttu*h 



(16.17) 



and * denofes quanfifies as fhe scale ^loc- 
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At zero temperature one can thus obtain the action of the instanton as a 
function of the electric field. This leads to the tunnelling rate 



P ~ 




(16.18) 



where we have introduced a characteristic energy scale A = Hu* /^\oc associ- 
ated with the localization length. Note that m*/^ioc is the pinning frequency 
[20]. The expression (16.18) leads to a non-linear response. The linear con- 
ductivity is zero, and such a process is the analogue of the creep for classical 
systems [21-23]. In this case the system is able to overcome barriers by quan- 
tum tunnelling, instead of thermal activation for the classical case. 

For finite temperatures, the maximum size of the instanton in time is L-r < 
f3hu*e~^ . If the electric field becomes too small fhe action associafed wifh fhe 
funnelling process fhus safurafes. One fhus recovers a linear response fhaf is 
given by 

cr(T) (xe~^ = exp[-^v^2/3A] (16.19) 



5. Variable range hopping 

The expression (16.19) leads to fhe same femperafure dependence fhan fhe 
famous variable-range hopping law [24]. Lef us briefly recall how fhe VRH 
law is derived. 

The VRH law mosfly applies fo noninferacfing elecfrons (or Fermi liquids) 
in presence of phonons fhaf can provide fhe inelasfic scafferings needed fo 
make fransifions befween sfafes of differenl energies. One considers localized 
eigensfafes af differenl positions in space as indicated in Fig. 16.2(a). Thanks 
to phonons fhe sysfem can make a fransifion from an occupied slafe fowards an 
unoccupied one. The probabilily of making a fransifion involving a difference 
of energy E, befween Iwo localized sfafes al a dislance L is of order 

(16.20) 



Thus is if interesting to find fransifions for sfafes close to each ofher. Of course 
such slates are nol in general close in energy so Ihere is a compromise befween 
fhe energy and fhe dislance al which one can find slates. If fhe density of slates 
is No, Ihen fhe probabilily in a volume L'^ fo find a slafe wilhin an inlerval of 
energy E is 

NoL'^E (16.21) 



fhus a fransifion is possible when NqL'^E ~ 1. This leads to a conductivity 
fhaf is proporlional fo 



a (X e 



0 

NqIN 



^ I ^loc 



(16.22) 
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E 



(a) 



¥ 




Figure 16.2. (a) If the system is very localized, the eigenstates are localized in space x over 

a distance of order ^loc and are spread in energy E. In order to transport current one should 
make a transition from an occupied state (dashed line) towards an empty state (full line). The 
difference in energy is provided by a coupling to a bath of phonons. This is the process at 
the root of the variable range hopping conductivity, (b) The density is a set of narrow peaks. 
Processes involved in the VRH thus transport charge from one localized state to another, (c) In 
the bosonized representation motion occur by shifting the phase by a multiple of tt in a finite 
region of space (whose size is determined by optimizing the action). Using the bosonization 
relations (see text) this corresponds precisely to the same transport of charge than in the VRH 
process. 



and optimizing with respect to L one finds 



-(d+l) 

cj oc e 



0 



1 



H+1 



( 16 . 23 ) 



In the presence of Coulomb interactions a similar formula (Efros-Shklovskii) 
can be derived [25, 26] but with an exponent 1/2 instead of l/{d + 1). In 
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one dimension both give the same temperature dependenee, but with different 
prefaetors in the exponential. 

In fact the tunnelling process derived from the bosonized action (16.5) is quite 
similar to the VRH process. Indeed using the relation between the fermion 
density and the phase (16.3) it is easy to see, as shown in Fig. 16.2(b) and 
(c) that a kink in <p corresponds to a fermion at that position. The instanton 
corresponding to a shift of cj) over a finite region of space thus corresponds to 
moving a particle from a localized state to another, as in the VRH process. 

The main difference is that in our approach the interactions are totally treated. 
This is what gives the difference of prefactors in the exponential. In our case the 
prefactors contains the Luttinger liquid parameters (and thus the interactions). 
In the case of VRH the prefactor simply depends on the density of states. Our 
derivation provides an alternative derivation to VRH, directly based on the 
bosonization representation and thus properly taking into account the effects of 
interactions. 

6. Open issues 

Of course many open issues remain. In particular, both for the intermediate 
temperature case and for the case of the creep, the question of the precise 
role of dissipation arises. In the case of the RG one assumes ,in order to 
obtain the conductivity, that the temperature can be used as a cutoff. Doing 
so implicitly assumes that the systems looses its coherence over a length v/T. 
This is reasonable if the system is in contact with an external bath, but is not the 
standard way to put the temperature in the Kubo formula. Indeed normally the 
thermal bath is applied at time — oo and then removed and all time evolution 
proceed simply quantum mechanically. For the case of periodic potential the 
two procedure are known to produce different results. If no phase breaking 
processes are included the system being integrable has too many conserved 
quantities and the conductivity remains infinite at all finite temperatures [27- 
30] . This rather artificial resulf disappears in fhe more realistic case where phase 
breaking processes are included [27, 30]. For fhe disordered case, in a similar 
way, fhe noninferacfing sysfem has a conducfivify fhaf would remain zero af 
any finile femperafure since all sfafes are exponentially localized, whereas fhe 
RG resulf would gives a femperafure dependence, as shown in Fig. 16.1. In fhe 
creep regime similar questions arise. In fhe VRH derivafion fhe coupling fo a 
phonon bafh is explicifly needed fo provide fhe energy for fhe fransifion. In our 
analysis such phonon bafh is nol needed, buf on fhe ofher hand some dissipafion 
is required for fhe system fo reach a sfeady sfafe. Whefher fhe resulfs we have 
found are valid as soon as an infinifesimal dissipafion is included, or whefher 
(16.19) would vanish wifh fhe dissipation in fhe limif where fhe dissipation goes 
fo zero is an imporfanf open question. 
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Chapter 17 



INTERACTION EFFECTS ON COUNTING 
STATISTICS AND THE TRANSMISSION 
DISTRIBUTION 

M. Kindermann 

Instituut-Lorentz, Universiteit Leiden, P.O. Box 9506, 2300 RA Leiden, The Netherlands 



Yuli V. Nazarov 

Department of Nanoscience, Delft University of Technology, Lorentzweg 1, 2628 CJ Delft, 
The Netherlands 



Abstract We investigate the effect of weak interactions on the full counting statistics of 
charge transfer through an arbitrary mesoscopic conductor. We show that the 
main effect can he incorporated into an energy dependence of the transmission 
eigenvalues and study this dependence in a non-perturhative approach. An unex- 
pected result is that all mesoscopic conductors behave at low energies like either 
a single or a double tunnel junction, which divides them into two broad classes. 

Keywords: quantum transport, interaction, counting statistics 



It has been shown that at low energy seales the relevant part of the eleetron- 
eleetron interaetion in mesoscopie circuits comes from the external electro- 
magnetic environment [1]. The resulting dynamical Coulomb blockade has 
been thoroughly investigated for tunnel junctions [2]. The measure of the 
interaction strength is the external impedance Z{u)) at the frequency scale 
n = max(eV, ksT) determined by either the voltage V at the conductor or 
its temperature T. If z = GqZ(Q) <C 1 (with the conductance quantum 
Gq = e^/27r/i) the interaction is weak, otherwise Coulomb effects strongly 
suppress electron transport. 

A tunnel junction is the simplest mesoscopic conductor. An arbitrary meso- 
scopic conductor in the absence of interactions is characterized by its scattering 
matrix or, most conveniently, by a set of transmission eigenvalues [3]. This 
Landauer-Biittiker approach to mesoscopic transport can be extended to access 
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the full counting statistics (FCS) of charge transfer [4]. The FCS contains not 
only the average current but also current noise and all higher moments of current 
correlations in a compact and elegant form. 

Interaction effects on general mesoscopic conductors are difficult to quantify 
for arbitrary z. For z <C 1, one can use perturbation theory to first order in z [5]. 
Recent work [6, 7] associates this interaction correction to conductance with 
the shot noise properties of the conductor. The interaction correction to noise 
is associated with the third cumulant of charge transfer [8]. This motivates us 
to study the interaction correction to all cumulants of charge transfer, i.e. to the 
FCS. The recent experiment [9] addresses the correction to the conductance at 
arbitrary transmission. 

A tunnel junction in the presence of an electromagnetic environment exhibits 
an anomalous power-law I-V characteristic, I{V) ~ ^ 22 - 1-1 same power 
law behaviour is typical for tunnel contacts between one-dimensional interact- 
ing electron systems, the so-called Luttinger liquids [10]. It has also been found 
for contacts with arbitrary transmission between single-channel conductors in 
the limit of weak interactions [11]. In this case, the interactions have been 
found to renormalize the transmission. 

In this Letter we study the effects of weak interactions 2 ; <C 1 on the FCS 
of a phase coherent multi-channel conductor. In the energy range below the 
Thoughless energy that we restrict our analysis to, its transmission probabili- 
ties Tn are energy independent in the absence of interactions. We first analyze 
the interaction correction to first order in z. We identify an elastic and an in- 
elastic contribution. The elastic contribution comes with a logarithmic factor 
that diverges at low energies suggesting that even weak interactions can sup- 
press electron transport at sufficiently low energies. To quantify this we sum 
up interaction corrections to the FCS of all orders in 2 ; by a renormalization 
group analysis. We show that the result is most easy to comprehed as a renor- 
malization of the transmission eigenvalues similar to that proposed in [11]. 
The renormalization brings about an energy dependence of the transmission 
eigenvalues according to the flow equation 

^^^^ = 2zTn{E)[l-Tn{E)]. (17.1) 

To evaluate transport properties in the presence of interactions, one takes Tn{E) 
at the energy 77 ~ fl. 

With using the relation (17.1) we explore the effect of interactions on the 
distribution of transmission probabilities for different types of mesoscopic con- 
ductors. In general, their conductance G and their noise properties display a 
complicated behaviour at 2:|log77| ~ 1 that depends on details of the conductor. 
However, in the limit of very low enegies 2:|log77| 1 we find only fwo pos- 

sible scenarios. The firsf one is fhaf fhe conducfor behaves like a single funnel 
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Figure 17.1. Phase-coherent conductor (conductance G) in an electromagnetic environment 
(impedance Z (cu)). We formulate the quantum dynamics of the system in terms of the fluctuating 
fields 



junction with (7(F) ~ In the other scenario, the transmission distribution 
approaches that of a symmetric double tunnel junction. The conductance scales 
then as G{V) ~ F^. Any given conductor follows one of the two scenarios, 
this divides all mesoscopic conductors into two broad classes. 

We start out by evaluating the interaction correction to the PCS to first order in 
z. We analyze a simple circuit that consists of a mesoscopic conductor in series 
with an external resistor Z{oj) biased with a voltage source F (Fig. 1). For 
this we employ a non-equilibrium Keldysh action technique [12]. Within this 
approach, one represents the generating function 7^(x) of current fluctuations in 
the circuit as a path integral over the fields {t), those represent the fluctuating 
voltage in the node shared by mesoscopic conductor and external resistor. The 
path integral representation of lF{x) reads 



T{x) = J exp {-i5c ([</>+], [r]) 

-iSenv ([$ + x/2 - 0+] , - x/2 - 0“])} (17.2) 

where d^{t)/dt = eV. Derivatives of lF{x) with respect to x at x = 0 give 
the moments of the charge transferred through the circuit during time interval 
r. The Keldysh action is a sum of two terms 5env and Sc describing the 
environment and the mesoscopic conductor respectively. 

We assume a linear electromagnetic environment that can be fully charac- 
terized by its impedance Z{lo) and temperature T. The corresponding action 
is bilinear in 

Sen. = ^ ( dt [ dt' [<P+{t)A++{t - t')<P+{t') 

2vr Jq Jq 

+ (p~{t)A {t - 
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with 



= —ioj[z + 2 A^(a;)Re 2 ; ^(w)] 

{ui) = 4:iu}N{iAj)YAez~^{ijj) 

A—{uj) = -[yl++(-u;)]*. (17.3) 

Here, A^(w) = {ex.-p[uj /ksT] — 1}”^ is the Bose-Einstein distribution funetion 
and z{uj) = GqZ{uj) the dimensionless frequaney-dependent impedanee. 

The aetion 5c of the mesoscopie eonductor can be expressed in terms of 
Keldysh Green functions Gr^l (the "check" denotes 2x2 matrices in Keldysh 
space) of electrons in the two electron reservoirs adjacent to the conductor [13]. 
It takes the form 



5c 



1 

2 



Tr In 

n 



1 + ^({Gl.Gr}-2) 



(17.4) 



and depends on the set of transmission eigenvalues Tn that characterizes the 
conductor. The fields enter the expression as a gauge transform of G in 

one of the reservoirs, 



= and 

■ 0 
0 



GL{t,t') = 



e-N+{t) 0 

0 



is the equilibrium Keldysh Green function 



(jres(g) 



1 - 2 /( 6 ) 2 /( 6 ) \ 
2 [ 1 -/( 6 )] 2 /( 6 )- 1 ; 



(17.5) 



(17.6) 



f{e) being the equilibrium electron distribution function. 

This defines our model fhaf is valid for any exfernal impedance buf is hardly 
fracfable in fhe general case. We proceed wifh perfurbafion fheory in z assuming 
fhaf z <C 1. To zerofh order in z fhe fields do nol llucluafe and are fixed 
fo eVt ± x/2. Subsfifufing fhis info Eq. (17.4) we recover Levitov’s formula 
for non-inferacfing elecfrons, 

ln7^(°)(x) = (x) = t f 

n 

+Tn [(e*>^ - 1 )/l(1 - /r) + (e-*^ - 1 )/r(1 - /l)] } , 

(17.7) 



(/r = / and /l(6) = f{e — eV)). Inferacfion effecls manifesl themselves at 
higher orders in z. To assess the first order correction, we expand the non-linear 
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Sc to second order in the fluctuating fields We integrate it over with 

the weight given by 5env- The expression for the correction can be presented 
as [15] 

In (x) = -IT d(jj I [2N{ut) + (x) 

+AT(u;)5«(u;,x) + [iVM + • 

(17.8) 



The three terms in square brackets correspond to elastic electron transfer, inelas- 
tic transfer with absorption of energy huj from the environment, and inelastic 
electron transfer with emission of this energy respectively. It is crucial to note 
that inealstic processes can only occur at frequencies w < 12 and that their con- 
tribution to the integral is thus restricted to this frequency range. In contrast, 
elastic contributions come mainly from frequencies exceeding the scale 12. If 
z = const (tu) for lo < A, the elastic correction diverges logarithmically at 
high frequencies, its magnitude being ~ z In A/12. This suggests that i. the 
elastic correction is more important than the inelastic one and ii. a small value 
of z can be compensated for by a large logarithm, indicating the breakdown 
of perturbation theory. The upper cut-off energy A is set either by the inverse 
i?C-time of the environment circuit or the Thoughless energy of the electrons 
in the mesoscopic conductor. 

The concrete expression for reads 






'E/S {OnDt[Tn(h- ft) 

n 

+2Tn{e^^ - 1)/l(1 - /+) 

+2T2(cosx - 1)/l(1 - fWn ~ /«)] 

+TnDn -|- (1 — — 72 ]/)} 



where we have introduced the functions 



(17.9) 



Dn = {l + Tn[fL{l-fR){e^^-l) 

+/R(l-/L)(e-'^-l)]}“' (17.10) 

and the notation 



/+(e) = /(e + w), D+{e) = Dn{e + iv). (17.11) 

We do not analyze further in this Letter and instead turn to the analysis of 
the elastic correction. 
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It is important that the explicit form of the elastic correction can be presented 
as 



^el 



with 



Y.STn 

n 

6Tn = 



55 W 

-2Tn{l 



Tn). 



(17.12) 



This suggests that the main effect of interactions is to change the transmission 
coefficients Tn- It also suggests that we can go beyond perturbation theory 
by a renormalization group anaysis that involves the Tn only, summing up 
leading logarithms in all orders of z. In such an analysis one concentrates at 
each renormalization step on the "fast" components of (j)^ with frequencies in 
a narrow interval Sto near the running cut-off frequency E. Integrating out 
these fields one obtains a new action for the "slow" fields. Subsequently one 
reduces the running cut-off by 5io and repeats the procedure until the running 
cut-off approaches fl. We find that at each step of renormalization the action 
indeed retains the form given by Eq. (17.4) and only the T„ change, provided 
z <C min{l, Gq/G}. The resulting energy dependence of the obeys Eq. 
(17.1). The strict proof of this involves manipulations on the action (17.4) with 
time dependent arguments (t). The proof is very technical, so we do not give 
it here. The approximations that we make in this renormalization procedure 
amount to the summation of the perturbation series in the leading logarithm 
approximation. 

In the rest of the Eetter we analyze the consequences of Eq. ( 1 7 . 1 ) for various 
mesoscopic conductors. Equation (17.1) can be explicitly integrated to obtain 



Tn{E) 



l-TA(l-0’ 




(17.13) 



in terms of the "high energy" (non-interacting) transmission eigenvalues T^. A 
mesoscopic conductor containing many transport channels is most conveniently 
characterized by the distribution pa{T) of its transmission eigenvalues [14]. It 
follows from Eq. (17.13) that the effective transmission distribution at the 
energy scale E reads 



[e + T(l-0]2^"^(^ + T(l-o) ■ 

We now analyze its low energy limit ^ 0. Any given transmission eigenvalue 
will approach zero in this limit. Seemingly this implies that for any conductor 
the transmission distribution would approach that of a tunnel junction, so that 
all T„ <C 1. The overall conductance would be proportional to ^ in accordance 
with Ref. [5]. 
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Indeed, this is one of the possible scenarios. A remarkable exception is the 
case when the non-interacting pA has an inverse square-root singularity at T ^ 
1. Many mesoscopic conductors display this feature, most importantly diffusive 
ones [14]. In this case, the low-energy transmission distribution approaches a 
limiting function 

P>(T) « ( 17 . 15 ) 

The conductance scales like p* is known to be the transmission distribu- 
tion of a double tunnel junction: two identical tunnel junctions in series [16]. 
Indeed, one checks that for a double tunnel junction the form of the transmission 
distribution is unaffected by interactions. This sets an alternative low-energy 
scenario. We are not aware of transmission distributions that would give rise to 
other scenarios. 

We believe that this is an important general result in the theory of quantum 
transport and suggest now a qualitative explanation. The statement is that the 
conductance of a phase-coherent conductor at low voltage and temperature 
n <C A asymptotically obeys a power law with an exponent that generically 
takes two values, 

Goc , or Goc . (17.16) 

For tunneling electrons the exponent is 2z. An electron traverses the conductor 
in a single leap. The second possible exponent z has been discussed in the 
literature as well, in connection with resonant tunneling through a double 
tunnel barrier in the presence of interactions [10]. This resonant tunneling takes 
place via intermediate discrete states contained between the two tunnel barriers. 
The halved exponent a = z occurs in the regime of the so-called successive 
electron tunneling. In this case, the electron first jumps over one of the barriers 
ending up in a discrete state. Only in a second jump over the second barrier the 
charge transfer is completed. Since it takes two jumps to transfer a charge, the 
electron feels only half the countervoltage due to interactions with electrons in 
the environmental impedance Z at each hop. Consequently, the exponent for 
each jump takes half the value for direct tunneling. Our results strongly suggest 
that this transport mechanism is not restricted to resonant tunneling systems, or, 
to put it differently, resonant tunneling can occur in systems of a more generic 
nature than generally believed. Indeed, a mesoscopic conductor is characterized 
by its scattering matrix regardless of the details of its inner structure, so it is 
not even obvious that it has a "middle part" to accomodate the intermediate 
discrete states. Nevertheless, the form of the transmission distribution of this 
scattering matrix depends on the internal structure of the conductor. The inverse 
square root singularity of this distribution at T ^ 1 for a double tunnel barrier 
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Figure 1 7.2. Renormalization of the conductance G (logarithmically), the Fano factor F and 
the third cumulant C 3 normalized by the conductance in a tunnel junction (solid line), a double 
tunnel barrier (dotted line), a double point contact (short dashed line), and a diffusive conductor 
(long lashed line). 



is due to the formation of Fabry-Perot resonanees between the two barriers. 
Probably similar resonanees are at the origin of the same singularity of more 
complieated mesoscopie eonduetors with multiple seattering. They are then 
the intermediate discrete states that give rise to the modified scaling of the 
conductance in presence of interactions. One may speculate that in diffusive 
conductors these resonances are the so-called ’’prelocalized states” found in 
[17]. 

From equation (17.13) one concludes that the resonant tunneling scaling 
holds only if (S' (77) Gq so that many transport channels contribute to the 

conductance. At sufficiently small energies, G{E) becomes of the order of Gq. 
All transmission eigenvalues are then small and the conductance crosses over 
to the tunneling scaling. 

Employing equations (17.13) and (17.14), we are able to evaluate the trans- 
missions and the FCS in the intermediate regime ^ ~ 1. In Fig. 17.1 we 
present the results for the first three cumulants of charge transfer for several 
types of conductors whose non-interacting transmission distributions pa{T) 
are known. Apart from the tunnel contact all these conductors approach the 
resonant tunneling scaling at very small bias voltage <C 1). 

We remark, that Eq. (17.11) generalizes the statements made in [7, 8]: At 
zero temperature, the interaction correction to the n-th cumulant of transferred 
charge is proportional to the (n-i-l)-th cumulant. 

To conclude, we have investigated the effects of interactions on the ECS of 
a Landauer-Buttiker conductor and found that their main effect can be incor- 
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porated into an energy dependence of the transmissison eigenvalues. For an 
arbitrary conductor, the conductance in the low-energy limit obeys one of the 
generic scaling laws. 

The authors acknowledge useful discussions with C. W. J. Beenakker, K. B. 
Efetov, D. Esteve, E. I. Glazman, E. S. Eevitov, and A. D. Zaikin. This work 
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ONE-DIMENSIONAL SYSTEMS 
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Abstract We study Mott’ s variable-range hopping for one-dimensional systems taking into 
account the exact form of the states when they are not extremely localized, which 
corresponds to the experimental regime. We obtain an effective localization 
length for hopping different from the one deduced from zero temperature con- 
ductance. Quantum effects increase the average resistance without qualitatively 
changing Mott’s law. They are even more important in resistance fluctuations 
and cannot be neglected. Quantum contributions to resistance fluctuations still 
lead to a (Tq/T)^'^^ behavior, contrary to other predictions. 

Keywords: Variable-range hopping; conductance fluctuations; one-dimensional systems. 



1. Introduction 

Mesoscopic conductance fluctuations in one-dimensional insulators have 
been intensively studied, but their understanding is still much worse than in 
the metallic phase. Lee [1] interpreted the fluctuations observed by Fowler 
et al. [2] in silicon MOSFET’s in terms of geometrical fluctuations in Mott’s 
variable-range hopping regime. Mott’s variable-range hopping refers to the 
conduction mechanism between localized states in the absence of interactions 
at very low temperatures, so that a compromise between jumping distances and 
energy penalties must be reached. 

In the hopping regime. Miller and Abrahams [3] replaced the transport prob- 
lem in the extremely localized phase by a random resistor network in which 
sites i and j are connected by the resistance 



i?j j = Rq exp 







(18.1) 
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where is the distanee between sites and ^ is the localization length, which is 
assumed to have a unique well-define value. Eij is the energy difference 
\Ej — Ei\ if the states are on different sides of the Fermi level, Ey, and 
max{|£'F — Ei\, |£'f — Ej\] otherwise. In this extremely localized case, each 
state can be associated with a site and it decays exponentially as a function of 
the distance to this site. The spatial factor in Eq. (18.1) arises from the phonon 
coupling between states. In most treatments and numerical simulations, the to- 
tal resistance of the sample is approximated by that of the single most resistive 
hop along the best conducting path, due to the broad distribution resulting from 
Eq. (18.1). 

A naive extension of Mott’s argument to one-dimension predicts a conduc- 
tance of the form: 

f7 = aoexp{-(T/To)^/"} (18.2) 

with the characteristic temperature Tq given by Tq = l/{k^p), where p is the 
density of states at the Eermi level and k is Boltzmann’s constant. As already 
noted by Kurkijarvi [4], the special nature of one-dimensional systems leads to 
corrections on the previous formula which depend on the size of the system. 
Taking these effects into account, Eee [1] and Scrota et al. [5] obtained, for not 
too large samples, the following self-consistent equation for the average, over 
disorder realizations, of the logarithm of the resistance (In R) 



n 

T 




+ In 



(Ini?) 




{InRf (18.3) 



where L is the length of the sample. This expression represents a logarithmic 
correction to Mott’s law. 

Eee also argued that geometrical fluctuations in the location and energies 
of the impurities are enough to induce large conductance fluctuations in the 
variable-range hopping regime, and that quantum fluctuations should be neg- 
ligible as compared with the geometrical fluctuations. The size of fluctuations 
A can be measured through the standard deviation of the logarithm of the con- 
ductance and, in his model [1, 5], it increases exponentially with decreasing 
temperature according to the expression 



A = ((Ini? - (lni?))2)V2 



/Toy/" 




\T J 


« J 




(18.4) 



The fluctuations behave with temperature similarly to In R, but with different 
logarithmic corrections. 

Raikh and Ruzin [6] performed a detailed analytical treatment of the model 
and obtained the distribution function for the conductance as a function of 
temperature and sample length. They introduce the concept of “optimal break”, 
the empty region in an energy-position space which is more likely to determine 
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the sample resistance. Then, they considered a parameter v related to the 
number of optimal breaks and implicitly defined by 



2T, 

In 

To 



("f) 



(18.5) 



The average resistance satisfies fhe following law 



(Ini?) 



T 



(18.6) 



Ladieu and Bouchard [7] exfended Ibis calculafion fhrough a local opfimizafion 
procedure. In all previous models, quanfum flucfuafions were considered fo be 
much smaller fhan geomefrical flucfuafions. 

Quanfum conducfance flucfuafions in fhe hopping regime were sfudied by 
Kramer etal. [8] . Theses aufhors assumed fhaf fhese flucfuafions are fhe same as 
quanfum zero-femperafure flucfuafions for a phase coherence lengfh equal fo fhe 
fypical hopping lengfh as deduced from Moff’s law. From Ibis assumpfion fhey 
were able fo obfain fhe femperafure dependence of fhe resisfance flucfuafions in 
fhe hopping regime. As zero femperafure flucfuafions for In R are proportional 
fo fhe square roof of fhe lengfh and fhe hopping lengfh varies as Kramer 

et al. concluded fhaf A goes as 




On fhe experimenfal side, Hughes et al. [9] measured fhe disfribufion func- 
tion of fhe conducfance in fhe variable-range hopping regime of mesoscopic 
gallium arsenide and silicon fransisfors. They claimed fhaf fheir dafa could be 
explained wifh fhe predicfion of Raikh and Ruzin [6]. Conducfance flucfuafions 
were also sfudied in GaAs:Si wires [10]. 

The main aim of fhis work is fo discuss quanfum effecfs on Moff’s variable- 
range hopping in finife one-dimensional samples. We will do fhis by sfudying 
fhe variations in fhe individual effeclive resisfances befween sfafes due fo fhe 
realisfic complex nafure of fhe wavefunclions in disordered localized sysfems. 
This is equivalenf fo consider fhe full disfribufion of values of fhe localizafion 
lengfh, and so fo fake info accounf parf of fhe effecfs of quanfum flucfuafions 
on hopping. 



2. Model 

We consider a one-dimensional sample of size L described by fhe sfandard 
Anderson-Hubbard Hamiltonian 

77 = ^ eia\ai + f ^ > 



(18.8) 
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where the operator a\ (ai) creates (destroys) an electron at site i of a regular 
lattice and e* is the energy of this site chosen randomly between {—W/2, W/2) 
with uniform probability. The hopping matrix element t is taken equal to — 1 
and the lattice constant equal to 1, which sets the energy and length scales, 
respectively. In order to reduce edge effects, we use periodic boundary con- 
ditions, i.e., = aj, aj = a\^. The system size varies from L = 100 to 

2000 and we consider two disorder strengths, W = 2, which corresponds to a 
localization length ^ = 25, and W = 10, for which ^ = 1.4, at T = 0. 

We have used two models, denoted “standard” and “quantum”, and which 
differ in the expressions employed for the bond resistances between states. The 
standard model corresponds to the model introduced by Lee [1], where the bond 
resistances are given by Eq. (18.1). 

In the quantum model, we improve Eq. (18.1) for the bond resistances by 
avoiding the usual approximation 

^a,/3~exp|^|, (18.9) 

for the phonon coupling between states a and /3, as we discuss later on (see Eq. 
(18.19)). To evaluate we require the energy and wavefunction of each 
state, which are obtained by diagonalizing the Hamiltonian given by Eq. (18.8). 

In order to better compare both models, we have used, in the standard model, 
the same energies and positions (center of masses) as in the quantum model, 
instead of random energies and positions as considered usually. We also employ 
in Eq. (18.9) the effective localization length for hopping, which will be defined 
below and is obtained through a linear fit of In Da,p as a function of the distance 
between states. 

A percolation algorithm calculates the sample resistance from the effective 
resistances between states, for both the standard and the quantum models. 



3. Model with geometrical fluctuations only 

We have extended the model proposed by Eee [1] in order to obtain the full 
distribution of resistance of the ensemble. The goal is to determine the larger 
resistance of the best conducting path of a sample. We assume, as usual for not 
extremely large samples, that this resistance properly represents the resistance 
of the whole sample. 

Our main approximation consists in considering for conduction only sites 
with an energy in the interval [— E'max — Ep, E'max — ^f]- Also the energy 
factor in Eq. (18.1) is approximated by its mean value within this energy range 



Eij — 



{Eij) = SE'max/e if I E;* - Ep 
oo otherwise 



Ej Ep I < E/jnax 



(18.10) 
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The free parameter Smax will be fixed later. Within this approximation all 
fluctuations are related to the distances rij between sites in the energy range 
considered, which follow an exponential distribution 

= ^exp (-^) , (18.11) 

where d = l/(2/9£'max) is the mean distance between sites and p is the density 
of states. 

In a sample of length L there will be typically N = L/d hops and the 
distribution for the larger hop, x = rmax> will be: 



Pn{x) = Nf{x) j 



= — (l - 
N 



r 
N-l 



N-l 



exp 



d 



(18.12) 

(18.13) 

(18.14) 



where the last equation holds for large N. Also in this limit, the mean value of 
the larger hop is 

(^max ) = d(lniV + 7), (18.15) 

where 7 = 0.577216 ... is the Euler-Mascheroni constant. The variance of the 
larger hop is given by 

Var[rmax] = (18.16) 

In order to complete the model we still have to determine the optimal value of 
Emax, or equivalently the value of d (the distance of a typical hop). We choose 
the value of d that minimizes (In R) : 



(Ini?) 



2d 

J 



, L 

ln-+7 



5 

^ 12pTd’ 



(18.17) 



which is obtained by substituting Eqs. (18.10) and (18.15) in Eq. (18.1). The 
minimization leads to 



1 



24/jT 



, L 
In — + 7 - 1 
d 



(18.18) 



Our approximation for the energy factor (18.10) is related to the model pro- 
posed by Lee [1], the main difference being that we choose E'max to minimize 
the mean resistance of the system, while [1] implicitly minimizes the resistance 
of an average hop. This approximation will not properly describe the distribu- 
tion of resistances along the percolation path, but will estimate better the larger 
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resistance of the path. Our model is also similar to the one proposed by Ladieu 
and Bouchaud [7], which approximates the best conducting path by the path 
constructed by always choosing locally the least resistive link (this procedure 
turns out to be exact within our approximation). In this model one needs to 
calculate numerically a self-consistent distribution of resistances along the per- 
colation path. The model by Raikh and Ruzin [6], Eqs. (18.5-18.6), in the limit 

^ 0 is also very similar to ours. In particular the shape of their distribution 
function for In R tends to Eq. (18. 14), although the parameters change slightly. 

An advantage of our approximation is that it allows for a simple analytical 
solution for the distribution function of In R. 




Figure 18.1. (In R) as a function of for the standard model (squares) for L — 2000 and 

W = 2 (see text). We also show the predictions of different theories: our model (continuous 
line), Raikh and Ruzin model [6] (dashed line) and Lee model [1] (dotted line). 

Eigure 18.1 shows (Ini?) as a function of for the standard model, 

W = 2 = 29.9, p = 0.16) and L = 2000 (squares). We also show the 

results of the different theories for these parameters: our model (continuous 
line), Raikh and Ruzin model [6] (dashed line) and Lee model [1] (dotted line). 
As expected, our simple model overestimates the numerical results by a 20-25%, 
similarly to the model in [7] (not shown). The model of Raikh and Ruzin, Eqs. 
(18.5-18.6), tends to underestimate the resistance. It fits better the numerical 
results for high temperatures but tends to deviate at low temperatures. All the 
theories reproduce qualitatively the logarithmic corrections to Mott's law due 
to the special nature of one-dimensional systems. Due to this, care must be 
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taken when dedueing, from experimental results, the eharaeteristie temperature 
from the slope of In R versus in one-dimension. 

4. Hopping matrix elements 

Wavefunetions in the localized regime of disordered systems are assumed 
to decay in a roughly exponential way as one moves away from their central 
region. In practice, except in the extremely localized regime, it is difficult 
to define fhe cenfral region of an sfafe and fhe decrease of ifs amplifude wifh 
disfance can be very complicafed. There are also significanf variafions in fhe 
characferisfic size of differenf sfafes, as measured by fhe inverse participation 
rafio or by fhe sfandard deviafion of fhe posifion. We wanf fo use realisfic 
dafa for fhe wavefuncfions and sfudy fheir implicafions in fhe fypical hopping 
resisfance of a sample and in ifs flucfuafions. 

We firsf calculafe fhe sfafes of fhe sysfem 4>a and fhen fhe effective bond 
resisfances befween fhem which are proporfional fo fhe exponenfial energy 
facfor appearing in Eq. (1) and fo fhe mafrix elemenf [1 1] 

(18.19) 

represenfing fhe coupling of fhe sfafes a and /3 by a phonon of momenfum 
q. To conserve energy, fhe phonon momenfum musf be proporfional fo fhe 
energy difference befween fhe sfafes. These mafrix elemenf s enfer direcfly in fhe 
calculation of fhe bond resisfances befween sfafes and, in fhe sfandard approach, 
fhey are approximafed by fhe exponenfial function of disfance appearing in Eq. 

(D- 

In figure 18.2, we represenf fhe nafural logarifhm of fhe mafrix elemenfs 
as a function of fhe disfance befween fhe cenfres of mass of fhe sfafes 
a and f5. Each dof corresponds fo a bond befween fwo sfafes of 20 samples 
of lengfh L = 1500 and disorder W = 2. Only sfafes wifh energies near fhe 
Eermi level are considered {\E — Ey\ < 0.4). The empfy circles correspond fo 
fhe average of In over disfance infervals for 200 samples. We see fhaf, for 
sfafes which are nof exfremely localized, fhe mafrix elemenfs coupling sfafes 
via phonons are very broadly disfribufed. 

In order fo compare our resulfs wifh fhe assumpfion of Kramer et al. [8], 
we represenf in Eig. 18.2 fhe average of fhe logarifhm of fhe resisfance af zero 
femperafure as a function of sample size (sfraighf line) for W = 2. The slope of 
fhe zero femperafure resisfance is differenf from fhe slope of fhe average value 
of In as a function of disfance. According fo Mirlin [12], bofh slopes 
should be identical, equal fo 2/^, for large hopping disfances (af leasf in 1-d 
sysfems). Buf fhe slope of fhe zero femperafure resisfance leads fo ^ = 25.6, 
while fhe localizafion lengfh derived from fhe average of In (the effective 
localization length for hopping) is = 29.9. Although we are not in the limit 
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Figure 18.2. In as a function of the distance between the states (dots) and their average 
value (empty circles). The straight line represents the logarithm of the zero temperature resistance 
versus size. 

of large distances, the difference between the two previous data is much larger 
than expected. 

We can explain this discrepancy with a simple argument. While the fluctu- 
ations in the zero temperature conductance reflect the variations in length of 
each individual state, the matrix element Da,j 3 depends on two states, so it is 
dominated by the slowest decay of the two states. 

In Da, ^ Do -2 (18.20) 

According to the scaling theory of localization, 7 „ is a gaussian random variable 
with mean 1/^ and standard deviation 1 / In order to calculate averages 
we assume that both variables are independent, then 

(min(7„,7^)) = ^ - ^=, (18.21) 

Var [min( 7 Q, 7 / 3 )] = (18.22) 

We see that the limit in the slope in Eq. (18.20), —2/^, is reached very slowly, 
so in certain range of distances In Da , (3 looks like a straight line with a different 
slope. Applying this equation to the zero temperature data in the range shown in 
figure 18.2, we obtain an effective localization length for hopping equal to 29.8. 
We see that this value is in very good agreement with the one obtained from the 





Variable-range hopping 



303 




Figure 18.3. Standard deviation of \nDap (empty circles) and of the logarithm of the zero 
temperature resistance (dots) as a function of the square root of distance. The thick straight line 
corresponds to our predictions. 



slope of In Da, ( 3 , 29.9. Similar agreements are obtained for other values of the 
disorder. We have numerically checked that ^T^Da,p/ra,i 3 is indeed correlated 
to min( 7 o,, 7 ^), with a correlation coefficient around 0.5. 

As the resistance grows exponentially with the distance, experimentally it 
is also very difficult to reach the limit of large distances. Thus, a different 
“effective localization length for hopping” may be also of great practical im- 
portance in other variable-range hopping systems: in 2-d and 3-d with or 
without interactions. 

In figure 18.3, we compare fhe sfandard deviafion for fhe logarifhm of fhe 
zero femperafure resisfance and for fhe logarifhm of fhe mafrix elemenfs Da , 3 
as a funcfion of fhe square roof of disfance. The scaling fheory of localizafion 
predicfs a linear behavior of fhe variance of fhe logarifhm of fhe zero femperafure 
resisfance wifh disfance, and fhis is whaf we see, aparf from a small consfanf 
ferm. The fhick sfraighf line in figure 18.3 corresponds fo our predicfions, Eq. 
(18.22). The llucfualions of fhe mafrix elemenfs follow a law similar fo fhaf of 
fhe resisfance, buf fhey are sensibly smaller. 

We see fhaf fhe assumpfion of Kramer et al. [ 8 ] is nof foo bad for fhe esfimafe 
of quanfum flucfuafions as a funcfion of disfance. The agreemenf drasfically 
improves faking info accounf our simple assumpfion. As we will show, Kramer 
et al. failed in predicfing fhe size of flucfuafions as a funcfion of femperafure. 
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5. Quantum model 

The difference between the matrix elements and the expected expo- 
nential of distance appearing in Eq. (1) results in a change in the effective 
localization length and in effects due to the quantum fluctuations, i.e., an extra 
broadening of the distribution of individual resistances. The consequences of 
the first effect are easily taken into account, and in fact we have already included 
in our calculations of the standard model. We used the effective localization 
length for hopping in the relevant length regime for each disorder considered. 
In this section we investigate the effects of quantum fluctuations on the average 
of the logarithm of the resistance. 

In Fig. 18.4, we compare the results of (In R) versus for the standard 
and the quantum models. The parameters are the same as in Fig. 18.1, fF = 2 
and L = 2000. The results for the quantum model are more resistive than those 
for the standard one. This is a consequence of the one-dimensional geometry 
of the system, which results in a decrease of the conductance with the inclusion 
of fluctuations in the individual resistances. 




Figure 18.4. (ln{R)) as a function of T for the standard (empty circles) and the quantum 

(solid dots) models. The continuous lines are a guide to the eye. 

Fluctuations in the localization lengths induce two competing effects. In 
the first one, the classical critical hop can be alleviated by a larger “parallel” 
jump from one of the sites involved in the original hop to a further site with 
a larger localization length. This mechanism tends to reduce the resistance, 
but it is not as effective as one could naively think, since one has to find a 





Variable-range hopping 



305 



nearby site with a localization length much larger than the maximum of the 
two involved in the classical critical jump. The second mechanism consists in 
an increase of the resistance due to a previously subcritical hop involving two 
sites with relatively short localization lengths. We have checked that the second 
mechanism dominates in 1-d systems. 

6. Fluctuations 

As we have seen, all theoretical approaches for the standard model predict 
geometrical fluctuations of the logarithm of the resistance that grow with de- 
creasing temperature as A (Tq/T)^/^ with logarithmic corrections. 




Figure 18.5. A as a function of T for the standard (empty circles) and the quantum (dots) 
models. The continuous lines are a guide to the eye. 

Figure 18.5 compares the sizes of the fluctuations of Ini? versus 
for the standard (solid dots) and the quantum models (empty circles). The 
results for the quantum model follow a similar trend to those for the standard 
one. Quantum effects on fluctuations are of the order of geometrical effects, 
and should not be neglected in the hopping regime. We note that the data for 
both models follow a law with logarithmic corrections. Fluctuations 

including quantum effects do not follow a law, as predicted by Kramer 

et al. [8]. The main effect of quantum fluctuations is to broaden the distribution 
of geometrical fluctuations. 

The distribution function of the logarithm of the hopping resistance in one- 
dimensional systems is not symmetric, but presents a long tail for large resis- 
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tances, as predicted by the model of Raikh and Ruzin [6] and seen experimen- 
tally by Hughes et al. [9]. The experimental curves can be fitted by the results 
of Raikh and Ruzin. With our model, we have obtained a simple distribution 
function which reproduces the previous theoretical results in the limit of small 
V and fits the experimental curves with a similar degree of satisfaction. 

In Fig. 18.6 we plot the distribution function of In R for the standard (grey 
area) and the quantum (squared) models for fF = 2, L = 1000 and T = 0.001. 
We see that the curve for the quantum case is broader than for the standard 
case, reflecting the results above on the size of fluctuations. Furthermore, the 
distribution function for the quantum model is slightly more symmetric than 
for the standard model. 

The distribution function of In R for the quantum model is drawn in Fig. 1 8.7 
for several temperatures. The disorder is IF = 2 and the size of the system 
L = 1000. The distribution function of the quantum model can be fitted quite 
well by Raikh and Ruzin model [6] and also by our model. Experimental curves 
should be similar to the results of the quantum model and their quantitative 
interpretation should take into account quantum effects. 

7. Summary and conclusions 

We have studied Mott’s variable-range hopping law in one-dimensional sys- 
tems incorporating the effects of quantum fluctuations. We evaluated exactly 




Figure 18.6. Distribution function of Ini? for the standard (grey area) and the quantum 
(squared) models. 
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In R 



Figure 18. 7. Distribution function of the hopping resistance for the quantum model at different 
temperatures. 

the matrix element Da,i3, representing the phonon eoupling between states to 
obtain the effective hopping resistances. We related the average and the stan- 
dard deviation of the logarithm of these matrix elements to the average and 
standard deviation of the zero temperature resistance as a function of the length 
of the system. An effective localization length for hopping should be considered 
which is larger than the one deduced from zero temperature conductance. We 
used the values of in a classical percolation calculation of the DC conduc- 

tance. We found that quantum fluctuations increase the hopping resistance in 
one-dimensional samples. They play an important role in hopping and should 
be taken into account in any realistic interpretation of experimental results. 
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Abstract In this paper, we analyze several experiments that address the effects of electron- 
electron interactions in 2D electron (hole) systems in the regime of low carrier 
density. The interaction effects result in renormalization of the effective spin 
susceptibility, effective mass, and p* -factor. We found a good agreement among 
the data obtained for different 2D electron systems by several experimental teams 
using different measuring techniques. We conclude that the renormalization is 
not strongly affected hy the material or sample-dependent parameters such as the 
potential well width, disorder (the carrier mobility), and the bare (band) mass. 
We demonstrated that the apparent disagreement between the reported results 
on various 2D electron systems originates mainly from different interpretations 
of similar "raw" data. Several important issues should be taken into account 
in the data processing, among them the dependences of the effective mass and 
spin susceptibility on the in-plane field, and the temperature dependence of the 
Dingle temperature. The remaining disagreement between the data for various 
2D electron systems, on one hand, and the 2D hole system in GaAs, on the other 
hand, may indicate more complex character of electron-electron interactions in 
the latter system. 

Keywords: low-dimensional electron systems, electron-electron interactions, Fermi-liquid 

effects 



1. Introduction 

Understanding the properties of strongly interaeting and disordered two- 
dimensional (2D) eleetron systems represents an outstanding problem of mod- 
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ern condensed matter physics. The apparent "2D metal-insulator transition" 
(2D MIT) is one of the puzzling phenomena that are still waiting for an ad- 
equate theoretical description [1, 2]. Figure 1 shows that the transition from 
the "metallic" to "insulating" behavior occurs as the density of electrons n is 
decreased below a certain critical value ric- The strength of electron-electron 
(e — e) interactions is characterized by the ratio of the Coulomb interaction 
energy to the Fermi energy. This ratio, Vg, increases oc [3] and reaches 

~ lOatn ^ ric ; this suggests that the e—e interactions might be one of the major 
driving forces in the phenomenon. Thus, better understanding of the properties 
of 2D systems at low densities, and, in particular, in the critical regime [4] in 
the vicinity of the apparent 2D MIT, requires quantitative characterization of 
electron-electron interactions. 




T (K) 



Figure 19. 1. Temperature dependences of the resistivity for Si-MOS device over a wide density 
range, 0.8 to 35 x lO^^cm”^. 



Within the framework of Fermi-liquid theory, the interactions lead to renor- 
malization of the effective quasiparticle parameters, such as the spin suscepti- 
bility X*, effective mass m*, Lande factor g*, and compressibility n* . Measure- 
ments of these renormalized parameters are the main source of experimental 
information on interactions. The renormalizations are described by harmon- 
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ics of the Fermi-liquid interaction in the singlet (symmetric, (s)) and triplet 
(antisymmetric, (a)) channels, the first of them being: 

FS = \-l, F^ = 2(—-l). (19.1) 

g* \mb ) 

Here gi, and m(, are the band values of the p-factor and mass, respectively. 

Recently, as a result of extensive experimental efforts, rich information on 
the renormalized quasiparticle parameters has become available for 2D sys- 
tems. The corresponding results were obtained by different techniques and for 
different material systems. At first sight, the data sets in different publications 
seem to differ from each other a great deal. Our goal is to review briefly fhe 
available dafa and fo analyze fhe sources of fheir diversify. We find fhaf, in facf, 
fhe apparenf diversify befween various resulfs originafes mainly from differenf 
inferprefafion of similar "raw" dafa. Being freafed on fhe same footing, mosf 
experimenfal dafa do agree wifh each ofher. The remaining disagreemenf be- 
fween fhe dafa for p-fype GaAs, on one hand, and fhe ofher sysfems, on fhe 
ofher hand, may indicafe more complex characfer of inferacfions in fhe former 
2D hole system. 

2. Renormalized spin susceptibility 

Several experimenfal fechniques have been used for measuring fhe renor- 
malized spin suscepfibilify x*, such as 

(i) analysis of fhe beafing pattern of Shubnikov-de Haas (SdH) oscillations in 
weak tilted or crossed magnetic fields [5-8] ; 

(ii) tiffing fhe femperafure- and magnetic field dependences of fhe resisfivify 
[9-12] wifh fhe quanfum corrections fheory [13, 14]; 

(hi) fhe magneforesisfance scaling in sfrong fields [15-17]; 

(iv) measuring fhe “safurafion” or hump in magneforesisfance in sfrong in-plane 
fields [17-22]; 

(v) measuring fhe fhermodynamic magnefizafion [23]. 

We compare below fhe available experimenfal resulfs. 

(1) SdH oscillations: n-Si and n-GaAs. 

Figure 19.2 shows fhe x* (fs) dafa obfained by Okamofo ef al. [5] for n-(100)Si- 
MOS sysfem by observing how fhe firsf harmonic of SdH oscillations vanishes 
in fitted magnetic fields (fhe so called “spin- zero” condifion, which corresponds 

fo fhe equalify g*iiB^tot = where Btot = ^i^d gs is the 

Bohr magneton). More recent results [6] on n-(100)SiMOS samples have been 
obtained from the SdH interference pattern in weak crossed magnetic fields 
[7]; fhey exfend fhe earlier dafa fo bofh higher and lower r* values. If is worfh 
noting fhaf fhe dafa presenfed in Fig. 19.2 have been obfained for many Si- 
MOS samples fabricafed by differenf manufacfurers [6, 5]; fhe peak mobilities 
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for these samples range by a factor of ~ 2. Nevertheless, there is a good 
agreement between the data for different samples. We conclude therefore that 
the effect of disorder on the renormalization of x* at n> ric is negligible or, at 
least, weak. 

As seen from Fig. 19.2, the data on n-channel Si-MOS samples are in a 
reasonable agreement with the data obtained by Zhu et al. [8] for n-type 
GaAs/AlGaAs samples using a similar technique (measuring SdH effect in 
tilted magnetic fields). Because of a smaller (by a factor of 3) electron effective 
mass in GaAs, similar values have been realized for the electron density 10 
times lower than in Si-MOS samples. The width of the confining pofenfial well 
in such GaAs/AlGaAs heferoj unctions is greafer by a facfor of 6 fhan in (100) 
Si-MOS, due fo a smaller mass m^, lower election densify, and higher dielec- 
fric consfanf. This significanf difference in fhe fhickness of 2D layers may be 
one of fhe reasons for fhe 20% difference befween fhe x*-dafa in n-GaAs and 
n-SiMOS samples seen in Fig. 19.2; af fhe same time, fhe minor difference 
indicafes fhaf the effect of the width of the potential well on renormalization of 
X* is not strong', recenfly, fhis effecf has been sfudied in Ref. [20]. 




Figure 19.2. Renormalized spin susceptibility measured by SdH effect in tilted or crossed fields 
on n-SiMOS by Okamoto et al. [5], Pudalov et al [6], and on n-GaAs/AlGaAs by Zhu et al. [8]. 
Horizontal bars depict the upper and lower limits on the x* values, determined from the sign 
of SdH oscillations, measured at T = 0.027mK for sample Si5 [24]. Dashed and dotted lines 
show two examples of interpolation of the data [5, 6]. 



The SdH experimenfs provide fhe direcf measuremenf of x* in weak per- 
pendicular and in-plane magnetic fields hwc <C Ep, g^pBEtot ^ Ep [6, 7]. 
Under such condifions, fhe quanfum oscillations of fhe Fermi energy may be ne- 
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glected, and the magnetization remains a linear function of B , 

Also, under such experimental conditions, the filling factor is large, v = 
{nh)/{eB±) 1 and the amplitude of oscillations is small \6pxx\/pxx ^ 1- 

Figure 19.3 shows, on the p—B± plane, the domain of the weak magnetic fields, 
V > 6, where fhe SdH oscillations have been measured in Refs. [6, 24]. As 
fhe perpendicular magnefic field increases furfher (and ly decreases), fhe SdH 
oscillafions af high densify n ^ ric Iransform info fhe quanfum Hall effecf; 
for low densifies, n ric, fhe SdH oscillafions iransform info fhe so called 
“reenfranf QHE-insulafor”(QHE-l) fransifions [25, 26]. The uppermosf curve 
(open circles) presenfs fhe p{B ) variafions in fhe regime of QHE-1 fransifions 
[25, 26]), measured for a densify slighfly larger (by 4%) fhan fhe crifical value 
ric. This diagram is only qualifafive, because fhe ric value is sample-dependenf. 

Regime of low densifies. In fhe vicinify of fhe crifical densify n ^ ric, the 
number of observed oscillafions decreases, fheir period increases, and fhe in- 
ferprefafion of fhe inferference paffern becomes more difficulf , fhus limifing fhe 
range of direcf measuremenfs of 

The horizonfal bars in Eig. 19.2 are obfained from considerafion of fhe sign 
and period of SdH oscillafions [24] as explained below. They show fhe upper 
limit for x*^ calculated from the data reported in Refs. [6, 26, 24]. Eigure 19.3 b 
demonstrates that in the density range 0.7 < n < 1 x lO^^cm”^, the oscillatory 
Pxx (beyond the magnetic field enhanced u = 1 valley gap) has minima af filling 
factors 

z/ = (4z-2), i = 1,2,3..., (19.2) 

rafher fhan af i/ = 4i (in (100) Si-MOSEETs, fhe valley degeneracy = 2). 
The laffer sifuafion is fypical for high densifies and corresponds to inequalify 

< nw*j2. 

In ofher words, fhe sign of oscillafions af low densifies is reversed. This facf 
is fully consisfenf wifh ofher observations (see, e.g., Eig. 2 of Ref. [24], Eig. 1 
of Ref. [27], and Eigs. 1-3 of Ref. [28]). As figure 19.2 shows, fhe ratio x* IXb 
exceeds \j2vrn, = 2.6 af r* w 6; fhe firsf harmonic of oscillafions disappears af 
fhis densify (so called “spin-zero”), and fhe oscillafions change sign for lower 
densifies. Since fhe sign of fhe SdH oscillafions is defermined by fhe ratio of 
fhe Zeeman to cyclofron spliffing [29, 30] 



cos 7 T 



g*PBB\ 



huj* 



-) 



= cos I 7 T mb 

Xb 



(19.3) 



if was concluded in Ref. [24] fhaf, in order fo have negative sign in fhe range 
10 > Ts > 6, fhe spin suscepfibilify x* musf obey fhe following inequalify: 



2.6 = 



1 



<^< 



2mb Xb 2mb 



= 7.9. 



(19.4) 
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Q. 



Figure 19.3. (a) Overall view of the SdH oscillations in low fields at different densities. Empty 

circles show the p^j; oscillations for sample Si9 in high fields, corresponding to the reentrant 
QHE-insulator transitions [26]. (b) Expanded view of one of the pxx{B) curves (n = 1.04 x 
10^^cm“^ (right axis) and its oscillatory component normalized by the amplitude of the first 
harmonic Ai{B) (left axis) [6]. Dashed line confines the region of the SdH measurements in 
Refs. [6, 24]. 



Thus, Eq. (19.2) and Eq. (19.4) enable us to set the upper and lower limits 
for X* [24], which are shown by horizontal bars in Eig. 19.2 at = 7.9 — 9.5. 
As density decreases (and increases), due to finite perpendicular fields, in 
which the SdH oscillations were measured, the condition Eq. (19.4) becomes 
a bit more restrictive, which leads to narrowing the interval between the upper 
and lower bars [24]. 

(2) Magnetoresistance in the in-plane field. 

Monofonic magneforesisfance (MR) in fhe in-plane field exhibifs a well-defined 
safurafion for fhe n-fype Si MOSEETs [31-36, 15] or a hump for fhe n- or p- 
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type 2D GaAs systems [18, 21, 19, 20, 9, 8]. With increasing mobility (and 
corresponding decreasing critical Uc density), the latter hump becomes more 
pronounced; it resembles the sharp transition to the R{B\\) saturation in Si-MOS 
[37], 

The hump or saturation of the in-plane magnetoresistance have been inter- 
preted in Refs. [19, 17] as a signature of complete spin polarization Bpoi- This 
treatment is also supported by the experiments by Vitkalov et al. [36, 38], who 
found that the frequency doubling of SdH oscillations coincides with the onset 
of saturation of the in-plane magnetoresistance. Another approach to the high 
field measurements of x* is based on the scaling of R{B\\) data [16, 15]: by 
scaling, the R{B\\) data for different densities are forced to collapse onto each 
other. This procedure is essentially the high-held one, g*fiB ~ 0.6Ep, as the 
chosen scaling held Bsc ~ 0.3.Bpoi. 

The features in p{B\\) are observed at a held Bsa.t, which is close to the 
estimated held of the complete spin polarization [34] : 



Ssat ~ Bpci = 2EFlg*iiB- (19.5) 



By assuming that Bpoi = Bsa,t and using the standard expression for the 2D 
density of states, DOS = m*gv/Tth^, one can estimate x* from measurements 
of the characteristic held 13 sat: 



g*m 



* 



2n7rh? 

Bsa.tgvPB 



(19.6) 



Evaluation of x* from the aforementioned experiments in strong helds and 
from Eqs. (19.6) and (19.5) is based on the following assumptions: (i) x* ex 
g*m* is B y -independent; (ii) m* and 2D DOS are energy-independent. In gen- 
eral, both assumptions are dubious. Nevertheless, for some samples, Eqs. (19.6) 
and (19.5) may give plausible results over a limited range of densities. Eor 
example, the low-held SdH data and the high held magnetoresistance data 
were found to differ only by < 12% over the density range (1 — 10) x 
lO^^cm”^. More detailed critical analysis of the in-plane MR data may be 
found in Refs. [20, 22, 23, 39, 40, 8]. 

An interesting interpretation of the MR data has been suggested in Ref. [16], 
where the l/x*(n) dependence determined down to n = 1.08 x lO^^crn”^, 
was linearly extrapolated to zero at n 0.85 x lO^^crn”^ and interpreted as 
an indication of the ferromagnetic instability at this density. Our data, obtained 
from the analysis of the period and sign of SdH oscillations at lower densities 
[24], do not support this interpretation: 

(i) in the whole domain of densities and helds depicted in Eig. 19.3, no doubling 
of the frequency of SdH oscillations is observed, which proves that the 2D 
system remains spin-unpolarized (see e.g., Eig. 19.3; 

(ii) the sign of the SdH oscillations [see Eq. (19.2) and the discussion above] 
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enables us to estimate the upper limit on x* (see bars in Fig. 19.2) in the interval 
ofr* = 8 — 9.5, i.e. n = (1.08 — 0.77) x lO^^em”^. Note that the latter interval 
ineludes critieal ric values for most of the high mobility Si-MOS samples, in 
partieular, those used in Ref. [16]. 

(3) Temperature dependenee of x*- 

In order to test whether or not the enhanced spin susceptibility x* depend 
strongly on temperature, we measured the interference pattern of SdH oscilla- 
tions for various temperatures (see Fig. 19.4) and for different densities, and thus 
determined the temperature dependence of \* ■ The results shown in Fig. 19.4 
reveal only weak temperature variations of x*{T), within 2% in the studied T 
range. We therefore can safely neglect the effect of temperature in comparison 
of different sets of data. 

There are several possible reasons for the disagreement between the high- 
field and low-field data; they are considered below. 

(4) Effect of disorder on the high-field MR data. 

Firstly, it has been shown in Refs. [22, 39] that the saturation field .8 sat and the 
high-field MR for Si-MOSFETs [40] are strongly sample- (disorder-) depen- 
dent. In particular, for a given density (and, hence, given Ep), can vary 
by as much as a factor of two for the samples with different mobilities. It was 
suggested in Refs. [22, 41, 17] that these variations are caused by the localized 
states, so that Eq. (19.6) might be thought to hold only for a “disorder-free” 
sample [17]. However, by extrapolating the measured .8 sat fields [22, 39] for 
samples with different peak mobilities to 1/ 0, one obtains a “dis- 
order free” B^^°° value, which overshoots the spin polarizing field [39], i.e. 
B^^^ > Bpoi- This suggests that the structure of the localized states below 
the Eermi level is non-trivial [42]. Since 8sat crosses Bpoi, the two quantities 
become equal at some mobility value. Eor this nontrivial reason, the estimate 
Eq. (19.6) provides correct results [43] for some samples with intermediate 
mobilities; nevertheless, for lower densities n ^ ric, deviations from the SdH 
data are observed, as discussed in Ref. [44]. 

(5) Magnetic field dependence of x*- 

Secondly, both parameters m* and g* (and x* oc g*m*) that enter Eqs. (19.5), 
(19.6) depend on the in-plane field. The m*{B\\) dependence is mainly an 
orbital effect [45] ; it is very strong for n-GaAs samples with wider potential well 
[8, 20]. In contrast, the g*{B\\) dependence is apparently a spin-related effect 
[8, 46]. The dependence of m* and g* on B y is another reason for the deviation 
of the high-field x* values from the low field results of SdH measurements. 
In GaAs, the difference between the low-8 y and high-8 y data is dramatic 
[8, 20]: the density dependence of x* derived for 2D electrons in GaAs on the 
basis of the R{B y ) measurements in high fields is non-monotonic, whereas the 
same samples demonstrated a monotonic x*(^) dependence in low fields (see 
Eig. 19.2) [8, 20]. It is plausible, therefore, that ignoring the m*(8|i) orbital 
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1.0 1.5 2.0 2.5 3.0 



1/B (T'') 

Figure 1 9.4. Typical evolution of the interference pattern in SdH oscillations with temperature. 
The oscillations are normalized hy the amplitude of the first harmonic [6]. 



dependence causes the non-monotonic density dependence of F^, obtained in 
Ref. [37] for 2D holes in GaAs in the dilute regime p ~ 10^°cm“^, in which the 
potential well is very wide. The m* {B y ) dependence is also present in Si-MOS 
samples [46], though it is weaker than in GaAs owing to a narrower potential 
well; as the density decreases and potential well gets wider, this orbital effect 
should have a stronger influence on the results of high-field MR measurements. 
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Figure 19.5. Typical dependence of the spin susceptibility on the in-plane magnetic field, 
measured for n-Si-MOS sample at T « 0.15K. Density is given in units of lO^^cm'^. 



(6) Magnetization measurements. 

Another important source of experimental information on the spin suscep- 
tibility are the thermodynamic magnetization measurements, performed re- 
cently by Reznikov et al. [23] on Si-MOS samples. Over the density range 
(3 — 9) X lO^^crn”^, the measured dM./dB is in agreement with the SdH data 
on X*- The contribution of the localized states to the measured magnetiza- 
tion impedes the detailed quantitative comparison with the SdH data at lower 
densities. Nevertheless, two important results at low densities are in a good 
agreement with the SdH data: (i) the spin susceptibility remains finite down 
to the lowest density (thus confirming the absence of the spontaneous magne- 
tization transition), and (ii) the magnetization is nonlinear in 0|| field wifh x* 
varying wifh field qualifafively similar fo fhaf shown in Fig. 19.5. 

3. Effective mass and g-factor 

Historically, experimenfal dafa on fhe effecfive mass in 2D systems have 
always been confroversial (for a review of fhe earlier dafa, see [3]). The dafa 
on m* have been obfained mainly from fhe femperafure dependence of SdH 
oscillafions. Even wifhin fhe same approach, fhe dafa from differenf exper- 
imenfs disagreed wifh each ofher af low densities. Wifh fhe advenf of high 
mobilify samples, much lower densities became accessible. However, fhe gen- 
eral frend remained fhe same: disagreemenf befween differenf sefs of dafa grew 
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as the density was deereased; this disagreement becomes noticeable when kpl 
becomes smaller than ~ 5. 

Figure 19.6 shows that the data for Si-MOS samples determined in Refs. [6, 
47, 48] are close to each other only at n > 2.5 • 10^^ cm“^ (r* < 5). At 
lower densities, at first sight, there is a factor of ~ 1.5 disagreement between 
the data of Refs. [6] and [48] (closed and open symbols, respectively), which is 
discouraging. However, we show below that the apparent disagreement stems 
from different interpretations of raw data. When treated on the same footing, 
the data agree reasonably well with each other down to the lowest explored 
density n 1 x 10^^ cm“^ (i.e. 8). 

One might suspect that the difference in the extracted m* values is due to 
the different temperature ranges in different experiments (T = 0.15 — IK and 
0.3 — 3 K in Ref. [6] and T = 0.05 — 0.25 K in Ref. [48]). However, the data in 
Fig. 19.4 do not reveal a strong T-dependence of x*- Since x* is proportional 
to g*m*, one has to assume that the temperature dependences of m* and g* 
must compensate each other; such compensation is highly unlikely. 

In order to determine the effective mass from the temperature dependence of 
the amplitude of SdH oscillations, one needs a model; below we consider the 
models which are used in calculations of m*. The open squares [48] and open 
circles [6] in Fig. 19.6 are obtained by using the same model of non-interacting 
Fermi gas, for which the amplitude of SdH oscillations is given by the Lifshitz- 
Kosevich (LK) formula [29]. The effective mass in this model is derived from 
the T-dependence of the amplitude, which in the limit of kT ^ hwc can be 
expressed as: 



^m*(T + Tc). (19.7) 

If one assumes that the Dingle temperature Tjj is temperature independent, 
the calculated mass appears to depend on the temperature interval of measure- 
ments [6]: the higher the temperature, the larger the mass. Note that the direct 
measurements of g*m*{T) do not reveal any substantial T-dependence of this 
quantity. Moreover, the mass value calculated in this way was found to be 
somewhat different for samples with different mobilities (i.e. r values). 

We believe that the aforementioned inconsistencies are caused by assuming 
that Td is temperature independent. This assumption is not justified, even if the 
resistance is temperature-independent over the studied T range (see, e.g. [49]). 
However, in a typical experimental situation, determination of m* requires 
measurements of the oscillation amplitude over a wide temperature range, where 
p is strongly T-dependent [12] owing to the interaction corrections [13]. 

In Ref. [6], in order to determine m* in a strongly-interacting 2D electron 
system in Si MOSFETs, another approach has been suggested, in which Tu (T) 
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Figure 19.6. Renormalized effective mass of electrons m* (a) 
and renormalized p-factor (b) determined with Si-MOS samples 
in different experiments as denoted in the legend. Data shown by 
open boxes and circles are from Refs. [48], and [6], correspond- 
ingly, calculated using the LK formula Eq. (19.7). Closed circles 
are the data from Ref. [6] obtained using Eq. (19.8). 



was assumed to reflect the temperature dependence of the resistivity Q = Qq + 
/3{n)TT: 



T^{T)^TD{l + f3{n)TT). (19.8) 

This empirical approach eliminates largely the disagreement between the re- 
sults on m* for the same sample, obtained in different temperature intervals, and 
between the results obtained for different samples. This conjecture has been 
supported recently by the theoretical study [49]. The data shown in Fig. 19.6 by 
closed circles are obtained within this approach [6] ; we believe, they represent 
more reliable m* data, which are consistent with the other types of measure- 
ments (e.g., with the analysis [12] of p{T) in terms of the theory of interaction 
corrections in the ballistic regime). 

We will verify now whether or not the approach of Eq. (19.8) leads to con- 
vergence of the results from Ref. [48] (open boxes) and Ref. [6] (closed points). 
In order to do this, we use the <t(T) dependences reported in Ref. [10] for the 
same samples. We show below how the results on m* from Ref. [48] could 
be "corrected" in order to take into account a finite da/dT). The open-box 
data point with the highest r* value in Fig. 19.6 corresponds to the density 
n = 1.03 X lO^^cm”^. The a{T) curves are reported in Fig. 1 of Ref. [10] 
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for two nearest density values, n = 1.01 and 1.08 x lO^^cm”^. For sim- 
plieity, over the range of the SdH measurements T = 0.05 — 0.25K [48], the 
fj(T) dependenee may be approximated by a linear T-dependenee with the 
slope d Ina/dT ^ — 1/K. Aeeording to Eq. (19.8), we now use the cr(T) slope 
together with Tjj ^ 0.2K for the range T = 0.05 — 0.25 K as reported in 
Ref. [48]. As a result, we obtain Tjj = T£jo(l + T) and, to the first approxima- 
tion, m*0.833[T + T£,q{1 + T)] = m*0.833[1.2T + 0.24] for the temperature 
dependence of the logarithm of the oscillation amplitude. The exact procedure 
of the non-linear data fitting based on Eq. (19.8) requires more thorough con- 
sideration; we describe here a simplified sfep-by sfep procedure of fiffing. Af 
fhe 2nd sfep one obfains 0.8m* [Tl. 24 -|- 0.248], efc. All fhe above funclions 
fil equally well fhe same raw dafa (i.e. fhe T-dependence of fhe amplifude 
of oscillafions), buf wifh differenl masses. Einally, fhe procedure converges 
wifh fhe mass fhaf is by ~ 20% smaller and fhe Dingle femperafure fhaf is by 
25% larger fhan fhe inifial values, respectively. As a resulf, fhe disagreemenf 
befween fhe dafa af fhis n in Eig. 19.6 is reduced from 50% fo abouf 25%. 

We have repealed fhe same procedure af every density, for which fhe a{T) 
curve is known for samples used in Ref. [48]. Eor fhe lower densities, similarily 
befween fhe resulls of Refs. [6] and [48] is even more sinking. Eor example, 
for fhe second dafa poinl (n = 1.08 x lO^^cm”^, = 7.9), fhe inifial dis- 

agreemenl befween fhe masses is 43%: m*/mft = 2.75 (open boxes) versus 
1.92 (closed dols). After applying fhe same procedure of fhe non-linear tiffing 
wifh d\n.a/dT = — 0.72K, and initial = 0.25K, we oblain fhe corrected 
values Tuo = 0.333K and m* jmi, = 2.06; fhe laller value differs only by 7% 
from our dafa (closed circles). Af fhe highesl density, n = 2.4 x lO^^cm”^ 
{Ts = 5.37, for which fhe cj(T) dependences are shown in Eig. 1 of Ref. [10], 
fhe mass correction is also ~ 6%. 

Reduclion of fhe rrf values from Ref. [48] (by faking info accounl fhe T- 
dependence of Tjj) leads lo re-evaluation of g*\ since x*{'^) is known wifh 
higher accuracy, fhe decrease in m* leads lo fhe corresponding increase in 
g* oc X* l'^*- The g*{rs) dependence becomes monolonic, and comes info 
agreemenl wifh fhe earlier dafa shown in Eig. 19.6,b as closed dols. 

3.1 Fq values 

The Fq values are delermined from fhe renormalized g* faclor. Eirslly, as 
expected, we find fhaf all g*{rs) dafa for (100) n-Si [6] and vicinal lo (100) 
Si-MOS samples [50] are ralher close lo each olher. Secondly, afler fhe afore- 
menfioned correclion has been made lo m*, fhe dafa from Ref. [48] become 
consisfenl wifh fhe dafa from Ref. [6]. Nole fhaf fhe m*{rs) and Fg dafa for 
n-GaAs samples, delermined on fhe basis of approach Eq. (19.8), are currenlly 
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unavailable. We focus below on comparison with p-GaAs, for which the dis- 
agreement is dramatic, as Fig. 19.7 shows. 
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Figure 19.7. Comparison of the F§ values determined for n-SiMOS [6] and for p- 
GaAs/AlGaAs [9]; the latter data are also shown versus r® without and with scaling down 
by a factor of 3.5. 



Comparison with p-GaAs. 

With increasing quality of p-GaAs/AlGaAs samples, the critical values of r* 
that corresponds to the apparent 2D metal-insulator crossover grew from 17 
[9] to 37 [37], and finally to 57 [51]. Observation of a non-insulating behavior 
at such unprecedently high r* values represents a puzzle by itself; two other 
puzzles are the observed non-monotonic behavior of the renormalized p-factor 
(and Fq ) with r* [37] and rg-independent m* [9]. Even if the nonmonotonic 
g*{rs) dependence might be explained by the orbital effects (i.e. the ) 

dependence) [8] , the difference between 2D holes in GaAs and other 2D systems 
remains dramatic. 

Clearly, the dependences m*{rs) and g*{rs) for p-GaAs cannot be obtained 
by extrapolating the Si MOS data to higher values (see Fig. 19.6). Not 
surprisingly, therefore, that the Fq data, deduced in Refs. [9, 52] from the 
temperature dependence of the conductivity, differ substantially from the values 
determined for n-Si- and n-GaAs-based structures (see Fig. 19.7). It is highly 
unlikely that the values of Fq (r* ) “jump up” around r* ~ 10 (where the data are 
currently missing); such possibility is also at odds with the numerical results. 
Rather, this non-monotonic dependence might signal either the lack of the 
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universal dependence FQ{rs) or an incorrect quantification of the effective 
interaction strength in different systems. 

To choose between the aforementioned options, let us compare the charge 
transport in n-type and p-GaAs systems in the low-density regime. It is well- 
known that the experimental data for various 2D electron and hole systems 
studied so far exhibit a number of empirical similarities (quantitative within the 
same host material and qualitative - for different systems). The two of them 
are: (i) the relationship between the “critical” pc and values, and (ii) the 
magnitude of the resistivity drop Ap{T)/p£) at a given resistivity p£> value. 
Both dependences imply a similar mechanism: the higher the quality of the 
sample, the larger the critical r* (i.e. the lower Uc), Fq, pc and the magnitude 
of the resistance drop. These qualitative features have been explained by the 
theory [13], where the only sample- (or disorder-) dependent parameter is the 
mean free time r (the higher r, the stronger the “metallic” p{T) dependence). 

The low density p-GaAs [9, 37, 51] samples demonstrate different features: 
on the one hand, the r* -values are extremely high (thus indicating a high sample 
quality and strong interactions), on the other hand, the signatures of the metallic 
behaviour are rather weak. For the highest r* data [37, 51] the renormalized 
Fermi energy is so small (~ O.IK) that the 2D systems becomes non-degenerate 
very quickly as T grows. This might explain the weak magnitude of the resis- 
tance drop in the measurements of Ref. [37, 5 1] . However, this line of reasoning 
is irrelevant to the higher-density (311) p-GaAs samples [9], in which the Fermi 
energy is larger. In order to bring the above data for p-GaAs into agreement 
with other data, one has to scale the r* values down by a factor of 6 [9] and 
factor of 8 [37]. 

It might be, therefore, that the effective e — e interactions are weaker in 
p-GaAs samples than in the other systems for the same value, owing to a 
more complicated physics of the multivalley band structure and strong spin- 
orbit effects. If this is the case, the interactions in p-GaAs samples cannot be 
adequately quantified with a single parameter r*. We illustrate this in Fig. 19.7 
by a simple rescaling of the effective values for the data on p-GaAs [9]. 
Despite the raw data differ substantially, they come into a reasonable agreement 
when Vg for p-GaAs is scaled down by an empirical factor 3.5. Of course, 
from this rescaling, it is impossible to conclude whether the effective r* values 
should be increased for n-Si- and n-GaAs- based structures, or decreased for 
p-GaAs; however, the multitude of the material systems which show reasonably 
consistent data, points at a somewhat more complex behavior in p-GaAs. The 
same empirical scaling procedure applied to the m*{rs) data for p-GaAs helps 
to resolve another puzzle. The data for the effective mass that were found in 
Ref. [9] to be independent over the range = 10 — 17, after such rescaling 
will fall into the range = 2.8 — 4.8, where the mass variations with r* are 
small (see Fig. 19.6). 
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4. Summary 

To summarize, we compared various experimental data on the renormaliza- 
tion of the effective spin susceptibility, effective mass, and 51 * -factor. If the 
data are considered on the same footing, one finds a good agreement between 
different sets of data, measured by different experimental teams using different 
experimental techniques, and for different 2D electron systems. The consis- 
tency of the data provides one more evidence that the renormalization is indeed 
caused by the Fermi-liquid effects. The renormalization is not strongly affected 
by material- and sample-dependent parameters such as the width of the poten- 
tial well, disorder (sample mobility) and the band mass value. The apparent 
disagreement between the reported results is caused mainly by different inter- 
pretation of similar raw data. Among the most important issues to be taken into 
account in the data processing, there are the dependences of the effective mass 
and spin susceptibility on the in-plane field, and fhe femperafure dependence 
of fhe “Dingle femperafure” (fhe laffer is infrinsic for sfrongly-inferacfing sys- 
fems). The remaining disagreemenf wifh fhe dafa for 2D hole system in GaAs 
suggesfs fhaf fhe characfer of fhe effeclive elecfron-elecfron inferacfion is more 
complex in Ibis system; Ibis imporfanf issue deserves fhorough fheorefical af- 
fenfion. 
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Abstract An overview of the theory of charge and spin transport through a one-dimen- 
sional quantum dot attached to semi-infinite leads by tunnel barriers is given. 
Electron correlations and extra spin relaxation are taken into account. The tunnel 
rates are calculated microscopically by using the Luttinger liquid model with spin 
for both, the quantum dot and the leads. In the linear regime, the spin-induced 
parity effect and the non-Fermi liquid temperature behavior of the conductance 
peaks are recovered. In the non-linear regime, in addition to states with fixed 
number of electrons in the dot, larger-spin states can be stabilized in the presence 
of non-Fermi liquid correlations and asymmetric tunnel barriers. These states 
are accompanied by negative differential conductances. The latter can be de- 
stroyed by introducing extra spin-flip relaxation processes. The participation of 
the larger-spin states in the transport is accompanied by distinct changes in the 
spin fluctuations. 

Keywords: charge and spin transport; one dimensional quantum dot; Luttinger liquid; non- 

Fermi liquid correlations; Coulomb blockade; spin blockade; negative differential 
conductance; spin-flip relaxation. 



1. Introduction 

Related to the electron spin, several fundamental effects have been found 
when controlling transport of electrons one by one in quantum dots. For in- 
stance, parity effects in the Coulomb blockade [1] of quantum dots with very 
small numbers of electrons, and in Carbon nanotubes [2] have been detected. 
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The spin blockade effect, especially in the non-linear current-voltage charac- 
teristic of one-dimensional (ID) quantum dots has been predicted [3,4]. Com- 
bining the spin blockade with spin-polarized detection, the electron spin in a 
lateral quantum dot has been probed, and spin-related phases were detected that 
have been associated with correlations between the electrons [5] . 

The former parity effect is related to the Pauli principle. Quantitatively, it is 
affected by the contribution of the exchange interaction towards the energy of 
the ground state of the electrons occupying the dot. The spin blockade effect can 
lead to a negative differential conductance (NDC) in the current as a function of 
the bias voltage. It is due to a combined influence of the exchange contribution 
to the energies of the correlated electronic eigenstates and the spin selection 
rules for the transport processes. For example, a general excited n-electron 
state of a quantum dot can be depopulated via two spin channels, namely either 
by increasing or by decreasing the total spin by 1/2. However, if the state 
with the highest total spin becomes populated, it can be depopulated only via 
processes that decrease the spin. This can eventually lead to a reduction of 
the total current I when increasing the bias voltage V, thus giving rise to a 
negative differential conductance (NDC), G = dl/dV < 0. This phenomenon 
has been predicted by using a very special model for the transport mediated by 
sequential electron tunneling processes through a ID quantum dot containing 
very few electrons. 

There are several, but in the details somewhat different and intricate mech- 
anisms that can produce such a reduction of the current due to spin effects. 
Characteristic dependences on the magnetic field may be used to distinguish 
between them. While certain signatures of these features have been found in 
a recent experiment done on 2D quantum dot [6], clearcut and experimentally 
well-controlled evidence in quasi-lD quantum dots is missing. 

The recent experimental realization of semiconductor-based ID quantum 
wires [7-9] has opened new perspectives to systematically investigating the in- 
fluence of interactions, spins and impurities on electron transport properties. 
Also Carbon nanotubes can now be controlled to such a high degree that in- 
vestigations of electronic transport features have become possible [10-12]. In 
the non-linear transport spectra of these devices, obtained as the derivative of 
the current-voltage characteristics for different gate voltages, a large number 
of low-energy excited states have been detected [13]. These cannot be under- 
stood in terms only of charge excitations alone [14]. Theoretically, they have 
been predicted to be related to the spin [15]. Thus, one can hope that ID spin 
blockade effects will eventually and unequivocally be seen in an experiment. 

However, since the experimental realizations of ID quantum dots are electron 
islands between two successive impurities in a ID quantum wire (containing 
interacting electrons), an extension to the theory of the blockade effects should 
include both, the generalization to higher electron densities — the previous pre- 
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dictions have been done for the limit of low electron density, and the treatment 
of the interactions and the spins within the quantum dot and within the leads on 
an equal footing. In addition, temperature effects need to be taken into account. 

In the present paper we provide an overview of the theory of transport in 
the sequential tunneling regime for two tunnel barriers in a Luttinger liquid 
with spin as a model for a ID quantum dot embedded in a quantum wire. We 
summarize the results of our recent calculations of the current-voltage charac- 
teristics with special emphasis on the effects of the electron spin. In the linear 
transport region, we confirm earlier results of the parity effect induced by the 
Pauli principle and the non- analytic power law temperature behavior of the 
conductance peaks. 

In the non-linear regime, for asymmetric tunnel barriers and in the presence 
of non-Fermi liquid correlations, we predict that collective states with higher 
spins in the quantum dot can act as traps such that the electric current decreases 
with increasing bias voltage. This can lead to decreasing current even if the 
bias voltage is increased thus yielding NDC. It is found that without spin-charge 
separation or without asymmetry of the barriers the differential conductance is 
always positive. Spin-flip relaxation destroys the NDC. We study the spin 
fluctuations associated with the participation of the larger-spin states in the 
transport. Finally, we discuss the conditions for observing the predicted effects 
in experiment. 

The scheme of the paper is as follows. In the next section, we introduce 
the model. In the third section, the characteristic energy scales are discussed. 
In section 4 we describe the approach for calculating the transport properties. 
Section 5 describes the results. In the concluding section 6 we compare with 
other approaches and discuss experimental realizations. 

2. The model 

We consider a ID electron system in which the region |x| < a/2 plays the 
role of the ID quantum dot connected via tunnel barriers at x = ±a/2 to semi- 
infinite left (L): —L < x < —aj2, and right (R): o/2 < x < L leads. The 
latter are attached to reservoirs with electrochemical potentials = ±eV/2 
(A = R, L) controlled by the source drain voltage V. 

The three regions of the quantum wire are assumed as interacting Luttinger 
liquids (LL) [16-19] with different interaction constants [20]. In addition to 
the presence of a source-drain (bias) voltage V, we assume that the chemical 
potential in the dot can be tuned via a gate voltage V^. The Hamiltonian is 

H = Ho + Ht + H,. (20.1) 

Here, Hq = describes the three uncoupled LL, Ht the 

tunneling term, and He the coupling with the external electric circuit. 
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The ID quantum dot (|x| < a/2) is modeled as a LL with open boundary 
conditions [21, 22], ^^^'^^(± 0 / 2 ) = 0, with the fermion operators cor- 

responding to the z-component of the spin s = ±1 (unit h/2). Near the Fermi 
points ±kp the fermion operators can be decomposed into fields that propagate 
to the right (r) and to the left (1) (x) + (x). 

Because of the boundary conditions these fields are nol independenf. The 
bosonizafion description can be done using only (x). The sysfem can be 
diagonalized also in fhe presence of inferacfions. The corresponding Hamilto- 
nian is [21, 22] (unifs such fhaf h = 1) 



v=p,u g>0 



“I '^d 

V9p 9a 



( 20 . 2 ) 



Here, iy\{q), are fhe boson operafors of fhe collective charge {u = p) and 
spin {u = a) densify waves (CDW and SDW). Due to fhe boundary condition 
fhe wave number is quantized, q = 'Kmja {m integer > 1). The energy specfra 
are [19] 

^uio) =Vuq, Vu = —('^ + Kx) (20-3) 

9v 

wifh fhe inferacfion paramefers 



9 



2 

P 



1 + Vex 

1 - Hex + 4Ho 



2 _ 1 + V^y 

“ 1 - K, 



(20.4) 



where Vq = H(0)/27TOf, and Hx = V{2kp)/27rvp are fhe forward {q 0), 
and pari of fhe backward (q 2kp) conlribulions of fhe eleclron inferacfion, 
respectively. The quanfily V {q) denofes fhe Fourier Iransform of fhe inferacfion 
polenfial inside fhe dol. The backward term corresponds lo an exchange inler- 
aclion. The paramefers fulfill V/x < 1> necessary in order to have a bounded 
Hamilfonian, and Fq > Vex- This implies 0 < Qp < I (repulsive charge-charge 
inferacfion) and Pa > I- The zero mode operators ti-d and Sd represenl fhe 
excess number of charges, and fhe z-componenl of fhe lofal spin wifh respecl lo 
Iheir average values on fhe ground slate. The lafler are no = 2kpaj'x — 1 and 
So = 0 in fhe absence of a magnetic field. The eigenvalues of fhe zero-mode 
operafors are inlegers n, s wifh fhe conslrainl to be bolh even or odd. 

The Lulfinger liquid Iheory describes fhe energetically low-lying excilafions 
of ID inleracling eleclrons around fhe Fermi energy Ep. To be consislenf wifh 
Ibis one needs, for a sysfem of finite lengfh, to fulfill al leasl fhe condition 
Ep » wifh 6o = 'KVp/a fhe non-interacting conslanl level spacing wilhin 
fhe linear approximalion. For a sysfem of finife lengfh Ibis implies a conslrainl 
befween fhe Fermi wave number and fhe momenlum discrelizalion kp vr/a. 
There is also a finite size conslrainl wifh respecl fo fhe lemperalure. In order 
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to resolve the energy levels of the correlated states the temperature should be 
lower than the level spacing, k-QT <C £o- 

For the leads we assume LLs with open boundary conditions at the tunnel 
barriers. At L ^ ±oo they are assumed to be connected to reservoirs with 
different electrochemical potentials. The difference of the latter is the bias 
voltage. For simplicity, we neglect the exchange interaction in the leads. The 
Hamiltonian is [19] 

^0^^ = ^ \nl + sl , (20.5) 

iy=p,ak>0 1% 

with np the Fermi velocity in the leads, the boson operators of 

collective CDW, SDW and n\, s\ the zero mode operators for the excess of 
charge and spin with respect to their average values. The energy spectra are 
{k = itmlL, m integer > 1) 

^o(k) = —k , 

% 

with the charge interaction parameter = (1 + < 1 deter- 

mined by the average interaction potential Uo in the leads. 

The coupling between the leads and the dot is described by tunnel barriers 
at XL = —a/2 and xr = a/2 

+ h.c. , (20.6) 

s=±l A=L,R 

with and the right moving fermions operators of the leads and the 
dot, respectively, normalized to the shortest wave length [21]. The transmission 
amplitudes of the barriers are fL,R [21]. 

The operators of the external bias and gate voltages in terms of the operators 
n of the excess charges are (Fig. 20.1) [23] 

Hc = ^[nR-fiL]-e + (20.7) 

(V bias voltage, gate voltage). Here, Cs = Cl + Cr + Cg is the total 
capacitance and Cl, Cr and Cg the capacitances of the leads and the gate, 
respectively, with 6C = Cl — Cr. 

3. The characteristic energy scales 

The states of the isolated quantum dot, described by Hq^\ can be specified 
as \n,s,{li/},{l'/}), with n and s the excess numbers of charges and spins. 
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Rl,C'l Rr,Cr 




-F/2 



Figure 20.1. Equivalent circuit for the quantum dot: left and right tunnel junctions parameter- 
ized by barrier capacitances Cl,r and resistances -Rl.r = /7re^iR,L (cf- (20.24), u>c cutoff 
energy), fR,L transmission amplitudes of barriers, Cg gate capacitance, Vj, gate voltage, V bias 
voltage. 



respectively, and {l^} the occupation numbers for each of the discrete wave 
numbers q of the collective charge (v = p) and spin modes {v = a). For an 
even number of electrons the ground state will be |n, 0, {0}, {0}), while for n 
odd it will be |n, ±1 {0}, {0}). One can of course create excited spin states with 
higher spin value |n, s, {0}, {0}) with s even (odd) for n even (odd). On the 
top of these n and s sectors one can also create excited states with unchanged n 
and s contain CDW and/or SDW defined by the respective occupation numbers 
{Iq}, {Iq} With the Hamiltonian (20.2) we can write the total energy of the 
particular configuration |n, s, {/^}, {1%}) as 

U (n, s, Ip, l^) = • (20.8) 



The first two terms represent the contributions of charge and spin additions, the 
second two correspond to CDW and SDW. Since the excitation spectra have 
linear dispersions, the energies of the collective modes depend on the total 
numbers of excitation quanta I,., = only via the discrete excitation 

energies 



TTVi, 1 + 14 x 

— — £0 

a Qy 



(20.9) 



with £q(= vrup/a) the constant level spacing in the non-interacting case. The 
spin energy is affected by the exchange interaction only while the plasmon 
energy is determined also by the Coulomb interaction and usually it is Sp > e^- 
From the microscopic theory one can also extract the charge and spin addition 
energies 

^ ^ £q 1 + Kx 

2agy 2 gl 



( 20 . 10 ) 
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These energies are different from zero even without interactions due to the 
discrete nature of the energy levels inside the dot and the Pauli principle. In the 
following, we treat Ep as a free parameter with Ep ^ E^. 

Phenomenologically, one can identify Ep with the total electrostatic energy 
(Fig. 20.1) Ep = ICy, of the circuit model. With this, one can include the 
term endV^Cg/Cs in (20.7) into the zero mode for the charge sector in (20.8), 
Ep{n^ — rig) /2 with erig = VgCg. On the other hand, for the spin addition 
energy we use the microscopic expression (20.10) 77^ = (1 ~ Kx) /2. 

In summary, there are four energy scales that determine the structure of the 
transport spectra. The first is the charge addition energy Ep. The energy for 
changing the z— component of the spin E^, is the spin addition energy. It is 
essentially due to the Pauli principle but contains also an exchange contribution. 
The energies for creating neutral oscillations of the charge distribution and the 
spin density, £p and respectively correspond to the excitation energies for 
charge and spin density waves without changing the number of electrons and 
the total spin. These excitations are due to inter-electron correlations. The 
above discussion implies the following hierarchy 2Ea < < £o < £p Ep. 

Without interaction one has 2Ea = = £p = £q. 

4. Sequential transport 

For high tunnel barriers, and for not too low temperatures, the dominant 
processes that contribute to the electron transport are sequential transfers of 
single electrons with spin up or down through the two barriers [24]. In this 
case, Ht can be treated as a perturbation. 

In the sequential regime stationary transport is described by using a master 
equation for the occupation probabilities P{i) for states |i) 

dtPi{t) = Y, [Pf(f)Ffi - Pi(f)Fif] , (20.11) 

f 

where Ffi are the transition rates between |f) and |i). In the stationary limit, 
dtP = 0, one has to solve a homogeneous system of linear equations with the 
normalization condition Pi = 1. In the present case, we are interested in 
processes that change the state of the dot from an initial |i) to a final sfafe |f) 

|i) = |ni, Si, {^,"i}), |f) = |nf, Sf, . 

Because of fhe sequential nafure of fhe funneling processes, fhese slates have 
lo be consislenl wilh fhe charge and spin seleclion rules 

An = nf — ni = ±1 , As = Sf — Sj = ±1 . (20.12) 

The Iransilion rates consisl of conlribufions due fo funneling fhrough fhe lefl 
and fhe righl barrier, Fif = r oblaining explicilly fhe parlial 
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tunneling rates we sum over all possible final lead states and 

perform a thermal average over the initial states with the ehemieal potentials 
From (20.6) one gets 

POO 

rfi'JLlf) = / dr . (20.13) 

J — oo 



The matrix elements = | (i|V^i^r (xa, 0)|f)p depend on the colleetive initial 
and final spin and eharge modes. The energy differenee 






U{\i))-Um + {n, 



ni) 



l^e 



eF 

~Y 



(20.14) 



is obfained from U defined in (20.8). The signs ± refer fo fhe leff (+) or righf 
(— ) barriers. The faefor exp [— Wi(f)] sfems from fhe frace over fhe degrees of 
freedom in fhe leads 

g-ty,W = /v;Wt(x„r)V'W(^A,0)) . (20.15) 

\ / leads 



The fhermal average is performed wifh respecf fo fhe decoupled Hamiltonians 
. This factor furns ouf to be independenf of fhe spin and barrier variables. 
The confribufion of fhe quanfum dol is confained in MA and Lp^. 

In fhe following, we assume fhaf fhe collecfive modes in fhe dol relax in- 
finilely fasl [15] since if has been suggested fhaf in quanfum dols relaxalions 
accompanied by changes of fhe lolal spins can be orders of magniludes slower 
fhan fhose in which fhe lolal spin is unallered [25]. In Ihis case, fhe dynamical 
variables consisl of fhe lolal charge and spin only, while fhe collecfive modes 
are Iraced ouf wifh a fhermal average over fhe initial slates and a summation 
over the final slates. This gives fhe reduced rales 

= E ^({'?|}) E 



wifh F’({(qj}) the thermal probability distribution with respect to H^\ Per- 
forming the sums one finds 



/ X /*00 

J —oo 



(20.17) 



where 
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E r 5C 
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is the energy difference associated to the particular process, the signs ± refers 
to the left (+) or right (— ) barriers. The kernel of the collective modes is 

g-Wd(r) ^ (^(d)t(a:A,r)V’ij.^(xA,0))dot (20.18) 

with the thermal average performed with respect to H^\ Using the bosoniza- 
tion method one can calculate exactly all of the above averages [21]. 

The dissipative factors 

W^i,d('r) = J coth [1 — cos (wr)] + i sin (wr) 

(20.19) 

are related to the spectral densities of the leads and the quantum dot, 

Ji(w) = (20.20) 

9 

and 

OO 

Uco)=io Y, ^ ^ ( 20 . 21 ) 

uG{p,a} rn=l 

respectively. The cutoff frequency lOc defines the highest energy in the model 
and 5 "^ = (1 + 5 ro-^)/ 2 . 

The structure of the spectral density of the dot, J(j(o;), indicates that, though 
they are infinitely quickly relaxing, the CDW and the SDW still contribute to the 
tunneling dynamics. Even if the relaxation prevents the collective excitations 
to be initial states for the tunneling, it is still possible to reach an excited state 
as a “final” state with a given energy. A typical transition is 

\m, Si) ^ \uf, Sf, {Iqf}) => |nf, Sf) (20.22) 

where the rightmost process (^ arrow) is associated with a fast time scale and 
the intermediate state contains collective excitations. In this approximation, 
only the energy of the collective excitation is detectable. In the following we 
use |n, s, Ip, l(j) to label an excited state when it is involved as a final state in a 
tunneling process. With this, the stationary current is 

^ = ''E E .,+,)] (20.23) 

n,s q=±l 

where we have denoted P{n, s) the occupation probability for the state |n, s). 
If both eU, A:bT < Ep at most two charge states can enter the dynamics, and 
the current is given by tunneling events corresponding to transitions of the type 
|n, s) ^ |n + 1, s') ^ \n, s”). In the following, we consider mostly this limit. 
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But let us first investigate in more detail the energy dependenee of the rates 
sinee this is important for understanding the behavior of the differential con- 
ductanee, especially the NDC. For simplicity, we do not specify the initial and 
final spin and charge sfafes. Using fhe discrefe nafure of fhe dol specfral densify 
we rewrife (20.17) as a funclion of fhe energy difference E = AU 

(E) = ^ {E - IpSp - l^e^) , (20.24) 



where 



p(^) 

0 



\<^cJ e^r(l + a)’ 



(20.25) 



wifh a = g ^ — 1 and G\ = = 7re‘^t'j^j2uj‘^ fhe infrinsic conducfances of 

fhe barriers. The funclion 'y{x) is determined by fhe leads [15] 



7(x) 



27T 



r 



1 .Px 




(20.26) 



Af T = 0 we have 




Figure 20.2. Scheme of the transition rate T{E) in units of To for go — 1 and T = 0 as a 
function of the tunneling energy, E. Full line: no interactions, Qp = Qa = 1; dashed line: with 
interactions, ^ and gp < 1. 



7°(a^) = j 0{x)- 

The weighls ai^ are due lo fhe dol conlribulion. Al T = 0 [15] 

0 + lu) \ 



(20.27) 



(20.28) 



For T / 0, fhe weighls have lo be numerically determined. In Eqs. (20.26)- 
(20.28), r( 2 ;) is Ihe Euler Gamma-funclion. 
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In the absence of spin-charge separation {pp = = 1) the energies are 

degenerate, Sp = = £o- One finds only unit steps centered at integer 

multiples of eo- If > 1 and pp < 1, charge and spin modes are energetically 

split with So- < £q < £p- This implies steps at different energies with heights 
depending on the particular value of the spin and charge interactions (Fig. 20.2, 
dashed line). For simplicity, in Fig. 20.2, T = 0 and non-interacting leads 
{pQ = 1) have been assumed. Finite temperatures and < 1 do not change 
the above results but tend to smoothen the jumps at positions given by the dot 
parameters. 

5. Results 

By solving the above master equation numerically, the current-voltage char- 
acteristics and the differential conductance of the model can be determined. 
Figure 20.3 shows a typical result for the differential conductance G in the 
presence of asymmetry A = (fL/fR)^ = Gl/Gr = 100 and at low tempera- 
tures T <C F^ct/^b- 

5.1 Linear transport 

At zero bias, V = 0, the odd-even effect in the positions iAg^{n) of the con- 
ductance peaks is clearly displayed. At T = 0 these positions are determined 
by the resonance condition fid{n) = 0, where 

Fd(n) = Eg(^n+^-ng^ + , 

is the ground state chemical potential of the dot. One then has 

»r(n)=«+5 + (-l)”^. (20.29) 

The position of the linear conductance peaks is affected by the spin that leads 
to an even-odd effect in the distances S{n ^ n -|- 1) between subsequent 
conductance peaks 5{n ■s-^ n -|- 1) = 1 -h (—l)"'~^^Ea/Ep. This recently has 
been observed in experiments done on carbon nanotubes [12]. 

The temperature dependences of the conductance peaks shows the non- 
analytic power law behavior typical for the non -Fermi liquid correlations in 
the Luttinger liquid [20]. 

The above parity effect in the peak positions also shows temperature behavior 
that is characteristic for the non-Fermi liquid properties of the model. For low 
temperatures, the energetic distance between the peaks is proportional to the 
temperature with a slope that is characteristic of the interaction. For high 
temperature, the peaks become equidistant [26]. 




340 



FUNDAMENTAL PROBLEMS OF MESOSCOPIC PHYSICS 



5.2 The non-linear differential conductance 

In this section, we discuss the non-linear transport regime in the presence of 
asymmetric barriers ti^ ^ fR, Cl / Cr between n even and n -|- 1 (e.g. Fig. 
20.3 right part). With these assumptions we can label the states |n, s) using the 
spin variable s only since the correspondence n{s) is obvious. Thus, from now 
on we use the notation , instead of f[^^ , i / /\- 

In the nonlinear regions, many transition lines related to the electron spins 
occur, several of them corresponding to NDC (white lines). Below, we discuss 
in more detail the behavior of the conductance peaks in the region denoted by 
the square in Fig. 20.3 (left) and zoomed in the right part. 




Figure20.3. Left: The differential conductance G of a ID quantum dot embedded in a Luttinger 
liquid (arbitrary units) for n even. Parameters: go — 0.9, Qp = 0.8, g„ = 1.15, 4 = 100, 
Gl/Gr = 4, ksT = 5 • 10~^Ea, £<r = 2.3E^, Sp = 3.3Ea and Ep = lOE^- Right: zoom 
of the differential conductance (a.u.) in the region indicated by the white box in the left panel 
(see also Fig. 20.4, right panel). Gray scale gauge: gi = — 1, P 2 = 4. for left panel; gi = — 1, 
g 2 = 2 for right panel. 



We concentrate on the transitions shown in Fig. 20.3. We start with transitions 
which do not involve CDW and SDW. The condition for a transition |n, s) 

|n + 1, s ± 1) to contribute to transport is 

—rjeV < —EpUg ± E^s < (1 — r])eV . (20.30) 

= rig — rFg^{n) and 

CR + Cg/2 

c1 + cr + c;- 



with h, 
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The latter gives an effective asymmetric voltage drop at the barriers due to the 
asymmetric capacitances. 

We start with the symmetric case A = 1, p = 1/2 where the differential 
conductance is always positive [15, 27]. We assume F > 0. 




Figure 20.4. Left: transition lines in the differential conductance for symmetric barriers (A — 
1, n = 1/2). Hatched regions denote Coulomb blockade. Thick lines: ground-state to ground- 
state transitions; dark-gray lines: transitions to higher-spin states (spin values of the states are 
indicated); dashed lines: SDW and CDW excited states. For simplicity, indices n, n -|- 1 have 
been dropped. Right: regions analyzed analytically with respect to NDC: I, II, III correspond to 
la = Ip = 0; Icr — l,lp ~ 0; la = 0,lp = 1, respectively, in the transition |n, 2) ^ \n-\- 1, 1). 



The solutions of (20.30) in the {eV, Ephg)-p\nne are shown in Fig. 20.4 (left), 
near the origin centered at the peak in the linear conductance corresponding to 
n n + 1. Without magnetic field, states with s and — s are degenerate (cf. 
(20.8)). Thus, we only need to consider transitions between states with s > 0. 
The transitions between the ground states, |n, 0) |n + 1, 1) associated with 
the lines Epfig = {p — l)eV and Epfig = peV, respectively, divide the plane 
{V > 0, ng) into Coulomb blockaded regions (hatched), corresponding to the 
occupation of n and n + 1 states only, and conducting regions where both of 
the ground states have finite occupation probabilities. Since here |n + 1, 1) is 
occupied, the transition |n + 1, 1) ^ \n,2) becomes available at sufficiently 
high voltages. The transition channel |n, 2) ^ |n + 1, 1) is always open in 
the transport domain. Inside the region where |n, 2) is occupied transitions 
|n, 2) ^ |n + 1, 3) can occur. By repeating this argument for increasingly 
higher values of the spin we find fhe fish bone sfrucfure shown in Fig. 20.4 
(leff). 

In order fo complefe fhe picfure we musf also include all of fhe fransifions 
involving collecfive charge and spin excifafions. This enhances considerably 
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the complexity of the spectrum since at high enough source-drain voltage each 
transition of the type |n, s) ^ \n' ,s') can occur via the channels |n, s) ^ 
|n , s , Ip^ Itj) — ^ |n ; 5 ). 

The scheme described in the previous paragraphs can also be used for estab- 
lishing of the transition lines for asymmetric barriers. 

However, in this case several transition lines corresponding to NDC are 
found if Ep 7 ^ (Fig. 20.3). On the other hand, even with asymmetry, no NDC 

can be found if Sp = £„, and without spin-charge separation. From Fig. 20.3 
it is obvious that for yl > 1, and V > 0 only some transitions of the type 
|n -h 1, s) ^ |n, s -|- 1, Ip, l(j) show NDC. For C < 0 this is true for some 
transitions of the type |n, s) ^ |n -|- 1, s + 1, Ip, la)- 

For V > 0 electrons flow from the right to left. Then, for ^4 > 1 the 
electrons traverse a thicker barrier while tunneling into the dot, and a thinner 
barrier while tunneling out of the dot. Thus, states \n, s) will have a higher 
occupation probability as compared to states |n -|- 1, s -|- 1). This “trapping” at 
sufficiently large asymmetries can create a bottleneck for the electron transport 
and enhances the probability to have a NDC. However, the trapping alone is not 
sufficient to induce NDC. If the system does not exhibit spin-charge separation 
no NDC can occur, independent of the asymmetry. 



5.3 Origin of NDC 

For understanding the origin of the NDC we concentrate on the transition 
in the gray region shown in Fig. 20.4 (right). This can be divided into three 
sub-regions I, II, III depending on the presence of SDW and CDW states, la = 
Ip = O', la = 1, Ip = O', la = 0, Ip = 1, respectively, in the transition 
|n, 2) ^ \n + 1, 1). In these sub-regions only five dynamical states contribute 
to transport: |n, 0), \n + 1, ±1), \n, ±2). 

For these, the master equation can be solved analytically. The current is 



I = e- 



(^-p(R) -p(R) 
2^1 


■p(L) _1_ p(L) 

^ 1^0 ^ 1^2 




■p(L) ■p(R') _|_ 

^ 1^0-*- 2^1 “T ^-L 0^1 


rSi + F' 


(L) 1 
1^2 



(20.31) 



At sufficiently low temperature (T <C Ea/k-o) and for qq not too small, one 
can assume that along the lines \n -|- 1, 1) ^ |n, 2), |n -|- 1, 1) ^ |n, 0, 1, 0), 
|n -|- 1, 1) ^ \n, 0, 0, 1) and not too close to the crossing points, the only rates 
that contribute to the derivative with respect to V are F ^'^2 F^'^q. With 

these assumptions, the differential conductance is 



G = e 






(L) 






■p(L) -p(R,) I op(ft) 

2^1 “T 0^1 



rSi + r 



(L) 

1^2 



l2 ’ 



(20.32) 
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where 

4 = , 0 = r^i - . (20.33) 

Expression (20.32) can change sign depending on the factor Ap = (/>o + 
Here, p = 1 if G is determined along \n + 1,1) ^ |n, 2, Ip, l^j), 
and p = — 1 for G along \n + 1,1) ^ |n, 0, Ip, G)- The factor 0 is different 
in the three regions I, II or III, and depends slightly on the position inside each 
region if the leads are interacting. Consider the transition |n + l,l) ^ |n,2), 
thus p = +1. Along this line, T 2 _)^ has contributions from the excited states, 

/T 15 

while the other rates take the value Tq . For non-interacting leads, po = 1> 
the condition Ai < 0 is 



p(R) 

^ 0 

■p(rt) 
L'*' 2^1 



1 

2 



A > 1. 



We can define critical values Ac as the asymmetry above which NDC is found. 
In the sub-region I, = 2. In sub-region II, Ac^^^ = 2{2ga + 1) / {2ga — 1) > 
A® . Thus, for A > Ap^ one can have NDC in both regions I and II. On the 
other hand, the condition for having NDC in the sub-region III is 



2ppPo- gp Pct 

“^gpQa + 2^p + 2g^ 



In order to satisfy the above condition we must have at least 2gpgcr—ga—gp > 0. 
For small exchange interaction (214x < To) this requirement cannot be fulfilled. 

In summary, for fhe fransifion |n + 1,1)^ |n, 2), NDC is generally found 
in regions I and II and PDC in region III if fhe asymmefry is large enough. 

Now we defermine fhe condifions for fhe NDC along fhe lines |n + 1, 1) ^ 
|n, 0, 1, 0) and |n + 1,1)^ |n, 0, 0, 1), p = —1. We gel 



1 

2 



p(R) 
+) 

+R) 

2^1J 



A > 1. 



If is clear fhal bofh in I and in II no NDC can be found. In zone III, however, if 
is possible lo have T^^j^ > 2 Tq^^ wifh NDC for 

A > 2ffpgg 

gp + 5(7 “^gpga 

If A > max{Ac^\ Ac^^\ Ap^^} fhe NDC-PDC pattern has Iherefore a ’’pholo- 
graphic-negafive”-like shape. This means fhal if fhe line \n + 1,1) ^ |n, 2) 
(p = +1) has NDC, fhe Iwo adjacenl ones (p = — 1) have PDC, and vice versa. 
This fealure can be found in many regions of fhe density plol for moderate bias. 
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These results indicate that in addition to the condition Sp / Sa one must have 
non-integer steps in the transition rates as a function of the energy in order to 
find NDC at T = 0. It seems to us that this is a genuine feature in present case of 
an interacting system with non-Fermi liquid correlations, i.e. with spin-charge 
separation. 

Since the NDC seems to be mainly related to the occupation of states with 
spins higher than that of the ground state, it is interesting to introduce in the 
master equation an extra spin-flip relaxation rate. This provides insight into the 
depletion of the NDC when extra spin- flip processes are present in the system. 
One finds that with increasing spin-flip relaxation rate the NDC can be changed 
into PDC. On the other hand, the corresponding PDC peaks for C <0 are 
almost not affected [27]. 

5.4 Spin fluctuations 

Another interesting quantity to consider, in connection with spin, is the spin 
variance 6s = [J2n si^ ~ -P(^) 




Figure 20.5. Differential conductance (thin, uppermost curve, right scale, arbitrary units) and 
spin variance (thick lower curve, left scale) as a function of the bias voltage V (unit E^r / e) along 
the dashed-dotted line in zone I indicated in the inset (see fig. 20.4). Parameters as in figure 
20.3. 

Figure 20.5 shows 5s (thick, lower curve) and G (thin uppermost curve) 
as a function of the voltage V along the dashed-dotted line in zone I, indi- 
cated in the inset. The strong NDC peak (denoted by *) corresponds to the 
|n -p 1, 1) ^ \n, 2) transition. At the onset of this transition, the spin variance 
shows a large step. However, this step is found both in zones I and II, where NDC 
is present, and also in zone III where no NDC can be found [27] . We attribute this 
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to the participation in the transport of states with a spin higher than the ground 
state, that are eventually stabilized by the asymmetry of the barriers. A similar 
behavior is present also when considering transitions involving collective exci- 
tations. Since the dashed-dotted line runs along zone I, all the peaks apart from 
the first one ( * ) are due either to transitions of the kind |n-|-l,l) ^ \n,2,lp,la-) 
(NDC peaks), or to transitions |n -|- 1, 1) ^ |n, 0, Ip, la) (PDC peaks). From 
Fig. 20.5 it is clear that each of the NDC peaks is associated with an increase 
in the spin variance, while the PDC peaks are associated with a decrease of ds. 
Analogous behavior can be found in zone II. In zone III, the the role of NDC 
and PDC peaks is interchanged, while the pattern is similar to the one 

shown in fig. 20.5. Therefore, fhese flucfuafions do nof seem fo be direcfly and 
simply connecfed fo fhe NDC phenomenon. 

6. Discussion and conclusion 

We have investigated fhe non-linear currenf volfage characferislic of a ID 
quanfum dol described as a Luffinger liquid of finife lengfh and connected 
via funnel barriers fo Luffinger liquid quanfum wires. The system confains four 
characferisfic energy scales: charge and spin addition energies, and fhe energies 
needed fo excite charge and spin densify collecfive modes in fhe quanfum dof. 
These scales have been determined microscopically. We have discussed in Ibis 
paper in particular some of fhe effecfs relafed fo fhe presence of fhe elecfron 
spin. 

In fhe linear regime, we have reproduced fhe parity effecl in fhe disfances 
befween fhe Coulomb blockade conducfance peaks and fhe non-Fermi liquid 
femperafure behavior of fhe peaks. In addition, we have predicted fhaf fhe 
femperafure dependence of fhe peak posifions also rellecls fhe interaction. 

In fhe non-linear fransporf region, we have found for non-symmefric fun- 
nel barriers negafive differential conducfances fhaf are relafed fo fhe presence 
of spin-charge separation. Wifhouf fhe laffer, fhe differenfial conducfance is 
always positive. 

The NDC are connecfed wifh collecfive sfafes wifh higher spins fhaf parfici- 
pafe in fhe fransporf. This effecf is differenf from fhe spin blockade phenomenon 
discussed previously [4], in which fhe NDC is predicted even in a symmefric 
barrier sefup. In fhe spin blockade of type I [4], a “frapping” argumenf is used fo 
explain fhe effecl. However, in Ibis case fhe only slate fhaf can lead fo frapping 
(and Ihus can decrease fhe currenf) is a slale wifh fhe highesl lolal spin and 
highesl energy for a given elecfron number. Thus, only one NDC peak can be 
presenf in a given n ^ n + 1 Iransilion. In conlrasl, in fhe presenl case, each 
slate wifh even (odd) spin can become Irapped if {A — 1)V >0(<0). The 
Iransilion lines along which such a slate becomes populated can exhibil NDC. 
Whelher or nof Ibis is evenlually fhe case, depends on fhe energy dependence 
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of the rates which show at sufficiently low temperatures non-integer steps with 
heights that are determined by the non -Fermi liquid correlations. 

In the present work, a microscopic evaluation of the ID transition rates has 
been performed. The result is that — even if the system contains asymmetric 
barriers that leads to the trapping of appropriate candidate states in the quantum 
dot — it appears to be necessary to have charge-spin separation in order to 
obtain NDC. It is clear from the above derivation that the effect of spin-charge 
separation is not only the trivial removal of energetic degeneracy of the CDW 
and SDW states. The spectral weights induced in the tunneling rates (20.24) 
play a crucial role in determining whether or not a particular transition line 
corresponds to NDC. 

We have assumed that the collective excitations that do not alter the z- 
component of the spin in the quantum dot have much shorter relaxation times as 
compared with the excitations which are associated with spin flips. Although 
we feel that this assumption is justified in view of recent results that suggest that 
in quantum dots the relaxation of states without flipping spins can be orders 
of magnitudes shorter than that associated with spin flips [25], the question 
whether or not without this assumption the predicted NDC-phenomena would 
disappear is legitimate. In order to answer this question it is necessary to repeat 
the calculations including the collective states of the quantum dot in the master 
equation [28]. 

Additional spin-flip relaxation processes seem to only weaken existing NDCs. 
Therefore, we expect that by removing relaxation processes and including addi- 
tional stable states in the transport process without flipping the total spin will not 
change qualitatively the above trapping mechanism. Thus, the NDC predicted 
by this work, which appears to be a consequence of a trapping mechanism for 
asymmetric barriers and the separation of energy scales for spin and charge 
excitations together with the Luttinger liquid features that enter the rates, will 
not be depleted. 

In experiment, several possibilities for measuring the predicted non-linear 
phenomena can be expected to exist. The necessary conditions to be fulfilled 
for applying the above model is 

k^T <C £o Ep , (20.34) 

this is equivalent to Xp ^ a ^ Ap, where Xp = vrup / kpT is the thermal 
length and Ap = 27r//cp the Fermi wave length. Tunnel barriers will in general 
be asymmetric in any case. Thus asymmetric barriers are not a restriction but 
the generic experimental situation. 

It seems to us that the above predictions can be studied in state-of-the art 
semiconductor quantum wires, fabricated using the cleaved-edge-overgrowth 
technique [13] though the parameters seem to be at the borderline of the ap- 
plicability of our model. On the other hand, the physical origin especially of 
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the NDC seems to be so general that one ean optimistically hope for success. 
In carbon nanotubes the situation with respect to the energy scales seems to be 
even more favorable since Ey 2 eV and the level spacing eo ~ 10 meV (dot 
length 200 nm). However, here the non-interacting energy spectrum consists 
of four branches including the spin. The present theory has to be adjusted to 
this case in order to apply the results. Again, due to the fact that the predicted 
phenomenon seems to be quite generally valid, one can expect that experiments 
on Carbon nanotubes should show NDC associated with the higher spin states. 
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Abstract Electron-electron interactions mediated by impurities are studied in several high- 

mobility two-dimensional (electron and hole) systems where the parameter fe_g Tr //i 
changes from 0.1 to 10 (r is the momentum relaxation time). This range cor- 
responds to the intermediate and ballistic regimes where only a few impurities 
are involved in electron-electron interactions. The interaction correction to the 
Drude conductivity is detected in the temperature dependence of the resistance 
and in the magnetoresistance in parallel and perpendicular magnetic fields. The 
effects are analysed in terms of the recent theories of electron interactions de- 
veloped for the ballistic regime. It is shown that the character of the fluctuation 
potential (short-range or long-range) is an important factor in the manifestation 
of electron-electron interactions in high-mobility 2D systems. 

Keywords: Electron-electron interactions, magnetoresistance, disorder, long-range potential. 



1. Introduction 

It is well known that the presence of impurities modifies electron-electron 
interactions in 2D systems. The dramatic effect of disorder on electron inter- 
actions was first understood in [1, 2] - the theory developed for the ‘diffusive’ 
regime, k^Tr /h 1. This theory showed that disorder changes the electron- 
electron interaction rate and introduces an interaction correction to the Drude 
conductivity ao. The conclusions of this theory were subsequently tested in a 
number of experiments on low-mobility metallic systems where the condition 
ksTr/h <C 1 was realised because of small values of r. There is a question, 
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however, of what happens to the eleetron interaetions in high-mobility systems 
where the above condition is not satisfied, even at low temperatures. The theory 
of electron interactions in the ‘ballistic’ regime, ksTr/h^ 1, and in the tran- 
sition between the two regimes has recently been developed [3, 4] and requires 
experimental testing on high-mobility 2D systems. 

The question of electron-electron interactions in high-mobility 2D systems 
is closely related to the problem of the metal-to-insulator transition in 2D. The 
latter has drawn much interest after observations in some high-mobility 2D 
systems of the change in the sign of the temperature dependence p{T) from 
‘metallic’ (with dp/dT > 0) to ‘insulating’ (with dp/dT < 0). This change 
occurs with decreasing carrier density, and there is a suggestion [5] that it can 
be a manifestation of a critical metal-to-insulator transition which has not been 
expected in 2D [6]. This effect is accompanied by a positive magnetoresistance 
in parallel magnetic field, where a large enough field changes fhe character of 
the resistance from metallic to insulating. In high-mobility 2D systems the 
change of the sign of p{T) occurs at a low carrier density where the interaction 
parameter r* = Uc/Ep oc m* (the ratio of the Coulomb energy to the 
kinetic energy of carriers with density n and effective mass m*) is large, so 
that one would expect failure of the description of these systems in terms of the 
conventional Fermi-liquid approach. It is important, therefore, to understand 
the role of electron interactions in the origin of the metallic behaviour and of 
the unusual parallel-field magnetoresisfance, as well as fhe applicability to the 
descriptions of these effects of the theory of electron interactions in the ballistic 
regime - the theory based on the Fermi-liquid background. 

After a brief discussion of the difference between the two regimes of electron- 
electron interactions (section 2), we present the results of our studies of electron 
interactions in the ballistic regime on three 2D systems: a) a 2D hole gas in a 
GaAs/AlGaAs heterostructure (section 3), b) a 2D electron gas in a Si MOSFET 
(section 4) and c) a 2D electron gas in GaAs/AlGaAs heterostructure (section 
5). We show that the interaction correction [3, 4] is present in the metallic 
temperature dependence of the resistance and in the parallel-field magnetore- 
sisfance of system a). We will then demonstrate that the metallic p(T) in system 
b) can also be attributed to the interaction effect [3]. An essential assumption of 
theory [3, 4] is the point-like character of the fluctuation potential - the assump- 
tion which is justified in these two systems. Point-like scatterers determine the 
mobility in Si MOSFET structures [7] and very high-mobility GaAs structures 
with a large spacer {d ~ 500 — 1000 X) [8, 9]. However, for typical high- 
mobility modulation-doped heterostructures with a thinner spacer {d < 300 X) 
the scattering potential has a long-range character [9, 10] with the correlation 
length equal to the spacer thickness d. It was shown in [11, 12] that in the 
case of a long-range potential the mechanism of interaction considered in [3] 
is suppressed. Still, electron-electron interactions can become observable if a 
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strong perpendicular magnetic field is applied. To examine the predictions of 
theory [11] and compare them with the results of [3] we study the perpendicu- 
lar magnetoresistance in system c): a high-mobility 2DEG in a GaAs/AlGaAs 
heterostructure with d = 200 A. 

The value of the interaction correction is determined by the constant Fq - 
the Fermi liquid interaction constant in the triplet channel. In the studied 2D 
systems Vg is large: in a) Ts = 10 — 17, in b) = 2 — 4, and in c) = 1 — 2.5. 
In this case the value of is not well known and one of the aims of this work 
is to determine it experimentally for a range of and compare its value for 
different systems (section 6). The value of in the 2DEG in Si is larger than in 
the 2DEG in GaAs due to larger mass of electrons. Even larger effective mass 
of holes in GaAs than that of electrons in Si makes system a) most attractive for 
studies of strong interaction effects. However, electrons in Si and holes in GaAs 
have more complicated energy spectrum than electrons in GaAs: two valleys 
in Si and a complex spectrum of holes in GaAs. This could be the reason of 
the difference in some features of the effects in the 2DEG in Si and 2DHG in 
GaAs (sections 3.3,4). 

2. Ballistic regime of electron-electron interaction 

The physical meaning of the condition for the diffusive regime of electron- 
electron interaction, k^Tr /h ^ 1, can be understood as follows. The charac- 
teristic time required for two interacting quasi-particles to change their energy 
by a value of about k^T is h/k]sT. In the diffusive regime this time is much 
larger than the momentum relaxation time r, which means that two interacting 
particles are scattered many times by impurities before their energy exchange 
is realised. Electron-electron interactions in the diffusive regime give rise to 
the logarithmic correction to the Drude conductivity which depends on the 
Fermi-liquid interaction parameter F [1,2]: 



S(Txx{T) 



27t‘^h 



(1 -3F/2)ln( 



ks Tt 

h 



( 21 . 1 ) 



In the ballistic regime, k^Tr /h^ 1, the time of the energy exchange is much 
shorter than r, thus electron-electron interaction is mediated by a single impu- 
rity. An impurity with a short-range scattering potential produces the modula- 
tion of the electron density (the Friedel oscillation): cx ^ exp(i2A:irr), so 

that an electron is backscattered from the impurity as well as from the Friedel 
oscillation. The specific phase of the Friedel oscillation provides constructive 
interference of the two scattered waves, which gives rise to a linear correction 
to the Drude conductivity dependent on the Fermi-liquid interaction constant 
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in the triplet channel Fq [3] : 

Sa,,{T) = ao (21-2) 

where Tp is the Fermi temperature. The coefficient in the temperature de- 
pendence in Eq. (21.2) originates from two contributions: the first is due to 
exchange (Fock) processes and the second is due to direct (Hartree) interac- 
tion. It is clear that the sign of the temperature dependence of the conductance 
is determined by the sign and magnitude of the interaction parameter Fq. If 
Fq is a large enough negative value, daxx/dT < 0 {dpxx/dT > 0) and this 
corresponds to metallic type of conduction. 

There is another prediction of theory [3]: for a wide range of values of 
parameter Fq the model allows a change in the sign of dpxx/dT with parallel 
magnetic field from positive fo negative - fhe effecl seen in recenf experimenfs 
on high-mobilify 2D sysfems [5]. Magnefic field suppresses fhe friplef ferm in 
Eq. (21.2), so fhaf fhe sign of daxx/dT becomes positive. If is imporfanf fo 
nofe fhaf fhe resulfing positive correction fo fhe Drude conducfivify in magnefic 
field is expecfed fo be universal and independenf of fhe inferacfion paramefer 
Fo- 

Saxx{T) = a^ ^ at B > Bg. (21.3) 

If 

Here Fs is fhe field of full spin polarisation of fhe 2D system, Fs = 2Ep/ {g* pb) 
(where g* is fhe Eande g-faclor, pB is the Bohr magneton), and Gq is the Drude 
conductivity in magnetic field. 

Model [4] considers fhe parallel-field magneforesisfance af a given finile 
femperafure. Af small fields fhis fheory gives a simple predicfion in fhe ballistic 
regime for fhe magnefoconduclivily Act = a{B\\,T) —a{0,T). The analytical 
expression for fields x = — ^ + (provided —0.45 < Fq < —0.25), 

is approximated wifh 2% accuracy by: 

T 

Aa(F||) = _^ao— Ffe(x,Fo"), (21.4) 

where = gopBB\\^, go is fhe bare g-faclor (wilhoul faking info accounl 
fhe renormalisalion of fhe g-faclor due fo inleraclions), and (x,Fq^) 

x^f{E^)/3, / (^) = 1 - [i + - (l4iF + 

fields, X S> 1, fhe fheory predicls a linear magneforesisfance in fhe range of fhe 
fields where fhe model is applicable: F^ < (l + Fo")2Fi..) 

The fheory of eleclron inferacfion in fhe ballislic regime in fhe case of a long- 
range scallering potential is developed in [11, 12]. In Ibis case fhe correction 
discussed in [3, 4] is expecfed fo be exponenlially small, because for a long- 
range polenlial bolh fhe Friedel oscillation and fhe required backscallering are 
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weak. However, it was demonstrated in [11, 12] that applying a classically 
strong perpendicular magnetic field increases the probability of an electron to 
be scattered back and this restores the electron-electron interaction. Theory 
[11] shows that in strong perpendicular magnetic fields, lOcT > 1 (wc is the 
cyclotron frequency), electron interactions in the ballistic regime result in a 
parabolic, temperature dependent negative magnetoresistance. Its magnitude 
is determined by the interaction correction 5axx (T)- 

Pxx = — + \ 5axx (T) , (21.5) 

O'o 

where p = er jm* . The method of determining the interaction correction 
d(Txx{T) from the perpendicular magnetoresistance was originally used in the 
diffusive regime [13]. A relation similar to Eq. (21.5) was derived there using 
the fact that in the diffusive regime of interactions 5(Txy {T) = 0 [1]. As in the 
diffusive regime strong magnetic fields do nol change fhe inferacfion correction 
d(Txx{T) [14] (provided fhe effecl of Zeeman splitting on inferaclions [1] is 
negligible), fhe analysis of fhe magneforesisfance gave fhe aufhors of [13] fhe 
inferacfion correction fo fhe conducfivify Sgxx (T) at B = 0. In fhe ballisfic 
regime, however, 5axx{T) found from fhe negafive magneforesisfance in Eq. 
(21.5) will be significanlly differenl from fhaf in Eq. (21.2) derived for H = 0 
for a shorf-range pofenfial. The ballistic-regime fheory [11] predicfs a specific 
femperafure dependence of fhe inferacfion correcfion in sfrong fields Saxx {T) 
which we will compare wifh experimenfal resulfs in section 5. 

3. Interaction effects in a 2D hole gas in GaAs 
3.1 Samples 

Experimenfs have been performed on a 2DHG in a (311) A modulation 
doped GaAs/AlGaAs heferoslrucfure wifh spacer d = 500 X and a maximum 
mobilify of 6.5 x 10® cm^V“^s“^. This system shows fhe crossover from mefal 
fo insulator af p ~ 1.5 x 10^°cm“^ [15, 16]. The hole density p in fhe metallic 
region is varied in the range (2.09 — 9.4) x lO^^cm”^ which corresponds to 
a value of the interaction parameter = 10 — 17. (The latter was calculated 
using the value of the effective mass m* = 0.38mo.) 

It is expected that at large values of Vg interactions renormalise the effective 
mass, which has to increase with decreasing carrier density (this effect has been 
seen in 2DEGs in Si [17, 18]). We have analysed the temperature dependence 
of Shubnikov-de Haas (SdH) oscillations measured in weak magnetic fields 
and exfracfed fhe value of fhe effeclive mass af differenl hole densifies from 
2.9 X 10^° to 8.2 X 10^° cm“^ (close to fhe boundaries of fhe sludied range). 
The resulfs show [19] fhaf in spile of large r* fhe effeclive mass does nol show 
any significanf density dependence: m* = (0.38 ± 0.02)mo. Its value at 
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the lowest density p = 2.9 x lO^^cm ^ is in good agreement with the value 
m* = (0.37 — 0.38)mo previously reported for hole densities above 7 x 10^° 
em-2 [20]. 

To establish the character of the fluctuation potential experienced by the 
holes in our structure we have calculated the expected momentum relaxation 
rate t~^{T = 0) at different hole densities for both homogeneous-background 
and remote-doping scattering. To do this we use the experimental parameters 
of the studied structure (the spacer thickness and doping concentration) and 
the expressions in [9, 21] for in terms of these parameters. In Fig. 21.1 
the results of the calculations are plotted together with the experimental values 
obtained from the relation po = m* / [e^rp) , where po is the value of the 
resistivity measured at lowest temperatures of experiment in the metallic regime 
p > 2x 10^° cm“^. As seen in the plot, the values of T~^{p, T = 0) calculated 




/ mio -2x 

p (xlO cm ) 

Figure 21.1. Density dependence of the momentum relaxation rate. Symbols - experiment, 
solid line - calculation for homogeneous background doping, dashed line - calculation for remote 
doping. 

for remote-acceptor scattering (dashed line) are an order of magnitude smaller 
than the experimental ones. 

The calculated result for homogeneous-background doping is depicted by the 
solid line. To plot it we use the density of the background impurities A(g as the 
only adjustable parameter. The obtained value iVg = 2 x 10^^ cm“^ is close to 
the value expected for the wafer growth conditions: (3 — 5) x 10^^ cm“^. This 
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is also close to typical values for n-type heterostructures with /x 3x10^-10'^ 
cm^V“^s“^ and a comparable spacer width 300-700 X: Nq ~ 10^^ — 10^^ 
cm“^ [8, 9]. Thus, one can conclude that the dominant scattering in our system 
is due to background impurities with a short-range random potential. This 
means that the assumption of theory [3, 4] is indeed applicable to our 2DHG 
structure. 

3.2 Temperature dependence of the conductance and the 
origin of its metallic behaviour 
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Figure 21.2. (a) Temperature dependence of the resistivity at different hole densities near the 

change in the sign of dp/dT. Bold line at the bottom of the plot (p = 9.4 x 10^°cm^^) is 
the calculated p{T) due to phonon scattering. Dashed line marks 0.3Tf temperature, (b-g) 
Resistivity on the metallic side (symbols), together with the calculated contribution to p{T) due 
to phonon scattering (m* = 0.38mo). Dashed line - the phonon contribution from [23]. 

Fig. 21.2(a) presents the temperature dependence of the resistivity, with the 
box indicating the curves analysed in this work. In principle, an increase of the 
resistivity with T can be simply due to phonon scattering which is stronger in 
GaAs than in Si due to additional piezo-electric coupling. Using calculations 
for GaAs in [22] we have estimated the contribution of the phonon scattering as 
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Pph{T) = where parameters a and c depend on the carrier density, 

effective mass and crystal properties, and To = ^2m* S^Ep, where St is 

the transverse sound velocity. The results of these calculations are shown in 
Fig. 21.2(b-g). One can see that at densities p < 4 x 10^^ cm“^ the phonon 
contribution can be neglected, although at higher densities it should be taken 
into account. To extend the range of the analysed data we have to subtract 
the phonon contribution at p > 4 x 10^° cm“^. The obtained results for 
Fq (p) agree with the trend seen at lower densities, which justifies the chosen 
procedure. (In a recent paper [23] there is a claim that our estimation of the 
phonon contribution is exaggerated. Fig. 21.2(c,e) shows the calculation of 
phonon contribution from [23] for two hole densities close to those in this 
work. Using these calculations we obtain the difference in the value Fq for 
these densities less then 7% compared with our analysis in [16, 19].) 

Fig. 21.3(a) shows the metallic temperature dependence of the conductivity 
replotted as a function of T/Tp after subtracting the residual resistivity due to 
impurity scattering pQ = p(T = 0) (obtained by extrapolation of experimental 
curves to T = 0). The peak in p(T) in Fig.21.2(a), with a maximum at Tmax ~ 
0.3Tp (a dip in Act (T)), is in qualitative agreement with the expectation that 
after the transition to the non-degenerate state the resistance should decrease 
with increasing temperature [24, 25]. 
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Figure 21.3. (a) Conductivity as a function of dimensionless temperature at different hole 

densities, with linear fitting. (For clarity, curves are offset vertically from the zero value at 
T = 0.) (b) Fermi liquid parameter versus hole density. Open symbols show the result obtained 
from the analysis of p(T) at zero magnetic field; closed symbols show the result from the analysis 
of the parallel-field magnetoresistance, Fig. 21.6 (b). 
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In addition to the phonon scattering, there is another possible explanation of 
the metallic character of the temperature dependence. According to [26, 27], 
dp/dT > 0 in a high-density 2DHG in GaAs structures can be due to inelas- 
tic scattering between two subbands which are split due to strong spin-orbit 
interactions. The metallic behavior is then accompanied by positive magne- 
toresistance (PMR) in a magnetic field perpendicular to the plane. As shown in 
[19], at the highest studied hole density p = 9.4 x 10^*^cm“^, a weak PMR of a 
similar shape to that in [27] is observed. However, it is shown that the effect of 
the band-splitting on the increase of the resistivity with increasing temperature 
at this density cannot exceed 3%. This is negligible in comparison with the 
experimental resistivity increase of about 50%. At lower densities this effect 
becomes even weaker. This conclusion agrees with the result of [28], where 
the band splitting is only seen at p > 1.36 x 10^^ cm“^. 

After eliminating all other possibilities, we apply to the metallic p{T) the 
theory of electron interactions [3]. In order to compare the results in the low- 
temperature range of p{T) with Eq. (21.2), in Fig. 21.3(a) we plot the data in 
the conductivity form: Acj(T) = p{T)~^—pQ^. The condition for the ballistic 
regime Tr/ ft > 1 is satisfied in our sfructure at T > 50 — 100 mK, and a 
linear fit of Aa{T) gives the value of the parameter Fq, Fig. 21.3(b). (It should 
be noted that the accuracy in determining m* does not affect our results [19].) 

3.3 Magnetoresistance in parallel magnetic field 




Figure 21.4. (a) p{B\\) for p = 2.49x 10^° cnT^ at different temperatures: T = 0.1, 

0.2, 0.3, 0.45, 0.6, 0.8 K. (b) Temperature dependence of the conductivity at i?|| = Bs for 
different hole densities. Inset: The value of the coefficient a in the temperature dependence 
= aagT/Tp for different densities. 
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Figure 21.4(a) shows parallel-field magnetoresistanee at different tempera- 
tures. It is seen that the magnetoresistanee is always positive. It is also seen 
from the temperature dependenee of the resistance at different field that 
drives the metallic state into the insulator at B >6 T. It was earlier shown that 
the hump in p(B| | ) corresponds to the magnetic field Bg of full spin polarisation 
of the 2DHG [29]. To compare the temperature dependence of the resistance 
in this case with the prediction given hy Eq. (21.3) we analyse the temperature 
dependence of the resistivity for several densities at several fields B > Bg. 
The resulfing dependences, Fig. 21.4(h), are indeed linear. By extrapolation to 
r = 0 we find the value of the Drude conductivity cjq , and determine the slope 
a of the straight lines in the temperature dependence 6axx{T) = aa^T/Tp- 
Its value is close to the expected a = 1, although agreement is better for smaller 
p. The smaller value of a at larger densities can be attributed to the fact that 
in a real system the scatterers are not exactly point-like, but with decreasing 
density and increasing Fermi wavelength, Xp oc the approximation of 

short-range scatterers becomes more applicable. The observation that at fields 
larger than the polarisation field the temperature dependence of the conductance 
is linear and is close to the expected universal behaviour gives a strong support 
to the applicability of the interaction theory [3]. 




Figure 21.5. (a) Dependence of the resistivity on parallel magnetic field at T = 50 mK and 

p =1.43; 1.57; 1.75; 2.03; 2.26; 2.49; 2.83; 3.36 x 10^° cm^^ from top to bottom, (b) Scaled 
data, with an added curve p(B| | ) for p = 8.34x 10^° cm^ solid line is the result of the model 
[30]. 

From the position of the hump in Fig. 21.5(a) one can determine the polari- 
sation field Bg for different hole densities and, assuming that the effective mass 
is density independent [19], then find the density dependence of the effective 
gr-factor using the relation g* pp = ‘iEp = 2pph^ /m* . As the position of the 
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hump is not well defined, to increase the accuracy we use a different method of 
determining Bg. The perturbation model [4] can only describe a small variation 
of the resistance with parallel magnetic field (see later). There is another model 
which considers the effect of a parallel field on impurity scattering [30]. Its lim- 
itation is that it is only valid at T = 0, although it describes the variation of the 
resistance up to the field of full spin polarisation where it predicts an increase of 
the resistance by a factor of four and then a saturation of the magnetoresistance 
at B > Bg. This is very close to the experimental change of the resistance up to 
the hump in the p(i?)-curve, although there is no saturation at fields B > Bg. 
(We suggesf fhat the absence of the saturation is caused by a contribution from 
another mechanism at larger fields [31] - fhe effect of parallel field on the or- 
bital motion in a 2D system with finite thickness.) An essential feature of the 
model [30] is that the magnetoresistance is dependent on the ratio B/Bg. In 
Fig. 21.5(b) we plot p{B\ | ) / p(f?|| = 0) at the lowest experimental temperature 
as a function of dimensionless magnetic field B/Bg, with Bg found as a fitting 
parameter. Its value does indeed correspond to the position of the hump, Fig. 
21.5(a). In accordance with [30] all the data collapse onto one curve which is 
close to the theoretical dependence, apart from the region near Bg. 




00 
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Figure 21.6. (a) Dependence of the effective g-factor on the hole density, obtained from the 

value of Bs . Dashed line shows expected renormalisation of the p-factor according to experi- 
mental values Fq (p) from Fig. 21.3(b). (b) Magnetoconductivity against at T = 0.6 K for 
densities p = 2.03, 2.26 , 2.49, 2.83, 3.36 x 10^° cm“^. 



Fig.21. 6(a) shows the obtained value of the effective 5 r-factor, 5 f* = 2Ep/ {p^Bg), 
as a function of the hole density. It is seen that the ^r-factor of holes in GaAs 
decreases with decreasing density - a similar behaviour was recently observed 
for 2D electrons in GaAs [32]. This behaviour of the gr-factor does not agree 
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with the expectation of the interaction theory, where the renormalisation of the 
bare ^r-factor should lead to an increase of g * : 



go 

1 + ^0 ■ 



( 21 . 6 ) 



Such an increase was recently seen in the 2DEG in Si [17, 33]. Taking into 
account the obtained values Fq in Fig. 21.3(b), one would expect that inter- 
actions should give rise to an increase of g* by about 15% with decreasing 
density down to 2 x 10^° cm“^. Instead, a decrease of more than three times 
is observed. 

This decrease of the p-factor can be attributed to the complex band structure 
of holes in GaAs. It is expected that in a 2D hole system the bare ^r-factor 
measured in parallel magnetic field is close to zero when k\ \ approaches zero 
[34]. Therefore, we suggest that the decrease of the p-factor with lowering 
p and approaching = 0 is caused by the behaviour of the bare ^(-factor. 
It is interesting to note that the decrease of the p-factor with lowering the 
carrier density was recently observed for 2D holes [23] and electrons [32] in 
GaAs. Recently, it was suggested in [35] that for a 2DEG in GaAs such g (n)- 
dependence can be caused by the effect of parallel field on the effective mass 
due to the finite thickness of the electron channel. It was also proposed in 
[36] that the value of the ^(-factor of the 2DEG in GaAs varies with increasing 
parallel magnetic field which can account for its unusual behaviour [32]. We 
believe that in our case of the 2DHG the complexity of the energy spectrum 
of holes is the dominant factor, although the effect of the other factors requires 
further investigation. 

Detailed analysis of the magnetoresistance at finite temperature is done at 
small fields where the interaction theory [4] gives a simple prediction for the 
magnetoconductivity Act = a{B\^,T) — fj(0,T) in the ballistic regime, Eq. 
(21.4). To realise the low-field condition, we analyse the magnetoresistance 
data at high temperatures. In Fig. 21.6(b) we plot the magneto-conductivity 
at T = 0.6 K as a function of for fields satisfying the condition for Eq. 
(21.4). We use ao obtained in the above analysis at i?|| = 0. Instead of go we 
use the value of g* determined from the analysis of /o(77||) at the lowest T, Fig. 
21.6(a). After that the only unknown parameter in the slope of Acr(i?^) is Fq. 
We extract its value and compare it in Fig. 21.3(b) with that determined earlier 
from the temperature dependence p{T) at zero field. 

One can see that good agreement between two methods of determining F^ (p) 
is achieved, which proves the validity of the interpretation of the results in terms 
of the interaction theory. The results show that we have a good description of 
the metallic p(T) and parallel-field magnetoresisfance in small field by the 
interaction theory in the ballistic regime. The obtained values of Fq agree with 
the description of the system in terms of the Fermi-liquid theory, in spite of 




Interactions in high-mobility 2D electron and hole systems 



361 



the large values of = 17. Indeed, aeeording to Eq.(21.6) the expected 

ferromagnetic (Stoner) instability should occur at = —1, while the largest 
negative value in experiment is —0.42. The change from metallic to insulating 
p{T) occurs at the hole density 1.5 x 10^° cm“^, where extrapolation of the 
obtained dependence Fq (p) gives a value much smaller in magnitude than that 
required for the Stoner instability. 

4. Electron-electron interaction in the ballistic regime in a 
2DEG in Si 

The vicinal samples are high-mobility n-Si MOSFETs fabricated on a surface 
which is tilted from the (100) surface around the [Oil] direction by an angle 
of 9.5°. The studied samples have a peak mobility of 2 x 10^ cm^V~^s“^ at 
T = 4 . 2 K. The electron density has been varied in the range 2x10^^— 1.4x10^^ 
cm-2. 




C/D 

a 



D 



Figure 21. 7. (a) Temperature dependence of the resistivity at different densities for the 2DEG 

in the vicinal Si MOSFET. Dashed line marks the Eermi temperature Tf . (b) An example of 
a linear fit of the same data in the conductivity form, for four densities. The inset shows the 
parameter Fq as a function of the electron density. The upper set of data is obtained using the 
dependence m* (n) from [40]. 



The temperature dependence of the resistivity has been measured in a wide 
temperature range, Fig. 21.7(a). It is seen that the dependence changes with 
decreasing n from metallic to insulating, although, in general, p{T) has a com- 
plicated non-monotonic character. The low-temperature results were analysed 
in detail in [37]. Here we concentrate only on the metallic behaviour seen at 





362 



FUNDAMENTAL PROBLEMS OF MESOSCOPIC PHYSICS 



larger densities at T > 4 K and before the transition to the nondegenerate state 
at T ~ Tp (marked by a dashed line in Fig. 21.7(a)). The phonon scattering 
can be neglected in this regime as in Si structures it only becomes important at 
r > 100 K [7]. 

The presence of the two valleys in Si modifies the expression for the tempera- 
ture dependence of the interaction correction Eq.(21.2), which will now depend 
on the intensity of the intervalley scattering and the ratio of the valley splitting 
A to ks T. For weak intervalley scattering and A <C % T the increased degen- 
eracy of the system due to the presence of the two valleys modifies the triplet 
term, giving rise to the following temperature dependence: 

/ 1 ^ F”" \ T 

+ IT#) !>■ 

(If A > kg T the Hartree term becomes equal to and for A > FJp it is 

reduced to the conventional triplet term in Eq.(21.2) [38, 39]. Intensive 
intervalley scattering will also result in Eq.(21.2)). 

Eig. 21.7(b) shows an example of the temperature dependence in the con- 
ductivity form. We fit the linear part of cr(T) by the theory of interactions in the 
ballistic regime, using Eq.(21.7). The obtained parameter Fq increases with 
decreasing density, Eig. 21.7(b, inset), in agreement with previous results on 
the 2DHG, Eig.21.3(c). We have also performed the analysis of the linear p (T) 
using Eq.(21.2). We will later compare the values of the interaction parameter 
Fq obtained with and without assumption of the valley degeneracy (section 6). 

In the above analysis we have ignored the possibility of an increase of the 
effective electron mass with decreasing density, taking into account our range of 
not very large r^. Using the results of [40] where such an increase was reported 
for a 2DEG on (100) Si we show in Eig.21.7(b, inset) that the effect of m* (n) 
could only result in an error of less than 10%. 

5. Interaction effects in the ballistic regime in a 2DEG in 
GaAs. Long-range fluctuation potential. 

To examine the prediction of interaction theory for a long-range scattering 
potential [11] we have used a 2DEG in a standard modulation doped n-GaAs 
heterostructure with a thin spacer d = 200 A. The mobility changes in the 
range 0.42 — 5.5 x 10^cm^V”^s“^ when the electron density is increased from 
0.46 X 10^^ to 2 X 10^^ cm“^. This allows us to vary the parameter k^Tr /hm 
a broad range from 0.04 to 3.8 in the studied temperature interval T = 0.2 — 1.2 
K. 

In this structure we observe parabolic negative magnetoresistance (NMR), 
Eig. 21.8(a,b), which in agreement with the prediction of interaction theory 
[11] for a long-range random potential, Eq.(21.5). The kpd value varies from 
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o 



Figure 21.8. (a) Longitudinal resistivity versus magnetic field for electron density n = 6.8 x 

at different temperatures: T = 0.2, 0.8, 1.2 K. (b) The same data presented as a 

function of 



1.2 to 2.2 which proves that the fluctuation potential with the correlation length 
d (spacer width) is indeed long-range (as the electron wavelength is smaller that 
the correlation length of the potential). This is further supported by the fact 
that the momentum relaxation time in these structures is much larger than the 
quantum lifetime (r » Tq). The magnetoresistance is analysed in the range 
ujcT > 1 to satisfy the condition of theory [11]. 

In Fig. 21.8(a) the NMR exhibits a sharp change in small fields caused 
by weak localisation, followed by a parabolic dependence. We analyse the 
parabolic NMR in the range of fields well above the ‘transport’ magnetic field 
Btr = hfADer ~ 0.013T in order to suppress weak localisation. (We have also 
confirmed [41] that the magnetic field is not large enough for the development of 
the magnetoresistance caused by the Zeeman effect on the interaction correction 
[ 1 ].) 

In Fig. 21.8(b) the resistivity is plotted as a function of and from the 
slope of the straight line 5axx {T) is obtained. Fig. 21.9 shows the temper- 
ature dependence of 6axx for different electron densities, where experimental 
points concentrate around one curve. This curve becomes close to the inter- 
action correction in the exchange channel [11] if one makes a vertical shift 
of the theoretical dependence by Aa = —0.07e^/h (there are no other ad- 
justable parameters). This shift means that there is a small contribution to the 
magnetoresistance which is temperature independent. We believe [41] that the 
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Figure 21.9. Interaction correction obtained for different electron densities, n = 0.46 — 2.0 x 
10^^ cm“ ^ (different symbols). Solid line - theoretical prediction [11] for the correction due to 
the exchange interaction, shifted hy —0.07e^ jh. Dashed line - theory for the total correction 
with Fq = —0.15. Inset: the same results presented in the logarithmic scales. 



physical origin of this additional contribution is the classical quadratic NMR 
[42]. 

It is important to emphasise that the comparison was made with the contribu- 
tion from the exchange channel only, however it is known that there is another 
(Hartree) term in interactions controlled by the parameter Fq. Comparing the 
total correction (exchange plus Hartree [11]) with the experiment shows that 
the Hartree contribution is much smaller than the exchange contribution. It can 
be seen in Fig. 21.9(inset) that within experimental error the magnitude of the 
parameter Fq in our case cannot be larger than 0.1 — 0.2. 

6. Comparison of (r^) in different 2D systems 

A comparison of the parameter responsible for the carrier interaction contains 
a sensible assumption that the character of carrier-carrier scattering can be 
similar in different structures. Such a comparison of Fq obtained at different 
carrier densities is done as a function of r^. 

Firstly, let us compare the values of Fq obtained in our experiments on 
the 2DHG in GaAs and 2DEG in Si. One can see in Fig.21. 10(a) that the 
2DHG results show a gradual decrease of the magnitude of Fq with decreasing 
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density. The obtained Si data nicely continue the trend of Fq (r*) towards 
smaller However, if in the analysis of the results on Si we ignored the 
valley degeneracy (section 4) and used the same expression for 5axx{T) as 
for the 2DHG in section 3.2 (that is, assuming strong intervalley scattering or 
large valley splitting A), the obtained Fq {vg) would lie well below the general 
trend in Fig.21. 10(a). In this figure we also indicate the range of the interaction 
parameter Fq obtained using theory [11] on the 2DEG in GaAs with a long- 
range scattering potential. (Limited experimental accuracy does not allow us 
to establish the density dependence F^(rs) in this case.) It shows that our 
estimation of Fq from the measurements of the 2DEG in GaAs is reasonable as 
it is consistent with other results. The obtained trend in the dependence Fq (r^) 
at > 1 is also in agreement with the calculations of such a dependence at 

<C 1 (the plotted relation is taken from [3]). 

Secondly, we compare our results with those recently obtained on the 2DEGs 
in (100) Si MOSEETs [18, 38, 40]. The authors also used the theory [3] for 
point-like impurity scattering. There is no full agreement here between different 
results, in spite of the measurements being done on similar structures. This 
is partially caused by the fact that the analysis for the 2DEG in Si depends 




Figure 21.10. The dependence of the Fermi liquid parameter on r® for different systems. The 
values of Fq for the 2DEG in the vicinal Si structures have been found using the two-valley 
approach, Eq.(21.7), large circles, a), and one-valley approach, Eq. (21.2), small circles, b). 
Dashed box encloses the estimated values for the 2DEG in GaAs. Solid line is the theoretical 
curve for small r^, from [3]. 
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Strongly on the assumption about the intensity of inter-valley scattering and 
the relation between the valley splitting A and temperature. The difference in 
the assumptions could be reflected in the determined value of Fq, as different 
expressions are taken in the Hartree term of the temperature dependence of the 
conductance. In [18] it was assumed that A > kisT, while in [38, 40] the 
opposite assumption is made. The major discrepancy with our results is seen in 
[38] where the obtained values of are generally much smaller in magnitude, 
and in [40] where there is good agreement at smaller but the increase of the 
Fq -value with increasing appears to be much more rapid than in our work. 
These differences are interesting and deserve further attention. 

Finally, let us compare the obtained values of Fq (rs) with theoretical calcu- 
lations. As stated earlier, the analytical expression for this dependence is only 
available at <C 1. For large there are quantum Monte-Carlo calculations 
[43] which give the values of the Fermi-liquid parameters for several 
r^-values. Fig.21. 11(b) shows the comparison of our results with the relevant 
parameter Fq = Fq taken from [43], which is clearly larger in magnitude than 
the experimental Fermi-liquid parameter Fq . To comment on this disagree- 




Figure 21.11. (a) Comparison of the obtained values of the Fermi-liquid parameter with theo- 

retical calculations. Solid line is the dependence for rs <?; 1 [3]. The values of Fq* and (Fq^)* are 
the results of calculations in [43]. (b) Comparison of the first three harmonics of the interaction 
parameter F“ from [43]. 



ment one has to take into account the following feature of the interaction theory 
[3, 4]. It contains an assumption that electron-electron interaction has a spher- 
ically symmetrical character, so that only one constant, Fq , is important. In 
general the interaction function has an angular dependence and is represented 
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as a sum of angular harmonics [43] : 

oo 

= Y^F^^^^cos{ie^^,). (21.8) 

1=0 



The inset to Fig.21. 11(b) shows the comparison of the first three harmonics 
{I = 0, 1, 2) calculated in [43]. It is seen that the contribution of higher 
harmonics is not negligible compared with Fq. Using from [43] the values 
of the three -harmonics and also two F® -harmonics one can calculate the 
Hartree contribution and express it in terms of an effective, averaged (Fq )* 
[11, 44] which can then be compared with experiment: 



1 + (F^y 



Fo“ 



Ff 



+ 



F^ 



1 -h Fq“ 1 -h Ff 1 -h F 



Ff , F| 

1 + Ff ^ 1 + F| ■ 



(21.9) 



It is seen that taking into account extra harmonics makes better agreement with 
experiment, Fig.2 1 . 1 1 (a). This comparison cannot be totally conclusive as even 
higher-order harmonics should be taken into account. This result, however, can 
be treated as an indication that the reason for the observed disagreement between 
the experimental Fq values and Ff from [43] could be the angular dependence 
of the interaction parameter. 



7. Conclusion 

We have demonstrated that the metallic character of p (T) near the metal-to- 
insulator transition and the positive magnetoresistance in parallel field of fhe 
2DHG in GaAs sfrucfure wifh a shorf-range random pofenfial are determined by 
fhe hole-hole interaction in fhe ballistic limif, k^Tr/h > 1. This conclusion 
is valid for hole densities p = 2 — 9 x 10^° cm“^ where fhe value of fhe 
Fermi-liquid parameter Ff (r^), which determines fhe sign of p (T), has been 
obfained experimenfally. 

In zero magnetic field, fhe value of fhe inferacfion consfanf has also been 
obfained from fhe mefallic p (T) of a 2DEG in vicinal Si MOSFETs, where 
elecfron-impurify scaffering is also defermined by a shorf-range flucfuafion po- 
fenfial. 

The predicfions of fhe inferacfion fheory beyond fhe shorf-range approxima- 
fion were fesfed in a 2DEG in a GaAs heferosfrucfure where fhe elecfron scaf- 
fering is defermined by a long-range flucfuafion pofenfial. In sfrong magnefic 
fields we have observed a parabolic, femperafure dependenf negafive magne- 
foresisfance and used if fo find fhe elecfron-elecfron inferacfion correction in fhe 
intermediate and ballisfic regimes. Eor all sfudied 2D sysfems in fhe ballisfic 
regime we have compared fhe obfained values of F^(r^). 
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